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| HonouRABLY' SIR, 5 | 
PT HE ſubject of the ſheets which I here 2 b 
beg leave to lay before you, is of ſo 4 
much conſequence to mankind, as juſtly to | 
claim the regard and ſanction of the Great. 3 
Geometry i is, not only a moſt accurate, but a 
very extenſive ſcience, whoſe application and 
great utility, as well in the arts N 0 5 
War, are well known to . F 


But though this work, if thi manner in Js EL 
which it is executed be correſpondent to t nge 
importance of the ſubject, may not want 5 = 
ſufficient merit to render it worthy of the ol 
approbation of a Gentleman, who, amidſt a - 2M 
| multiplicity of public employments, pr 
ſerves an undiminiſh' d ardor for the ſciences, - 

Az e 


- 
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ie... DEDICATION. 
and a a knowledge of the works, "of ' art and 
nature; yet I have, Sir, Rill Farther motives 
for this addreſs: Vour great influence and 
zeal to promote the good of an inſtitution 
under which I am placed; and the favours 
that I have'receiyed at your hands, make me 
earneſt to embrace this opportunity of teſti- 
Hing publickly, that Lam, | 


+  HoNOURABLE 2 1 


: With great Reſpect. = . 


Four much b obliged, 
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humble Servant, 
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PRE * ACE 


a7 den is wok 3 
"metry, war 10 open an cafy. way for young 
beginners to arrive at a. proficiency in that 


Soft ſcience; without- either being oblige#to go thro' 


4 number of unneceſſary propoſitions, or - having re- 


courſe to the ungeometrical methods of demonſtra- 
tion, that abound in moſt ER ff this 


nature. 


The difficulty of the undertaking, I was not unap- | 


| priſedof ; and objections occurred that were not eaſy 


to. be removed: Nevertheleſs, I have grounds to hope, 
from the reception my firſt. attempt bas met with, that 
my endeavours baue not been entirely: unſucceſsful. No 


pains have, indeed, been ſparedtorender the work uſeful : 


And I. flatter myſelf, | that the ſpirit and rigour of de- 


| monſtration, ſo eſſential to the ſubjet?, are alſo tolera- | 


bly well preſerved; though ] have not been ſo intent to 
guard againſt the attack of Criticks, as to loſe fight - 


of my main deſign of furniſhing a. plain, eaſy . nſti- 


tution for learners: Yet I have firong- hopes, that 
there will not be found in theſe ſheets,” any inaccu- 
racies, or overſights, that are abſolutely-unpardonable. 

To expelt a faultleſs piece is impoſſible : And I well 
know that the maſt elaborate and 'beſt-approved G,. 
tems of Geometryextant, are not without many imperfec- 
lions. But, were the ſmalleſt imperfection to hs a real 
fault, my ambition would rather be, to ſhew ſome de- 


gree of judgment, by pe a multitude of ſuch 


faults, than by expoſing and magnifying the flaws of 


other writers. Jt is more eaſy 10 ſes a fault, than: to 


avoid one: And thoſe 'meni'who are the moſt ſanguine 


t diſtinguiſh e at the expatice of others, are 
„„ e x 
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cies, than even the, perſons whom they unmercifully 
attack. But I * ſhall put an end tb this digreſſion by 
pointing out one objeftion, that may be brought = co 
this work ;, which is, that in demonſtrations admitting 


of ſeveral caſes, the moſt eaſy ones are ſometimes omii- 


ted; and that the converſe of ſome Propoſitions is 
not at all demonſtrated. But this, 1 conceive, will 
be- found a real advantage to the learner ; without 


wohich, it would have been impoſſible to have compr'! ied 
the Elements in the compaſs they now take up. Be- 


fides, the greateſt part of the demonſtrations omitted 


being ſuch as may be inferred from thoſe given, by means EE 


„% Axioms only; they may, therefore, be eaſily ſup- 
plied by any reader, ſhould they happen to betome ne- 
ceſſary, which I have ſcarce ever found to be the caſe. 
But, even allowing this to be a” dtſect, it is abun- 


e three laft ſeltions; which: is infinitely more 
a ful, in ilſe f, and more neceſfary to the forming an 
able Geometrician, than _ N 8 the king we 


; * been ſpeaking 9 


"I this, ſecond, edition c which is, in a manner, 4 


neu work ) many conſiderable alterations and additions 
have been made. ' The order of ſome of the fir/t pro- 


Poſitions is changed: And ſome difficult propoſitions in 
the ſecond. book are rendered more plain. In the 
fourth book feveral new Theorems on. proportions are 


added. The ſolid Geometry is now connected with 


the plane, and is demonſtrated with the Jame accuracy. 

The menſuration of Superficies and Solids is alſo, more 
explicitly handled ; and the demonſtration of the ſe- 
veral rules is here eſtabliſbed on a better foundation, 
than even in authors who have wrote profeſſedly on 


' the ſubjet. The Maxima and Minima, and the con- 
 ftruftion of Geometrical Problems, are likewiſe conſi- 
| drrably extended and * _ at the end, 
„„ WoEh NM 
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generally ober ved to ſtand in need of greater indulgett- 


; jp 


wy compenſated by the extenſive application given 
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Notes geometrical and critical, very 2 t aer, | 


: 18 3 of young Audems, are now added. 


- But, "bit" From talking. mn pee b 


matters of criticiſn, I am called upon to anfaver in 4 


. charge, which, ſhould it appear to dęſerve credit, 
would indeed leave me but little room to paſs myſelf 


upon the world for a judge in theſe matters. As the- 


gentleman by whom I fland accuſed, is known to the 


world by his holding one of the moſt conſiderable ma- 
thematicul poſts in the kingdom; T ſhall, in order to 


do all due honour to the manner and N . * Ph 


vey give you bis own Words. 


— 


4 here hat lately been vibe“ e a book wk he 
« title of Elements of Plane Geometry, defigned for 


i the uſe of ſchools, which is an incorrect copy of the 
* firſt eight ſeftions of this work, lent the pretended 
% wuthor on a particular occaſion, and printed in a 


cc ſpurious manner, tit hout my knowledge or” conſent ; 5 


an action too ſcandalous for any man of honour to | 
e be guilly of. The Editor imagined, Tfuppoſe, that 


« the changing ſome propoſitions, and mangling the 
* demonſtrations of others, was a ſufficient diſguiſe 


* to make it paſs for bis own performance; but how _ 
« far this will juſtify ſuch @ piece of piracy, * * 


* . to the judgment of the. publick.”” 


mere I attempt to deſcribe the ideas Pla + in 


my nind by the ſingular modeſty of this important 


and ſolemn appeal to the publick, I ſhould be at a loſs 


for fit words to expreſs them, without tranſgreſſing the 


bounds of decency. But I hope that I have not de- 


| ferved jo ill of thempublick, to, be thought capable of 


acting ſo very bumble a part, as that of copying from 


this author, and of mangling his demonſtrations, in 
order to make them paſs for my own.— That a manu- 


tript w bis 0 W Between 20 and 30 of the 
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Fiche 7 beorems in Geometry, extPemely i Adele 5 


came into my bandt, is indeed true; but it was not 


- 
. 


Arſt night after my removal to Woolwich) in virtue 


rt maſter. But this well intended article, which 
has been made  ſubſervient to the purpuſes F ignorant 


E publick examination, been annulled by an expreſs 


1 | while : This Gewleman bas, himſelf, by his different 
1 publications, fo well convinced the world of his abili- 


þ 1 ties; as to render any farther comment on that head 
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lent me, but forced upon me, Ly bimſelf (the. very 
of an article in the ariginal rules and inſtruftions for 


| the Academy; whereby it is ordered, that the ſecond 
We. 9 maſter ſhall teach Geometry under the direfion of the 


tyranny, and daring calummy, bas ſince, in conſequence 


order of the Maſter- General of the Ordnance. I could 
mention ſome particulars, ſupported by good authority, 
| „ that occurred in the courſe of that examination, which | 
8-7 | wvould but ill agree with the importance. be aſſumes 
3 in his confident accuſation; but I do nat think it worth. 


ADVERTISEMENT. 


* 


as in every 8 0 * this. nature, PO Tre” to 
contain Whatever may be moſt requiſite to 

the forming of 'a regular and complete ſyſtem of 
Geometry, a number of propoſitions muſt neceſ- 
furily have a place, whoſe chief uſe and application 


on higher branches of the Mathematics; 


and there being many perſons, particularly, young 
gentlemen in publick ſchools, who want to earn 
ſo much, Geometry only,. as is neceſſary to give 
them a proper introduction into the practical and 


moſt common applications thereof; ſuch as Men- 


ſuration, Trigonometry, Navigation, Fortification, 
Perſpective, Wc. For theſe reaſons, I thought 
that it might be of ſervice, to point out to ſuch 
Readers, what propoſitions in theſe elements may 


be omitted, as leaſt uſeful to them; without either 


hurting the connection, or taking away from the 
evidence of the other demonſtrations. The num- 
bers of theſe pragadinons, 4 in the ſeveral, banks, 
are as follow, rate 0 

In Book 1. the ©: 17. 19, 21 22, 23, and 
29th. 


2d Corol. to the gti. 


In Book III. the 4, 5, 6, 1 8, - 9 , 15, 16, 19, 
20, 25, 26, 27, and 28th. | 


: | -; In Book IV. the-4, 5; 6, 9, IT, 13, 116 17, 20, | 


21, 22, 23, 25. 26, 27, 28, and 29th. 


f * 7 5 
* _ , 


5 | In Book II. ts 4 5, 10, Er, 12, rgth, and the | 


\ 


2 - 


. 


In Bock V. the LE 2 16, 17, 18, 19, 20, 25 f 
26, 28, and ane | 


% 


| In Book VI. the two or three 6 cooflotiions | 
= only, need be read; except by thoſe. who are 
3 concerned in ſurveying and dividing of lands; to 
| Do” b whom. che whole Book will be highty uſeful, * 


Alſo, with retard to the ſcychth book, if Per. 
ſpective be the only application in view (which 1 
| have known frequently to be the. raſe) the it, 
TK 2d, 4th, and 12th propoſitions may ſuffice, ' But 
1 i if a met eneral idea of the properties of i in- 
"uf terſecting planes ſhould be required, ſuch as is ne- 
„ ceſſary in the doctrine of ſolids and ſpheric- geo- 
= metry ; then all the de to the T2th, 
4 . F 
e 5 The 17th, 19th, oth, 21ſt, a; ab 795 ro- 
# - | _ 'poſfitions of this ſeventh book ſhould alſo be 620 | 
> wn by thoſe who would be able to find the content and 
wi - proportion of ſolid bodies; as ſhould, likewiſe, tHe 
1 | whole eighth book; except, perhaps, the firſt and 
1 ninth propoſitions) together with the three firſt 
1 lemmas; which may de thought: too plain, - 
BY thoſe who are not very: ſolicitous about geometri- 
—— 5 cal 18 to need a demonſtration. HE 
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1. A EOMETRY is that ſcience, by which = 

=. 3 we compare ſuch quantities together 6 

| | 73k extenſion. VF | 

; "md on is is difinguiſted into ae vad 4. SY 

thickneſs. Ry : 

+. is s that, which has length virbout ho . 

| 5 breadch. | 1 255 N IT 


N 


% » *% 


The terms, bounds, or extremes of a Ling are 55 


Points. 8 | * 3 | 5 
| | 3. A Surface is Tab 3 8 3 figs.” * 5 . 
has length and — * 1 | 


[2 9 


The hounds of a Surface are line. 
_.: +A 


„ 


2 4% | | . 1 
Elements of Geometry. 


4. A Solid is that, lich has lengeh, 
breadth, and thickneſs, as D. 


7 be bounds of a Solid are i frfaces 


5. ARight (or ſtrait) line is that, which lies evenly 
between its extremes, or which every-where tends 


* >> 


the ſame WAY: as AB. A B 


6. A Plane-furface is that, which is every-where 
perfectly flat and even, of which touches, in every 
part, any right-line extended between 3 any- 


By where taken 1 in that ſurface. 


_ An Angle is the inclination, 
or opening of two right- lines meet- 
ing in a point, as D. 


8. When one * line ee is 
DC, ſtanding upon another „„ Crs 
AB, make the angles on 
both fides equal, thoſe an- | 
rie oo -- 
gs; and that Jine CB is (to nh ii 
ſaid to be perpendicular ro K DP B 
the other A B on wy it ü 
inſiſts. ; 


9. An "PIR ans is that, which 
is leſs than a right- le, as E. | 


10. An \ Obtuſe-avgle- is "Rp 3 
Which is greater than a right e 
angle, as F 3 * 


Bl the Bip” | 


11. The diſtance of two points, is the Right- | 


line reaching from the one to the other. 0 


12. The diſtance of 4 point from a line, f is a 
Right- line drawn from that point, perpendicular | 


to, and terminating in, the line 22175 


14. Parallel ( 3 M 


diſtant) right-lines AKB, ³ i 


CD are ſuch, which be- 
ing in the ſame „ ii I þ 
 furface, if infinucly pre Sf SH. <.4 


| duced, would never meet. ETA... {8 B 


14. A Figure is a a bounded 9 a 3 is either ; 


a Lurſace, or a ſolid. 


— 


15. A Me Md 1 Fi igure © = . : 
in a plane-ſurface, ws: terms, or bounds, are 


right- lines. 


= 16. All plane Figs 8 by 3 right- 
. -lines, are called Triangles.  _ 


— 


| 17 An e Triangle 1 2 
is that, whoſe bounds' or hoes are | 
all equal, as A. 


18. An iwdeles Triangle is, when 
two ſides are n as 8B. 


% 


— of Geometry 


19. A ſcalene T riangle i is, "when | ; 
all the three. ſides are, unequal, as 


5. „ 9 
20. Coke: an led Trian Iu 
that, which has ge Irvngh SOD bs 3 
as ACB; whereof the fide K 
oppoſite to the l angle, f „„ 
"_ DR „„ * — bs 


, 2 


97 An obtuſe-angled: Triangle 3 is chat, which. 


| —_ one obtuſe angle. - O1Q . 
| Þ- 22. An acute- angled Triangle 18 that, which 
| x Has al. its angles e ect 2:5 e 


= Every lane Figure lies by "I cight; | 
lines, is ealle a Quadrangle, or ORE 


3 | 5 24. Any G whoſe 
| oppoſite ſides are parallel, is 


| | I called a Parallclogram, 3 as D. 5 D 87 
25. A 3 an- WE | — 4 
gles are all right- ones, is called 9 5 
; 1 bal as HERE TTY: 


: * © \ 1 


| . A Canis is a parallelogram 
Whoſe ſides are all equal, and its an- 
v7 all 5 ... OT. 


27. « Rhotabus is a 3 
gram whoſe ſides are all equal, but 
3 * not right, as G. 


= are called e | 


fix! fides, Hexagons ; and ſo on. 


point E within the -circle, 


B! 255 Hef. c 
28. Al other four-ſided figures, belies bete 


— 


| 29. A right- line j joining any two oppaſite angles: 
"06 a four-ſided figure, is ar a 8 

30. T hat fide AB upon 3 
which any Xs, T 
ACEB, or triangle 1 : 
Is ſuppoſed to ſtand, — 
called the baſe; and the” * N. ve 5 


perpendicular CD falling thereon from the ede 2 


% 


angle C, is called the alritude of the. Parallelogram, 


: or triangle. e SO TOE a 


31. All plane figures contained under n more tidy 
four ſides, are called Polygons ; whereof thoſe hav- 
ing five ſides, are called Pentagons ; thoſe having 


AG | 


5 32. A Regular Polygon i is one whoſe angles, as | 


well as ſides, are all _ £11 , 


33. 4 Circle is a plane 
figure, bounded by one 
curve-liae APCD, called 
its circumference, every- 
where equally diſtant from a 


called che center thereof, 


_ The TOS a t is the diftance - the 


center from the circumference, or a right- line 


drawn from the center to the circumference. ' 


- 
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| 5 1 
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Elements of Grmetry. - 


AXI 0 M 8, or Self. evident Truths. : 


1. Things, equal to one and the ſame W 
alſo equal to each other 


2. Every whole is greater than its part. 


i 


3. Every whole is "OI to ali 1ts _ taken : 5 


together. Ee | < 


4. If to equal things, equal ding be added, 
the whos will be equal. 


5. If from equal things, equal things be taken 


away, the remainders will be equal., 


3 


6. If to, or from unequal: things, . * ä 


be added, or taken away, the ſums, or remainders, 


will have the ſame difference, as the unequal things 


_ firſt IPOs. 


— 


— 


7. All right-angles are equal. to one another. 


-8, More than one right- line cannot be drawn 
from one given point A to an- 4 BR 
other given point Rs EIT Tre, 


. If two points i- .. 
D, *B, in a right- 9 Tg + 
line MN, are poſited 


at unequal diſtances A 05: F 
DC, FE, from an+ | 
other right-line AB in the ſame plane- ſurface ; ; thoſe + 
two lines, being infinitely produced, on the ſide of 
the leaft — EF, will meet each other. | : 


% 


5 | N i N x a > | 10. If . 


3 + right-lines CA, 


ſpectivelyequal 


Ly 


. a. 


10. If two 


C, making an 
angle C, be re- 


to two other 

right- lines FD, A. 

FE, making an gle F F, and the angles which they 

make C, and F. be likewife equal ; "the right-lines 

Az, DE joining their extremes will be equal, and 
the two triangles ACB, DFE . in all re- 
ſpects. 


If this ſhould not appear ſuliciently © evident for 
an axiom ; conceive the triangle DFE to be remov- 
ed, and fo applied to the triangle ABC, that-the 
point F may coincide with C, and the fide FD fall 


upon the ſide CA; then, becauſe F D is ſuppoſed * 


mn ro CA, the point D will alſo fall upon A. 
, the an ngle F being equal to the angle C, the 

þ ade FE wil 

point E upon the point B, becauſe FE is ſuppoſed 


equal to CB. Therefore, ſeeing all the bounds of 


the two triangles coincide, it is manifeſt, that not 


only the baſes AB, DE, but the angles 11 to 


the equal ſides, are alſo equal. 


When all the four lines CA, CB, FD, * E are 


equal; the triangle DFE, being contrari9/e applied 
to ACD fo that FE may coincide with CA, wiil, 
alſo, agree with the triangle ACB (as is maniteſt 
from the reaſoning above): and fo; the angle E (as 


D did before) now y coinciding with the angle A, the 
two angles E and D muſt neceſſarily be equal to 


each other, in this caſe, "dere the RES of a 
is an iſofceles one. 


. 


tall upon CB; and conſequently the 


* 
„ N 


* 


8 
- 


— 


Elements no . 


1. That, from any given point, to any ig 
given point, a right-line may be drawn. 


. That, a cight-line may be produced, or con- 


tinued out, at pleaſure, 


3. That, from any point as a center, with a ra- 
dius equal to any Tight-line I a 1 may 


be deſcribed. 


* 


4. That, a nh Gs may 5 en 8 


cCular to another, at any point aſſigned; and that 
it is alſo poſſible for to make a right - line, or a 


right-lined angle, equal to any right - line, or right- 
lined angle aſſigned, or to the half thereof. 


This fourth” Poſtulate is added, more for the * if 
making the proper references, than through abſolute 
neceſſity ; fence, what is here barely aſſumed as poſſi- 


| Gle, is effetied, and actually demonſtrated, in the begin- 


ning of the Fifth Book, intirely independent of every 


thing tut Axioms and the other Poſtulates, above laid 
down. It may alſo be proper to note here, that, 


though theſe Poſtulates are not always quoted, it will 
be eaſy to perceive ANY and in what ſenſe, they are 


to be underſtood, * 


Norzs and OBSERVATIONS, With the * Zni- 


¶ FAcations of Signs uſed in this Track. 


1 PROPOSITION is, when aeg is either 
propoſed to be done, or to be demonſtrated, a 

is either a Problem, or a Theorem. f 
A PROBLEM i is, whey omethzng g is propoſed to 


A Tnko- 


| be done. 


8 130 Firh. Fe. ke, 


A r is, when ſomething i is propoſed to 
be demonſtrated. 
A Lrmwma is, when ſome premiſe is be 
_ in order to render the thing! in hand the more 
eaſy. | 5 
A CororLary is, a a truth, gained 
from ſome preceding truth, or demonſtration. 

A Scaorium is, when remarks and obſerya- 
tions are made upon ſomething going before. | 


The . gnification of SIGNS, 


The ſign =, denotes that the n berwixt 
which it ſtands, are equal. 

The ſign , denores that the quantity preceding | 
it, is greater than that which comes after it. 
The fign , denotes that the quantity preced- 
ing it, is leſs than that which comes after it. 

The ſign +, denotes that the angry which it 
Pprecedes, is to be added. 

The ſign —, denotes that the quantity which it 
| precedes, is to be taken away or ſubtracted. Y 
A figure, or number, prefixed to any quantity, 
| ſhews how often that quantity is to be taken, or re- 
peated ; as 5A ſhews, that the quantity repreſented 
* A, is to be taken 5 times. 55 

When 68 angles are C D 
formed about the ſame point 
(as at B), each particular angle 
1s deſcribed by three letters, | 
| whereof the middle one ſhews AB "= 

the angular point, and he 
| fother two, the lines that form the angle: thus 
CD or DBC ſignifies the * formed by the 
lines CB and DB. 

When, 


- 


7 


Elements of Geometry. 
When, in any demonſtration, you meet with ſe- 
veral quantities joined the one to the other conti- 


nually by the mark of equality (=), the concluſion 
© drawn from thence, is always gathered from the firſt 


and laſt of them; which are equal to each other, by 


virtue of the firſt axiom. Thus if A=B=C=D, 
then will the firſt (4) and ay laft * be equal to 


; each other. 


Alſo, when in the 8 you meet with two 
numbers, the firſt ſnews the propoſition, and the 


ſecond the book. Moreover, Ax. denotes axiom; 


Poſt. poſtulatum ; Def. definition; Hyp. hypothe- 
ſis. Note alfo, that, whenever the word Line oc- 
curs, without the addition of either right, or curved, 
a right-line is always underſtood : and that, when 


a line is ſaid to be drawn to, or from an angle, 
the angular point is meant. 


THEOREM L 


A line (AB) ſtanding upon another line (CD) makes 
with it two angles (ABC, ABD) which, n 8 


| gether, are equal to two RO 


1 Del. 8. 


V Foſt. 4. dicular to CD ?, dividing 5 


If the angles ABC, ABD 15 
are equal, it is plain they 1 
make two right - angles; if 
unequal, let BE be perpen- 


the greater of them. (ABC) 93 1 


into the parts EBC, EBA; 


then the former part EBC being a right-angle *, | 
and - the remaining part EBA together with the 


whole leſſer angle ABD, equal to another right- 


angle EBD S; the whole, of both the ropoſec 
angles, taken together, muſt neceſſarily e equal 
to two  right-angles * : 


COROL. 


* 


Boal the Firſt. 


5 "CONOELART: - . 
* Hence all the angles at the ſame point (B) onthe 1 
3 ſame ſide of a neh- ine (e are 8885 tot . 

4 right- angles 61-2 > 

3 V 


F one line (AB) meeting two others (BC, BD) . 1 
in the ſame point (B), makes two angles witb — 
them (ABC, ABD) which together are equal to. two 
right-angles ; theſe lines (BC, BD) will FOR one con- = 
tinued right<line. | X 


5 For, -if poſſible, let BH, A 74 Fr 
> and not BD, be the con- Rp CH 43 
_ tinuation of the right line 
k Cg: then the angles ABC | 
| and ABH being = two „ 
right. angles = ABC and C . 3 
ABD 155 if from theſe equal quantities, ABC, com- . Hyp. 
3 mon to both, be taken away, there will remain  _ 
N ABH,= ABD*; which-is impoſſible *. | fy b Ax. 5. 


i; 35 d Ar. 25 © 
"MN | THEOREM II. 


© oppoſite angles (DEB, AEC), made by two 
1 Ine (DC, BA) n each other, are 8 5 


2 For DEB + DEA = two D 
right angles = AEC DEA; \ 
_ whence, by taking away DEA, 


common, there. remains * 
= AEC! 5 


— 


13. 


12 


/ 


Ll 


* A 
4 2 82 and therefore muſt be equal to EF. If you fay, 


— of Geometry. 


T N THEOREM IV. | 
Tworight-lines (AB, C D) perpendicular to one and 


. the ſame right - line (EF) » are parallel to each other. 


If you ſay, they are not parallel; then let them, 
when produced out, meer in fome point, as G. 


Ep: .-O:....F- 19 


' duced (if neceſ. © | X by het 
ſary) let there „ 8 


be taken EH FI = T0 2 


1 Poſt. + EG >, and let | 
_ ® Pot. 1. the right-line FH be 6 The triangles EHF 


and EC, having EH = EG, the angle HEF = 


Def. 8. GEF, and EF common, are therefore equal in all 
Ax. 10. reſpects : and fo, the angle EFH being = EFG 
? Hyp. 
22. 1. 


(EFD) Sa right- angle, HFDG(as well as HEG) 


5 muſt be one continued right Inne 1; which is im- | 
. 8. Poſſible, I herefore AB and CD, are parallels. 


SCHOLIUM. 


In this theorem, the poſſibility of parallel lines 
(or ſuch, which being infinitely produced, in the 
ſame plane, can never meet) is demonſtrated : for 
EF may be drawn perpendicular to ABU and CFD, 
again, perpendicular to EF '; which laſt, it is de- 
monſtrated, will be parallel to AB. | | 


THEOREM V. 


7 (EF, GH) 0 one (AB) of two pa- 
rallel lines (AB, CD) terminated by thoſe lines, are 
equal to each other; and alſo perpendicular to the other 
of the two parallels (CD). 


For, AB and CD being parallel to hk other, 
GH can neither be greater, nor leſs than EF; 


that EF is not perpendicular to: CD ; then let FM 


_ * Poſt 4. "yp > ans to EF*, meeting GH produced (if 


neceſ- 


85 lt Pi... Is 
„ 10 U: fo ſhall; 8 
FM be parallel-to-AB 0 E. — 
and conſequently. GM = "TT — 
EF” = GH; which is im 
poſſible*. Therefore EF is 
— to CD. And Tf 5 5 
* the ſame argument, GH * tba 
is perpendicular to CD. 


COROLLARY. 


© Hence, through the ſame point E, more than „ 
one parallel cannot be drawn to the ſame line Shen | 


BB. r 
£ SCHOUIUM: | 5 79 


From the preceding abet the conſiſtence e \ 
of the rwenty-fifth definition, or the ann. that - 
all che properties alcnved.t9,2.:G, / ix 

rectangle, can ſubſiſt together in R E 
the fame figure, will | . „ 
together with the method of . TRY TEE 
conſtruction. For, at any two | . f * | 
points C, D in a right line RS, —— Fr el 
| [er perpendiculars CG, DH R n ; 
may be eretted'” ; and a perpendicular to one of poſt. „ 
theſe, at any point E, meeting the other in F, 2 


may be drawn. The figure CEF thus conſtrued | 1 

will be a rectangle: for CE and DF are parallel *; | 
as are alſo CD and EF *: therefore the angle F ha. | 

well as C, D, and E) is a right-angle - He 

made = CD, then will the rectangle CEDF have 5 
all its ſides equal *. ». Which anfwers to the defini- 5. 1. and 2 

tion of a {quare. CET ELL „ A 0 


Ge” THEOREM vI. 


2 Right-lines (AB, EF) parallel to the fame ri 8 | 
F 


. * are ny 2 to each other. 5 


14 


© 5. 1. 


E lements of cam. 

PFor let the line HIG hs Se 
be perpendicular to CD: Hee 6 Sg, — 8 
then, that line being alſo .E—— * F 
perpendicular to both R3 55 
and EF *,. theſe Iaſt are C—— 1 8 0 


44. 1. 


parallel to each other *. 


THEOREM vis. 


Aline (AB) interſecking two parallel lines ( SR, 
QP) makes the. alternate angles (SDC, PC D) equal 
pl N 1 * 5 

et CF and DE be pe 5 
pendicular to QP, and Se, *. 8 E 92 A 
then theſe lines FC and DE 1 
are likewiſe parallels *; and Et; 
ſo the triangles CFD and à—96—5 7 
CDE, having the fide CF A, 
= DE *, FD = CE, and 
the angle F = E, they will alſo f have the tl 


FDC = ECD". 


C'Q R OLLA R Y I. 
Hence, a line interſecting two 8 lines, 


mages che angles (BDR, BCP) on the ſame fide, 


equal to each other: for BDR (=CDS 9 BCP“. 


; COROLLARY „ 
Hence, alſo, a line falling upon two parallel lines, 
makes the ſum of the two internal angles (SDC + 
QCD) on the ſame ſide of it, equal to two right- 


angles: for the angle SPC being = PCD, and 


. 1. 
m Ax, 4. 


PCD + QCD = two right-angles! ; thence is 
SDC + QCP = alſo to two right- angles“. 


THEOREM VIII. 
Fa line (AB) interſecting two other lines (PQ, 


RS), makes the alternate angles (DCP, CDS) equal 


10 each other ; then are thoſe two lines pane. 


© 


den he Big. 1 13 
For; if poſſible, let * 85 = 


ſome other line DT, and 0 . 5 EY : 2 
not DS, be parallel to = 75 eee 
PQ; then muſt COT. ID = e i 
DU © COR" 8 5 7 — PL 
= which is impoſſible a. £ 7568 Ar. . | 


| corollary. us 
Hence, if a line falling on two others, makes 
the angles (BDR, BCP) above them, on the ſame 


ſide, equal to each other; then thoſe two lines 
are : parallels: becauſe SDC = BDR *. „ 


THEOREM IX. 

I one fide (AB) of a triangle (ABC) be alt 
the external angle (CBD) will be equal to both. the 
internal oppoſite angles (A, C) ken together. = 

For, let BE be pa- 5 


rallel to AC*; then C, Sch. to 
will the angle C - 11. 
CBE, and the angle „ e 
AS DBE; there- 3 —— " Cor. to 
fore C + A = CBE © | B D 2 
+ DBE* = CBD ?. e „ ; 
£ | , F Aw 4. 


COROLLARY. 


Hence the external angle of a . is greater 
than either of the internal, oppoſite angles. 


THEOREM X. NY 


The IF angles of any plene triangle (ABC) taken 
together, are equal to two right-angles. 


For, if AB be produced to CA 
D, then C + A = CBD , to 
which equal quantities let the 
angle CBA be added, then 
will CTA CBA —CBD 


A -B 
+( CBA two e N g Ax., 4. 
| | .* COR OL" ** 


— 
7 — —— 
—— — "Foe 


2 —— 
— — 2 — 
— — —— — ꝶ 2 —̃ ts 
; . 
- 


» 
* 
* [7 L 


Elements. of Geometry. 


COROLLARIES, 
7, If two angles in one triangle, be equal to two 


A TE 5 in another n the ee — 
A. 5. X 


wall alſo be equal*. F 


2: If one angle in one wing be n to one 55 


angle in another, the ſums of che remaining angles 
will be equal 


* 0 


3. If one angle of a triangle be 0 8 ihe er 


g two taken togerher, will be equal to a e 


4. The two leaſt angles, of every triangle, are 
acute. 


» . 
* hy 


© THEOREM Xt. 5 
The four inward angles of a quadrangle (ABCD) . 


aten together, are equal to four _ - angles. 


Let the diagonal AC be AC 


drawn; then the three angles 


ol the triangle ABC being 


= two right- angles, and 


thoſe of the triangle ACD 
equal alſo to two right- an- — | 
gles *; it follows that the fum A B | 


bol all the angles of both trian- 


© Ax. 4. 


likewiſe be e equal to two es td | 


gles, which make the four angles of the quadrangle, | 
muſt be equal to four right- angles 5 


COROLLARY 1. 


Hence, if three of the angles be right ones, the 
fourth will alſo be a right-angle. 


COROLLARY II. 


Moreover, if two of the four angles, be equal to 
two right angles, the remaining two together will 


scHo- 


wo * 


* 


he 


whole into as many triangles 1 55 


BCD, and meet AB in D: 
then the criangles FED; 


| FEY to it .. 


B ab Pip. _— 
s C HOLIU M. | 


if tum any point P, within a gen ABCDE, . I 
lines be 007 8 all the angles, 3 as to divide the +. | 


APB, BPC, axe 1 5 
as the polygon has ſides; the 
ſum of al Na angles of theſe 8 
triangles, (which together make 
up, or compoſe the angles of te 

polygon, over and above thoſe R 
about the point P) will be equal to twice as many 
right angles as the polygon has ſides (by 10 1.) 
Therefore, ſeeing all the angles about the point P, 
whereby the angles of all the triangles exceed thoſe 
of the polygon, are equal to four right angles, it 
is manifeſt, that all the angles of the polygon, 


taken together, will be equal to twice as many right- 
angles, wanting four, as the polygon has ſides. 


THE OREM XI. 
The ang les (A, B,) at the baſe of ani iſo e | 


zh (ABC) are equal to each other. 


For, let the line CD biſect, 
or divide the angle ACB in- 
to two equal parts ACD, - 


BCD, having AC = BC 
CD common, and the hy 


: = "B el. 8. 


' gle ACD-= BCD, will alſo have the angle grave. 


A B*. IE A 107 


COROLLARY * 


Hence, the line which biſe&s the a angle 
of an iſoſceles triangle, biſects the baſe, and 1 is alſo 


'die 


18 


* 13. 1. 


be drawn; ſo 
ſhall che trian- 
gles ABG and 1 
: = Ax. 16. DEF be equal in all reſj 


1 * 


let GB and GC 


Elements of Geometry. 
COROLLARY II. 


Hence it appears alſo, that every equilateral tri : 
5 angle i is likewiſe equiangular. 3% | 


'THEORE 


M XIII. 


I an triangle * the greatef fide "ſubtends 


the greateſt angle. 


Let AB be greater than AC; 6 c 


in which let there be taken 
AD = AC; drawing CD. 
The triangle ADC being 

iloſceles, the angles ACD and X 
. ADC are therefore equal; whence ACB, which 


5 


exceeds the former of them, muſt alſo exceed the 


ceed B, which i is leſs than ADC 7. 


COROL 


Hence, in any triangle, the ſide that ſubtends | 


LARY. 


. latter ADC *, and conſequently, much more ex - 


the greateſt angle, is the greateſt; becauſe AC B can- 


AC *. 


' THEOREM XIv. | 
If the three fides (AB, AC, CB) of one triangle, 


nat be greater than B, unleſs A v4 is greater than * 


be equal to the three fides. (DE, DF, FE) of another 


triangle, each to each reſpectively; 3 then the angles 5 
Foſed to the equal fides will 55 be equal. . 


Let the "| 
ole BAG. = D, 
AG= DF, and 


being = = DF = AC A 12 


2 


* 
r 


* 


Bool the Firſf, .* 109 
the angle ACG is alſo = AGC®, and BCG xz. x. 
= BGC; and conſequently ACB = AGB » ax. 4. 
DFE: therefore the triangles ABC, DEF are equal or 5. 
in all reſpedts*. e 
SCHOLIUM. EK, 
- The demonſtration of the laſt theorem, in ob- 
tuſe-angled triangles, may admit of another caſe ; 
which, however, is not neceſſary; becauſe, if the 
triangle AGB (equal to DEF) be conceived to be 
formed on the longeſt ſide of ABC; then, all the* _ 
angles CAB, CBA, GAB, GBA being acute“, the à Cor. 4. 
line CG will, always, fall within the figure AC BG,, to 10. 1. 
as in the preſent caſ. V r Ax. 2. 


* 
-. 


PE 
Tf two triangles (ABC, DEF) mutually equiangn- + _ 
lar, have two correſponding fides (AB, DE) equal fo 
each other, the otber correſponding ſides will alſo be 


Ifyou ſay; - 8 


er than EF; 
from BC let 3 
a part BG e E 
be taken = n VE, 3 
EF", and let 2 2, a 
A be drawn. The triangles ABG, DEF having 
AB = DE, BG = EF, andB = E (by pot beſis), 
will alſo have BAG = D*; but D = BAC V; Ax 10. 
therefore BAG = BAC * which is impoſſible. - * _ 
5 | | : V AX. 1. 
P - . - __ 
Hence, equiangular triangles, having any two 
correſponding ſides equal, are equal to each other . Ax. 10.1. 
ge JJ 


E 


„ Elements of Geometry. 
_ THEOREM xvI. 
ff two right-angled triangles (ABC, DEF) hav- 


ng equal hypothenuſes ( AC DF), have. two other 
2 Js (BC, EF) lkewiſe equal; the remaining ſides 
(AB, DE) will be equal, and wy two ade me | 


in all reſpetts. ' 3 
In AB produced, 7 0 | * 
take BG. =, ED, > ESI, A. 
and let GC be 
drawn: then, the / | ]Þ-.. N 
triangles BCG and TB TE DD. 
DEF, having BG | 
= ED, BC = EF, and the angle CBG = =E *, 


E ; 


Y Hyp. 


Ax. 7. will alſo have the angle G = D, and CG = DF- 92 5 


Ax. 10. — AC”: whence, the triangle ACG being iſolceles, 
> 12.1. the angle G, or D, will be = A; and conſequently 


| © Cor. t. Fail = ACB<; therefore the triangles ABC and 
10 10.1. DEP, being mutually equiangular, and having | 


5 . AC = DF, they are equal in all reſpects . 
THEOREM XVII. 


Tf two triangles (ABC, DEF 9 having two Ades 
(AC, BC) of the one equal to two ſides (DF, EF 

of the other reſpectively, have alſo the angles (A, D) 

| ſubtended by two of the equal fides (BC, FE). yal to 

each other; and if the fangles (B, E) ſubtende 1 by the 


other equal ſides, be either, both acute or both obtuſe ; "Pp 


ben will the two triangles be equal i in all reſpetts. 


'B D E M tae 


. then, the angle AGC being = DHF*, 


Let CG. and FH be perpendicular to AB and | 
* 


AS - 


= 


= triangles ABC and DEF, being mutually equi- 


Res Buck the WY 21 Z | 
A= 2 fide AC=DF*, CG will alſo be * Hvo. 

= FH; whence, CB being = FE", the angles s 15. 1. 

; GBC and HEF are likewiſe equal“, and fo, the v 16. 1. 


angular ', and having the ſides AC and DF equal, i Cor. 1. 
are equal in all reſpects'*, „ 
The demonſtration is the ame, when both the 
angles are obtaſe, as in the triangles ASC, DeF : 
for, if Cþ (= CB = PE) = Fe, the an oles GC 
and HeF being equal (as _ the angie AZC | 
and DeF will likewiſe be equal *, P | k 1. 1. and 


Ax. 5. 1. 
THE ORE M XVIII N 
If two angles (A, B) of @: triangle (ABC) l. 
Equal, the fdes (BG, AC) ae them will like- 
; wife be equal. 0 


Let CD biſect che * 
ACB, and meet ABinD: 
then the triangles ACD, 
BCC being equiangular *, 


_ having CD. common to 8 
both, they will alſo have — — | | | 
AC = BC. A 1 8 | 7 „ 8.) 2 


THEOREM XIX. 


Am bo fides (AC, BC) of a triangle (ABC) 
taken together, are greater than the third fide FAR ) 


In BC produced, let D 
there be taken CD = CA, 
and let AD be drawn, The 
angles D and DAC are 
equal *; therefore BAD, 
which exceeds the latter“, 
muſt (alſo exceed the for- | 
mer D; and conſequently - . 

BD (or BC + AC) muſt exceed AB q - e Cor. to 

| ha 0 4 H EO. The bs 


Þ Hyp. 

2 Cor. FE 

to 10. 1. 

r Cor. to 
13. 1. 


—— — - 


Cor. to 
9. I. 
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Elements of Geometry, - 


THEOREM XX. 


O all the right lines (PA, PB, PC) Falling from k 
4 given point (P) upon an 22 rigbt- line (RS), 5 
that (PA) is the leaſt which is perpendicular to it; 
and, of the reſt, that (PB) which is the. neareſt the - 


| perpendicular is ls 95 _ any other (P EN at a one 


di france. ; 
For BAP being a FEA N 
angle *, ABP will be a- ä 
cute ?, and therefore AP - 
BP. | 
Again, when PB and "> V B 
PC are both on. the ſame CB * 8 
fide of the perpendicular 7 
PA; then is CBP c right angle BCP. 5 1 
conſequently PC c PB. | 
If PB be on the contrary fide of the perpendicu- 
lar to PC; from AC, let AB be taken = AB; then 
the two lines PB, PB will be alſo equal; and there- 
fore PC, which exceeds the one (by the preceding 


2 caſe) will alſo exceed the other. 


| THE O REM XXI. | 
Of two triangles (ABC, DEF) having two fides © 


5 (AB, BC) of the one, equal to two fides (DE, EFY © 
E the other,each to each reſpettively,. the baſe of that 


(ABC) will be the greateſt, which is ſubtended under 


ße greateſt. angle. 


Let the n E, BG RIS BC) alſa 


le AG and CG be daun, _ the laſt 1 We 
e 


5 3 let fall the perpendiculars BH and Al 15 
8 bse BG=BC", and, conſequently, GH = He- 1 75 1 


— 


B. 150 1s tip. ö : "3 - 8 


it is evident, that 61 (whether the point 1 be conſi- * 16. 20 
dered as falling between G and K, or between G 


and H) will be leſs than CI *; and therefore AG, « ax. 2. 
or its e DF, alſo, leſs than AC*. Bi ST 


* 


5 * 20. 1. 
"Be H E 0 R E M XXII. 
Of t 70 triangles (ABC, DEF) 5 having one angle 


(BAC) in the one equal to one angle (EDF) in the _ 
other, and the ſides (BC, EF) oppoſed to them alſo 


equal, that (ABC) will have the greateſt baſe, where- wy = 
'of the. oppoſite angle (4CB) 4 di Hens the ug from "2 | 


right-angle. 15 
Let BG and EH be perpendicular to AC and 1 


DF, in which produced, take HK = HE, GI = 


GB, and BM = EH; alſo let MN be parallel to 


: GA, meeting AB, produced if neceſſary, 1 in N; and 


*-- i CI and KE be drawn, 


The angle 100 being =BCG*, i and the latter of 


ttheſe greater than EFH e, (or KF H *), thence is e Hyp. 
ICB KFE; and conſequently BI EK; whence ! Ax. 10. 


alſo BG ( #BI) —EH(zEK) or its equal BM; and * 21+ 1. 


therefore BA © BN, becauſe AG and MN being 
parallels, both the points M and N will fall on the 
ſame fide of AG. But BN (as the triangles NBM, 
DEH are equiangular, and have BM = EH )) is Hyp. and 
= DE : therefore BA is alſo greater than DE. 3 


15. 1. 


9 


2 Jements of Geometry. 


5 THEOREM XXIII. 


| * of two triangles (ABC; ABD) fanding per | 

_ the ſame baſe (AB), the one Je wholly included within | 
the other, the two ſides (AD, BD) of the. included one 
raten together, will be leſs, and the' angle (D) con- 
1 tained by them greater, reſpectively, than the two ſides 
([A, BC), and the contained angle (C) of the other. 


__CaseT, If the yo of the contained triangle 
be in one fide of the other : i 
| Then, AD is leſs than AC - 
21,7. CD!; whence, by adding BD 
| common, AC + BD will alſo 
Ax. 6. be leſs than AC + CD + BD', 
K Ax. 3. or than its Equal AC + BC. 


7 Cor. 9. 7 But the angle ADB is Ac; 1 


Cask IE If the vertex be within the other ag 5 

Let Ab be produced to 
meet BC in E: then ( zhe 

preceding caſe) the ſum of AD 

and BD is ſeſs than the ſum of 
AE and BE, which laſt ſum, 
and conſequently the former, 

is, again, leſs than the ſum of | 
AC and BC. Mereover, the ———— 

angle ADB'=BED <= C. A. EO > 


THEOREM XXIV. 


The oppoſite ſides (AB, DC) of any. parallelogram | 
(ABCD) are equal, as are alſo the oppoſite angles 
(B, D); and the diagonal (AC) arvides the N 8 
ren into 7200 _ paris. | 5 


For, ; 


Bol the B. 


For, AB, PDC. and AD, BC D 
being parallels*, the angle 

£ BACis = DCA, and BCA | 

>. = DAC*, therefore the equi- UE. 

wh angular triangles ABC, ADC! A -_ 

having AC ͤ common, are equal. 187 

in all reſpects . 32 


COROLLARY. 


| Hence, if one angle (B) of a parallelogram be a 
right angle, all the other three will be right ones: 
for D, being = B, is a right-angle; and BCD i is "A 
OE... B, and DAB = D, by Theer, Pe. | 


e THEOREM XXV. 


Every quadrilateral (ABCD) who/e 9 8 f „„ 4 
ars equal, is a Paralielegram. {See the n Ea | 
ſcheme). | 


RE the diagonal AC be Saws, tj the trian- 
gles ABC, ADC being, mutually equilateral „ they Hyp. 
: will alſo be mutually. equiangular* ; conſequently * 14. 1. 
AB will be parallel to DC, and AD to BC*, t8.1. 


THEOREM xTvr- - n 


Type men (AD, BC) joining the correſponding ex- © 7 
tremes of two equal, and parallel lines . DC 53 
are themſelves equal and parallel. 


Let the diagonal BD be drawn. — AB 
3 and DC are parallel *, the angle ABD is = CDB*; *Hyp. 
1 therefore, BA being = . 22 ü. 
PC, and BD common, | 
the remaining ſides and 
angles will likewiſe be | | 
- reſpedtively equal” jad A : BD 1 Ax. 10. 
conſequently AD parallel to BC *. i= 5 8. 1. 
„ . THE O- 


=> 


Elements of Geometry. 
THEOREM XxVII. 


If in one fide (AB) of a triangle (ABC), from 


tbree points (D, F, H) at equal diſtances (DF, FH), 


lines (DEM, FG, HI) be drawn parallel to the 
. baſe, the parts (EG, GI) of the other fide (Ac) 


intercepted by them, will alſo be equal to each other, 


Let NGM be parallel - 
to AB, interſecting HI - 


- 8 A i 
and DE in N and M. 7 | 


Then, the triangles 
IN, MGE, having the 
3. 1. angle IGN = E GM“, 
7. 1. ING = M, and N ²( F | 
1 = FD 25. 1 1 
* Hyp. GM*, will alſo have _' / a © 
15.1. G1 GE 3 5 | B : ini — C | 


2 >, COVOLLART 1 
Hence it appears, that, if one ſide of a triangle 


be divided into any- number of equal parts, and 
from the points of diviſion. lines be drawn parallel 


to the baſe, cutting the other ſide, they will alſa _ 
divide it into the ſame number of equal parte. 


ono EE 
Hence, alſo, if two lines FG, HI, cutting the 


ſides of a triangle, be parallel to each other, and 


another line DE be ſo drawn as to cut off FD = 


FH and GE = GI, this line DE will be parallel 


to the two former, 


* 5 


THE O- 


5 manner is FS parallel to 


I: paralletogram 95 A 


l 5 TY BY. 
THEOREM XXVIII. e 

Fi in the ſides of a ſquare (ABCD)), equally diſtant 

from the four angular points, there be taken four 
other points (E, F,G, H,) the fgure (EFGH) form- - 
ed by joining thoſe points, ſhall * be a 80 | 

For the wholes AD, Ar D:-- — 
De, CB, BA being hr 

_ qual *, and alſo the. parts 

AE. DF, G6, 
the remaining parts ED, 
FC, GB, HA muſt con- H 

ſe uentiy be equal | 1 , 

whales all W 1 5 

D, C, B, A being equal; B 5 S 

the ſides EF, FG, GH, : 

HE will be equal likewiſe*, and the angle DEE = = — k Az:16 
AHE*. Therefore, becauſe DEH is = A 2 
AH E,, if from theſe, the equal angles DEF, 9. 1. 
AH E be taken away, there will remain HEF - 

Al = a right-angle *. By the ſame argument (or 
by Theor. 25th, and the Corol. to the 24th) the 

other three angles will be right-angles, | we 


THEOREM XXIX. 


Fall the fides of any quadrilateral (ABCD) 3e 
bi iſefted, the figure (EFGH) formed by Joining the - 
| points of biſettion, will be a parallelogram. 


Draw the diagonals AC 
and BD. Becauſe EF and 
HG are parallel to AC”, 
they are alſo Parallel ro each. 


other. Aſter the fame H 


ee 26. 
. £ Hyp., LY 


EH; therefore EF GH is a 


if he End of the Fr IRST Book, 


' DEFINITIONS. „ 


—— — 


1 N a parallelogram ABCD, if ty two right lines 
. 1 EF, HI, parallel to the ides, interſecting. 
the diagonal i in the ſame point G, be drawn: 

dividing the parallelo- C F B 


gram into four other 1 he 


parallelograms; thoſe two 
the diagonal does not - NN 
D Er 


'14 on : Y 1 J : ; 5 f — 
1 ; = | b . | 
| . Wy ; _ i | 
o OT g 4 7 ; . 3 5 i 1 1 - - . 5 
N 1 bh 
J ö * ; l bd 
ti i . . 
Þ/ ö a 6 : ; | 
© | 8 I 1 ? ' 
= 1 s | / IS - : 
1 # k . 
FHF} * N . . ; 1 . 5 
1 , — _ — oh * 
: i 1 x : þ - . * 
| . g / ö 
19 — RIES — 5 
7. x al 
_ 1 uf 
i BR 
14 2 
| BOOK II. 
N — * PIE * . 5 - z 0» 6 7 — i 
i 
| - 
1 


bog ————— — > = —.— 
—ę—— — —— ae oa. a 
== 2 - 
2 — A — 3 — r 
” — 


GD, GB through which I 
paſs, are called Comple- 
ments; and the other 
two, HE, Fl, parallelo- 


1 grams about the diagonal, 
2. Every rectangle is ſaid to 8 10 
be contained under the two | ' 
right-lines AB, BC that are the | 5 
baſe and de thereof. Mn 
© SM 
It 


9 i er, 4 4 W TI 
7 4 — : » * — 888 6 Pa 75 5 . £ * 2 4 * 
* 1 * 4 2 by * Y 7 
| F 
* - - . . —_T 4 . 
9 1 83 = * — 
. z 


— 150 a 


i Fb ch containtd under two right-lines AB 
| | and BC is often, for brevity ſake, denoted by AB x BC. 
But when. the figure is a Auare, it is uſually. repre= 
ſented by plating the number 2 over the letter, or letters 
— the fide theroof : thus AB* denotes the Jae 8 
made * the line AB. Ly 


: THEOREM I. 5 
The reftangles (BD, F 150 contained aw . 
. lines, are equal. N | 
For, let the di- Do . K. 0 
agonals AC, EE „ 
be drawn: then, 
becauſe A ů Þ 
Ef, BC = FG, 
and B = F *, the A. ; 
triangles ABC, | Y 
EFG are equal And, in the very U manner o Ax, 2166: 
will ADC and EHG appear to be equal. There- 4 
fore the whole rectangle 2 is alſo equal to 1 
the whole rectangle EFH. 15 \ * AX 4+ «= 
THEOREM II. — 
Parallelograms (ABCD, BCFE) Fm upon 


the ſame baſe (BC) and between the Jae Pro | 
(BC, AF) are equal. „ 252 


1 . 


5 * F « up 


- For, ſince (in- Fig. I.) the angle F= = BEA . 
and CDF = A', the triangles FDC, EAB are to 5. 1. 

cquiangularꝰ; they are alſo equal *, becauſe CF = * Cor. 1. 
BE“: therefore, if each be Sen fon? the whole f 10. 1 
figure ABCF, SOPs will remain ABCD=EBCF*, Be 5 


COR 0,L. 45 5. 


Pg 
- tl. 


* 
. 
\ . 
* ” 
* * 
B 9 
* ' * : * ba » — 33 
2 8 1 
- - n 
. i * 4 * 4 . ant 5 5 ? «*% = 7 
* d — MO ny . ³˙¹mm¹. d = ͤ . ²Ä 8 TYPE EA Fo 0 Ms. > WB} ered 3 ˙ —— —-— 


to the whole triangle 


DIE, EFB W 


| Elements of Geometry. 5 
co R OL IL. A R 1. 


Hence, triangles BAC, BFC (Pig. 2.) ſtanding : 
upon the ſame baſe, and between the ſame parallels, 


A 


are alſo equal, being the halves 1 weir ee x 


parallelograms _ 


7 COROLLARY II. 


. Hence all parallelograms, or triangles, what- 
ever, whoſe baſes and altitudes are equal, are equal 
atnong themſelves; becauſe all fuch parallelograms 
are equal to rectangles ſtanding on the ſame. baſes, - 
and between the. ſame parallels; and theſe 5 are 
_ by the preceding propoſition. | 


THEOREM III. 


The complements (EC, EA) 4 any aul, gran 
(AC) are equal, | 


For, the whole tri- 
angle DCB being equal 


on 


DAB *, and the parts 


ly equal to the parts 
DHE, EGB*, the re- 


Ax. 5. 1. maniag parts EC, EA muſt nee be lt. 


THEOREM IV. 


= trapezium (ABCD) whereof two fides (AD, 17 
BC) are parallel, is 'equal to half a parallelogram, 


doboſe baſe is the ſum of thoſe two fides, and. its alti- 
A unde, the eee ai ane them. 


 Book.the £50Y * 
Fes AD roduced, B . 1 
take DFB A N 
CG, DH and FE be all 
| parallel to AB, meeting * | 8 8 

AF and BC produced, a Dot * 
G, H and E. Then AE > 

isa parallelogram of the ſame altitude with ABCD, | 
having its baſe AF equal to the ſum of AD and a Conſir. 
BC; but this parallelogram, becauſe BG =HF *, * Cor. 2. 
and CGD = CHD ?,is equally divided by! the line 75 25 : 
CD"; and fo ABCDi is the half thereof. Ak. „ 


4% 3 . 


| The "os ES all the PALINS — — PR a givin © 
line (AD), and all the parts (AH, HG, GB) of 
another (AB), any how divided, is equal to the rett- 
angie contained under the two whole lines. | 


Let ABCD be the rect- . 
angle contained under the 12 F E 
two. whole lines, and ler 
HF, GE be parallel to AD, 
meeting DC in F and E. 1 
Then will AF, HE, GC A * 'B 
be rectangles of che fame = | 6 


altitude wich Ac; therefore AF = AD & AH, 24. 1. 


HE = AD x HG, and GC = AD Xx BG*; and* 24. 1. & 
5 conſequently AD X AB (AC = AF bog och. 1 * 
5 ee EENAT”. 1 a a AS 
| 1 
1 "THEOREM . | 
If a right-line (AB) be, any- ce 76 Avid into 
b two parts (AC, BC), the ſquare of the whole line 
will be equal to the ſquares of both the parts, together . 
with two WO! under the Ju Parti. | 


7 


32 : | "Bains * dy. 


Let ABl be the f uare 5 5 

of AB, and CBEF ht of q M e 
BC, and let EF and CF be r 
produced to meet the TT, F-. 

of the ſquare ABGI in K 
and N. 6 . 
| From the equal quantities . 
24 1. CM, EN“ take the equal XC 

| __ De- quantities CF and EF, and there remains FM = 
qi to . EN“; therefore, all the angles of the figure being 


Z Ax. 


7 Cor. to right ones“, NM is a ſquare upon FN {= AC); 


24.1. and AF, F G are equal to two rectangles under - 


. Def. 26-BC and AC a: but AG = BF +FI +AF + FG, 
b Ax. 5.1. or AB* = BC' + AC* + 2AC x . e 


COROLLARY, I 


| Hence, the ſquare af any line is equa to four | 
times the ſquare of half that line. | 


COROLLARY I. 


Hence, alſo, if two ſquares be equal, their ſides 
- muſt be equal; becauſe unequal lines BA s 1 have 5 
not equal ſquares. : 2 


THEOREM VII. 


The difference of the ſquares (ABEH, ACIK) of 
any two unequal lines (AB, AC), is equal to a reft- _ 
angle under the ſum and difference of the ſame lines. 

In EB, produced, take BF = — DF 
AC; let FG be drawn parallel to | | | 

EH, and let CI be produced Kf ——Jr 
both ways, to meet EH and FG | 

| in D and G. It is evident that ö | 
Cor. 24. DP is a rectangle , whoſe bafe 5 
Ax. 24. 1. GF (= CB) = the difference „ 

| of the given lines AB, AE; and „ 
whoſe altitude FE (becauſe =» 55 WP - 


*, 


Bob b Seton-dl. 1 Ty. --- 
- =BA* and BF. SAC 3 the fum of che ſame * Det. 24% 


Vines * but this rectangle DF. is = DB ＋ GB * =" Hyp. 
DB＋ DR (becauſe DK" SM =" the © AF * Ax. 3 


. * ere AI. 1 5 "ok I 
W B EOREM vm. 
The ere made upon the fide (AC ) fubtendang 1 the . 
rigbi- angle of a plane triangle (ABC), is equal to both 
Phe ſquares (BE, BG) made pas ecke 225 NN 
containing that angle. | 
Let the ſides of the E. . D TEN 
ſquares BE, BG be pro- Di, | I's, — F L BEE 
duced to meet each - . >> , „ 


ther in L and D; in 
Which tate KI. And IG % 
each equal to AE (or RE | 
AB); and let CI, IK, and 5 3 | 
KA be dunn. LED 

Since ABH and FBC 12 ＋ G. * K. 
| (which are continued nd I RIM equal to each 2. i. 

other“, EL, DG, ED, and LG will be all equal * Ax. 4. 
among themſelves 3 and ſo the angles E, D, G12. 1. 
and L being all right ones“, EDGL. will. be a Hyp. & 
ſquare, and conſequently ACIK a ſquare likewiſe TE 7 
Now, if from the ſquare DL, the four equal * trian- . * . 
gles ADC, CGI, ILK, and KEA be taken away, 
there will remain the ſquare Al: and, if from the 
fame DL, the two Equal? parallelograms DB, BL s 1. 2. 
(which are equal to the ſaid four triangles, becauſe 
DB = two of them ) be taken away z. then there 
will remain.the two ſquares BE and BG. Con- 
 ſequently the _ AL is = the two | ſquares BE 7 
and BG. 6 | ang 3 A $45. 2 


The PTY weird TEL 4. 


Let AD be the ſquare on the hypothenuſe AC, | 
arid BG, Bl the two ſquares on the ſides AB and 
D wa : 


. 


e Ax. 7. 


* Ax.5. 


Taj: 1: 


common to. both, be taken 


gle G is alſo ABC, and the * 
Def. 26, file AG = AB,, the ſides ag 


8 8 — 


Þ lements of Cy 


BC: let MBH be parallel to AE, meeting GF. 
(produced) in H; And let EA be produceg. o 


meet GH in N. 
If from the equal angles N 3 * a 
GAB, CAN, the angle NAB, NA. 8 


away, there will remain NAG 
=BAC*; whence; as the an- 


* 
AY 


and AC (= AE) are —_— "EIS 0 OW 


equal; and therefore the e 
rallelogram AM = the par Jo- E N D 


Cor. to logram AH“; which laſt, and 
«2 conſequently the, former, is equal to the ws BG* 
ſtanding on the ſame baſe AB, and between the 

ſame parallels. By the ſame argument, the paral- 
lelogram CM is the ſquare BI: and, conſequent- 
| ly, the ſquare AD (= AM + 8 5 = aan the 
7 Ax. 4. ſquares BG and Bl. 
| 5 0 R O L LA R . 
Hence, the ſquare upon either of the ſides in- 
cluding the right angle, is equal to the difference 
i ſquares of the hypothenuſe and the other 
Ax. 53. fide*; or, equal to a rectangle contained under the 
ſium and difference of the ae, and the other 
47. 2. | 


9 H E O REM IX. | 
The difference of the ſquares of the two fides (AC, 


hy BC ) of any triangie (ABC) is equal to the difference 
of the ſquares of the tevo lines, or diſtances (AD, BD) 


included between the extremes of the baſe (AB) and the 
eee (CD) of the triangle. | 


For, fince AC* = DC* + AD? and BC* c- 


+ BD. . the precedent), it is evident that the 
difference 


* 


| Book i the feng,” - "ie ; 3 
difference of AC: and BC* will be equal to the dil. 
ference Lewe DC. * 2 . : Oy N. , orb Ax, 8. 


C I. 
* * * 71 * 
Ws +1 * 
; . 
' 


AT + Th” D. 8 —— E 2 D | ' 
between AD* and © 57. by taking aan DO, Ax. 6. | 
e from botn. 0 N ny” 
COROLLARY I. 55 p 
Bin the rectangle under the ſum and 1 a 
of any two uneq: lines, is equal to the difference 
of their ſquares , it follows, that the:difference of « 7. 2. 
the ſquares (or the rectangle under the ſum and dif- 
ference) of the two ſides of any triangle, is equal 
to the rectan le under the ſum and difference of the 
diſtances included between the perpendicular and 
| the two extremes of the baſe. 1 


COROLLARY II. = 


1 fallows, moreover, that the difference of the 
FF (or the rectangle under the ſum and difference ) 
of the two fides of a triangle, is equal to twice a 
* reffangle under the whole baſe, and the diftance of the 
perpendicular frum the middle of the baſe. | 
For, let E be the middle of the baſe, and let 

E be made ED; then AF being = BD, the ex- 


ceſs of AD above BD (or AF) will (in Fig. 1. ) be An; - 


—_ -=DF=2DE; therefore the rectangle under te 
' ſum and difference of AD and BD (= * AC* = 9. 2. 


15 BC.) is ABN 2DE. Again (in Fig. 2.) AD + 
5 BD being = AD AF F = FD = 2ED, and * Ax. 4 
_ AD— BD = AB, we have, alſo, in this caſe *, 
AC*— BC. ABN DE. 
* D 2 f THE O- 


6 | Blomont of Geometry 


„ "THEOREM, Wo rt Crt 
; _. The . of one fide (AC) of 4 wh (ABC) 
eater, or leſs than the ſum of | the ſquares of the 

(AB) and of the other fide (BC), by a double rect 
| Vo unter the whole baſe (AB) and the diſtance (BD) 
of the perpenthicular from the angle (B) oppofite.zo the 
Ade ft mentioned; that is, greater, when 7. per pen 
: @icayar falls beyond the ſaid angle (as in Fig. 1) ; 
but leſs, oben. 10 Falls on the. eg ide (as in 
Fig. 2. and 3.) 5 

Let the ſquare ABHF, on the baſe AB, be ©. 

tt. 2. . d two equal rectangles on and EH by 


0 5 K BY 71 


— — = Z == 2 PR = a 
< i = _ = on "eg * 2 
— —— —— FREIE = — — r 
- o 
— 3 :- OE 
£ — © = 


* mr +, woof + 
- 1 ox ——— 


9 9979 —9—ꝙ— _ - 
. 2 — 0 1 — — als 
2 bs A ts + >» Seto 4s ant th 1 EA * 
- — — 
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— 8 ly . py — 


| 
i 
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2 
4 
1 
* 
4 
4 
o 
- 
ru | 


» 7 
wA 3 42 
6 : 
pj 
5% 
* 
60 oe 
© O00 


9 4 + JN — 2 
. a IO 


Hs 4 + K bY | | 
the line EG, biſeQing AB ; in E; and i bet ities per- 
pendicular CD be continued out to meet FH 

| - (produced) in I. AND, e . ADE \ | 


V Fig. I, AC: — BC: = twice the 2 

! Cor. 2. EI' = 2EH. + 2BI = AH (AB*) +-2BI 

„A. , (2AB Xx BD); therefore, if from the firſt and laſt 

5 of theſe equal quantities, AB be taken away, then 
Y 6 bach BC: ang Iu” = 2ABxBD/: 71 


_— 
: —— 
— 2 —— 
N 


In Fig. . 5 4 BC. Ac. EI = 251 — 
2B = 2AB x BD — AB*; and ſo, by adding 
AB? to the firſt and laſt of theſe equal IS | 
Ax. 4. we have here Aer =2ABxBD*. 


o THEO. 


1 ww 1 Om 


NV. 


Bool #he Second. — 


THEOREM XL 
- The double of the ſquare of a linz (CE) 8 


from the vertex to the middle of the baſe of any tri- 


angle (ABC), together with double of the ſquare of 
hs ſemi-baſe (AE), is equal to the ſquares. of hath 
the fides (AC, BC) taken together. ; 


For, let CD be perpendi- | 


cular to AB : then, becauſe -- 0 


(by the precedent) AC“ ex- 
ceeds the ſum of the two 
ſquares AE* and CE* (or 
BE and CE*)by the double 
rectangle 2AE x ED (or 


3 
BC* is leſs than the ſame ſum by the ſame double 
rectangle ; it is manifeſt that both AC* and BC* 


together muſt be equal to that ſum twice taken 
the exceſs on the one part A up the defect 


2BE x ED); and becauſe 


cn the other. 


THEOREM XI. 


The two diagonals (AEC, BED) of aparallelogram 
(ABCD) viſe? each other ; and the ſum of their 


ſquares is equal to the ſum of the fares of all * | 
four ſides of the parallelo gram. 


For, the triangles 
AEB, DEC being 
equiangular , and 
having AB = DC, 
will alſo have AE 
= CE, ad B32; 
DE.. Moreover, be- EDS 
cauſe 2AE* + 2ED* =* AD* + CD), by makings 3 
the double of theſe, we have 4AE* (©AC*)+4ED** i 


(00788 * AD* +BC* +CD* AgB“. on 2, 


D3 THE O- andy 5 


He REM 2 XIII. 


| . Ken any point (F), te. the four angles of a Yef?- 

angle (ABCD) four lines be drawn; the fums of the 

| ſquares 77 thoſe drawn to the oppoſite angles will be 
- 7; fay, that FA* + Fe. = * E * 3 


For, let the 4 AC | 
- and BD. be drawn, biſecting | 
* 12.2. each other in E, and let 
E, F be joined; then the 
triangles ABC, BAD being 
„24. 1. equal in all reſpects ”, thence | 
and Ax. wil AE(ZAC)=DE(z 2 DB). | Sh N 
, 11. re A A OO 
ts + | | 
F 3 x 


. 
* 


End of the Sr con Book. 8 ; 
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: GEOMETRY. 
a 1 „ 
DEFINITIONS. 
N right:line | : 
4 FD, paſling , 
through E the 
- center of a circle, and A 
| terminating in the cir- 
cumferenceat both ends, F | 
is called a Diameter. | 
2. An arch of a circle. 5 
is any portion of the pe- 
_ or circumference, as ACB. 
3 P he chord, or ſubtenſe of an arch ACB, is 
ga right-line AB) Joining the two extremes of chat 
- =; arch. | 
. A E eich is a figure nc under any 
: diameter and either part of the circumference cut 
off by that diameter. 
5 A 
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ſaid to be in a ſegment 


paſſing through a point (C) 


Elements of Geomeiry. 
5. A ſegment of a circle is a figure contained 
8 arch Ao and its chord AB. 


6, . Sektor if a circle is a "Rare contained ; 
under two right-lines EF, EG, drawn from the 
cenfer fo the ee and the arch FG in- 
cluded betwixt them, When the two lines EF, EG, 
ſtand perpendicular to each ers then the Sector 
18 called a e 1 | 


7. An angle ABC i is 


of a circle ABC, When, 
being in the periphery 
thereof the right- lines 
BA, BC by which it 
is formed, paſs through 
the extremes of the 
chord AC — 
that — | 


® 


8. An angle ABC in the be. > compre= 
hended by two right-lines BA, BC, including an 


arch of the * ADC, 1 is ſaid to ſtand upon that 


arch. 


3 . 
9. A right-line AB is |, Wee 
ſaid to touch a. circle, when, 


in the circumference thereof, 
it cutteth off n no part of the 
circle. | 


5 EDS 10. Twa 


1 
24 


* 


4 e SS ; 
Bool the Third. © 

10. Two cinples (PCQ, RCS) are aid to touch 

each gane when the nes *: "_ = 


through one paint (©) and yet do not cut each 
other. : 


11. Two Arles in the ſame * are aid to 
cut one another, when they fall partly within, and 


partly without each other; or, when their circum- 


ferences cut each other. „ 


12. A righe-lins is ſaid to ö be Ft i or inſert 
ed in a circle, when both 1 its extremes are in the 
. thereof. 1 18 


13. A right-lined We! is ſaid to be inſcribed in 
a circle, when all its angles are in the circumference 


4 


of the circle, 1 5 


: 14. A circle is ſaid to bs | deſcribed abowt a 
right-lined figure, when the periphery of the circle 
paſſes through al the cet of that * 


15. A right- lined Squre i is ſaid to be deſcribed 
about a circle, when all the ſides e touch 
5 the circle, | 


| : 


42 Element of Geometry. 

r6. A circle is faid to be inſcribed in à right- 
Rned figure, when it is touched by all the ſides of 
the right - lined figure. . 


17. A right lined Ggure is ſaid to be inſcribed 
in a right-lined figure, when all the angles of the 
former are ſituate in the ſides of the latter. : 


. THEOREM FE. 08 
If the fides (AB, BC, CD, &c.) of @ polygon in- 
ſcribed in a circle, be equal, the angles (AOB, BOC, 
COD, &c.) at the center of the circle, ſubtended by 
them, will likewiſe be equal, . 
For AO, BO, WW ET 

| CO, &c. being e- W oa” 15 
_— qual to each o- 
"> # Def 33. ther, as well as 
ef. AB, BC,CD&c. E 


— — — 


> 
— 8 * en 5 TE \ \ 
1 = — 3 
2 2 os - l — CY — = —_ 
X A — . 
— 2 — 
d. = EEE 2 8 —— 2 4 * 1 - ä . — 
— — — — = I * 8 
— LY. 3 — —— n * 4 —_ l 
£5 —— . 
5 — — a. — ——ů— —_ — 
- 7 N L 5 , 
7 * " 4 : 
5 » ö 
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DS 


2 
— — 
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© by n — — 
— — > a Yi — (re apr 
x — X & v2 —— — 
— 8 * * — — l * Ts 
— — _ ary A — 0 b 
Aus RI — 94 2 — 5 N - 
- — — —— a 
* 
q 0 
e * 


the triangles AOB, * 
BOC, "COD, are A 42 

, mutually equila- | 

teral; and there- 4 


fore have all the 
angles AOB, BOC 
Kc. equal to each 
EL RT. 5 
On this propoſition depends the diviſion of ma- 
thematical inſtruments for taking and meaſuring of 
angles. For, if, by repeated trials, or any other 
means, the circumference ' of a circle deſcribed 
about a center O, be divided into any number 
of parts AB, BC, CD &c. ſo that the chords 
be equal; then it is evident, from hence, that all 
the angles AOB, BOC, COD &c. which make up 
the four right-angles AOD, DOG, GOR, KOR 
at the center, will alſo be equal to each other, let 
9 | „ e 


—— —— Er * 
> = - —_ 

— —— hoe ee » * $%> 2 —— 098 — 

— — — ͤm— —— —⏑—— 

jo — 

— ——— 4 * 4 
94 
-, 


will AD be alſo = BD. 


the radius OA of the inffrumens be what it will. — 
In the diviſion of the circle for practical uſes, the 


number of parts into which the circumference is 


thus divided, or the number of equal angles at the 
center, is 360; which equal angles are called 4 - 
grees; ſo that a right- angle, conſiſting of go of 
theſe equal angles, is ſaid / to be an angle of go de- 
2 z every angle being denominated, from the 
egrees and parts of a degree, contained therein; 
each degree being conceived to be ſubdivided into 


60 equal parts, called minutes; each minute again 


into 60 equal parts, called ſeconds; and ſo on to 


thirds, fourths, fifths, Sc. at pleaſure. 


THEOREM HI. 


£2 ; Any chord (AB) of a circle, falls wholly within the 


ſame: and a perpendicular (CD) ler fall thereon, 
from the center of the circle, will divide it into twa 
equal parts. hrs „„ 
Loet C, A, and C, B be joined; 
and thro' any point E in the 
. a let the right-line 
rawn,. meeting the 
circumference in F. ai * EH. 
It is evident, becauſe CA = ASD > B 
CB =, that thefe equal lines are F +6 hf: aa. 
on different ſides of the perpen=  —- 20M 


dicular CD*; and ſo, CE being a CA or CF - = 


the point E (take it where you will in the line AB) 
and conſequently the line AB itſelf, will fall within 
the circle. Moreover, becauſe the triangles ACD, Ax. 2. 
BCD have CA = CB and CD common, thence 


* 


0 . N 9 179 : 16. = 
+ CO REEEALY: | 
Hence a line biſecting any chord at right- angles, 
paſles through the center of the circle. 


44 Elements of Geometry. 
„ 1 T HEQBEM-II.. .. 5 
Airy two chords (AB, DE) equally diſtant fron the 
center (O) of a circle, are equal to each: other. 
Let the perpendiculars OE, | 3 
oc be drawn, and let O, D By 
; and O, A be Joined. Becauſe 
*Hyp- OF = OC*, OD = DAP, 
Def. 33-and F and C are both right- | 
: 8 angles , therefore is DF = 


> 16. 1. AC, ind conſequently DE 
1 = 2D F * MF 


* Ax. 41. 
THEOREM IV. 


In à circle 1 the greateſt line (AB) is the 
diameter ; and, of all others terminating in the cir. 
f cumference, that (CD) which is neareft the center 
(Oh, ic greater than any ether (EF) * from it. 
1. Draw OC and OD; 
then it will r. that AR 
® 29-3. (or OC + OD) —CD=, E 
2. Let OP be the diſ- C 
tance of CD from the cen- A 
ter, and OQ that of EF, 
both taken in the ſame 
radius OR; Draw OE and 
| OF. Becauſe the triangles | 
| _ 33. DOC, OFE, have two ſides equal each to cach'®, „ 
and have the contained angle DOC c the contained 
| cas. 2. angle FOE; therefore, alſo, will the baſe DC be 
21. 1. greater than the 'baſe+FE * ; and conſequently, 
greater than any other-chord at the fame diſtance, 


38.3. with EF. 


s — — a 4 * 9 
* 4 * 
i — > Io — 4 "8 ab bang 
„ ö Y 
— 44s. — ay * F . 2 TV? 
SS — . 
= A -— wan * ” - A - — n 1 — 3 25 
— 0 = — — — — * — - _ þ 4 
— 2 - — O— —— — — ——— — — — — 2 
. * Py _ 4 wb - Wt — _ . — 4 — — — 
> a - to 


AL — < 5% P 
— * „ wm s - — 
. tongs — — 
* NF _—_— 
— — — — 
- 
Ls 


a — - = 


— 


COROLLA R 2 
Hence, a right line greater than the diameter, 
drawn from any point within a 1 Som cut the 


| circumference. 
"> H E O- 


0 a * : 4 2 . * 7 . 53 
> ca 4 4 « a. #4 , * ” ” F * * 3 1 
1.14. 44  WOPHEOREM v. 
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= _— 8 


r 


ms (D) which is not the center, right-lines 


- . greateſt, will exceed any other (DE) whoſe extreme 
(E) is at à greater diſtance, " 


a 


$4 +1 
5 ; 1 f\ "x * 5 8 


F 


. 
„ - 1 \ 
* * -” * 255 2 4 
e ' \ © S 
B . Pp 1 3 185 


| L 5 2 . 21145 * 42 0 2125 55 if | 
From the center /C, let CE. and CF be drawn. - ' + 
1. AD (= DC + CF") EPF. . 


- 


2. Since DC is common CE CE, and DCF. . 1 
＋ DC E;, therefore is DFS DE. 3 1. 
ET FESOORGCLELARTY-1; :- 

Becauſe no two lines, DE, DF, drawn from D, 
on the ſame fide of the diameter AB,. can be equal 
to each other”, three equal right- lines cannot poſ- 5: 3- 
ſibly be drawn from the periphery to any point, 
beſides the center of the circle: and, therefore, if 
from a point in any circle, three equal right- lines 
can be drawn to the periphery, that point is the 
center of the circle. n 2 
| COROLLARY II. 

Hence it alſe follows, that no circle can be de- 
ſcribed to cut another FBG in more points than 
two: for, if it were poſſible to cut it in three points 
G, E, F, then right-lines drawn from the center 
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- 220.1. AE *, the point B muſt, 


46 Elemænis of n : 
al , which is 


pet. 3. Q to thoſe points, would be a 
I. 8 to be impoſſible 7, wen e 


come one circle * N 


THEOREM vi. 


n the c 
. . Q coincides with C; and then the cirtles theinſelves 
1 3. will neither cut, nor touch, but * e 


ter 


N = 
— * 


90 riehl-lne (FD) drawn through. an 3 A) 
in the circumference of a circle, at right-angles to the 
radius (EA) — in that 2 wil 1 the 


: circle. = 


From any point in FD, x: 

to the center E, let the 

right-line BE be drawn; 
which being greater than 


neceſſarily, fall out of the 
ſor” 33+ cirele b: and therefore, as 
* the ſame . pe holds 


good with regard toevery 


2. — 


other point in the line FD e AY. it is mant̃- 
feſt that this line cuts off no- part od the _— 


but Ing” in one point only.. 


THEOREM VII. 


# 


F the diſtance (AB) of the centers of 6 90 ᷓ cireles 

de equal to the ſum of the two ſemi-diameters (AM, 
BN), . the circles will touch each other, outwwartlly ; , 
end the right-line (AB) joining their e wats wil. 


paſs A the gs” Y contatt. 


vs 


| Book the « Third.” wn ”- 
5 and let DCE be keen e. | 
X . alſo = BN , the cir- 
cumferences of both circles _.. 
will paſs through the point 
C*: but the 8 1 
the precedent) falls wholly 
Lan oi one, and wholly ' M 
below the other; therefore the 
circles themſelves fall wholly 
without each other, and 
touch in one point C only. 


COROLLARY. 


- Hence, if the centers of two circles be placed 
at a diſtance, from one another, leſs than the ſum 
of the two ſemi-diameters, a part, at leaſt, of the 
one will be contained within the other : but, if the 
diſtance be greater than that ſum, the two circles 
wil then neither touch, nor cüt each other. 


THE OR E M VIII. : 
FF the diftance (CD) of the centers of two circles 
(CAF, DAE) be equal to the difference of the two 
ſemi-diameters (CA, DE), then will thoſe circles touch 
 inwardhy; and that radius (CA) of the greater, 
which is drawn through the center ( D) of ihe Leher, 
will meet the two Peripberies i in the Point of contact. 


From any point E in the 
circumference of the leſſer, to 
the two centers, let EC and 
ED be drawn. Becauſe CA 
exceeds DE by the line DC*, 
or becauſe DE + DC=CA* 
= DA DC, therefore is 
DA = DE *; and fo the cir- i 
cumference of the circle =_ 5 

| likewiſe 


\ 


- 


Elements of Geometry. 
likewiſe paſſes through A : but CA is greater than 
CE *: therefore every point in the periphery of the 


circle D (except A only) falls within the circle C : 
which was to be demonſtrated. . 


RB COROLLARY, 4 
Hence, if the centers of two circles be plated at 


a diſtance from each other, greater than the differ- 


ence of the two ſemi-diameters, a part, at leaſt, 
of the one will fall without the other; but, if the 


diſtance be leſs than that difference, the leſſer circle 
will then be contained wholly 1 in the een but 


without touching 1 it. 


COR OL 3 A R Y II. 5 
Hence, and from the precedent, it likewiſe ap- 


pears, that if two circles touch, either inwardly or 


outwardly, a right-line, drawn through their two 


centers, will alſo paſs through the point of contact: 
becauſe they can only touch, when the diſtance of 


their centers is equal to the ſum, or to the differ- 


® C08; 4 ence of their ſemi-diameters. a 


7. and 
Cor. Io . 


of 8. 


"thoſe circles will 5 = other. : 


| diſtance of the 


wo centers is 


1 HE OR E M IX. | 
N the diſtance of the centers ( F, , G) of l. circles 


4 DL, MH) ze Ieſs than the ſum, and greater than 


the a: Herence of t, the two ſemi-diameters (FL, ap 


For, ſince the 


ſuppoſed leſs D 
than the ſum of 
the ſemi-diame- 
ters, a part of the 


A Cor. to one circle MH, falls withia the kk DL; and "LOR 


7+ 3* 
m Cor. to 


8. 3. 


that diſtance is greater than the difference of thoſe 
o ſemi-diameters, a part of the ſame circle MH alſo 


= Def. 11, falls without the circle: : which was to be proved. 
T HE O- 


of 3. 


. the Third. . 


1 HE OR E M x. 
Fe angle (BDC) at the center of a circle, is double. 


to the angle (BAC) af the 46x08 when both © 
angles ſtaud 85 the _ arch . C). 


Let the de ADE be drawn. 5 | 
In the firſt caſe (where AB paſſes through t me, 


center) BDC = A + C* = 2A. 


In the ſecond caſe, BDE = - zBAE, (by. caſe * You! 12. 15 
to which adding CDE = 2CAE, we have BDC 
="28AC*; Ax. 4. 

In the third caſe, CDE = CAE (by caſe I + 


from whence ſubtracting DE = 2BAE, there 
remains BDC = AC * | Ax; 55 


- , THEOR E M XI. | 
All 3 (EAF, EBF) in the ſame ſegment 
(EABF) of 4 circle, are equal to each other. 


Cask I. If the ſegment be great- 
er than a ſemi-circle; from the 
center C draw CE and CF; then 15 
EAF and EBF being each of 
them = to half ECF*, they muſt 
neceſſarily be 1555 to each other. E 


_ Co. 


50 Elements of Geometry. 
3 C II. If the ſegment be A * 
REY Iefs than a ſemi-circle; let H |; N 
| be the interfection of EB and . 2 F 
Ap: then the triangles AEH F 
| and BFH, having the angle 
tz,1, AHE = BHF 95 and AEH 
„ = BFH (by caſe 1.) they will 
Cor. 1 . alſo * EAH = FH 


1 E 0 R E M X It. | 
Angles (D,- G) in the circumferences, ſtanding 


upon 3 ſubtenſes (AB, EF) of circles having equal 
diameters, are equal to eachother. And the ſubtenſes 
of equal angles, in the circumferences of circles having 
* diameters, are alfo equal. . 


2 


A f 
From the centers P. and Q , jet PA, PB, QF, 0 
| * be drawn. | 
»UAyp. . Hyp. Since AB EF, ad AP= -BP = 


x Def. 33. EQ = FQ“; therefore is P = T and conle- 
of 1s quently D (=#P* = 2 Q)=G i 
7 -1: 2, Hyp. Becauſe D 8, therefore P = Qs; 
9.3. whence, PA being = QE, and PB = = both AB | 
2 Ax, 10. will alſo be = EF*. 


” ' COROLLARY, „ 
Hence angles in the circumference, ſtanding 
__ equal chords of the ſame circle, are equal. 
| | TH . O- 


* H E 9) R E M XIII. 


The uk (AC B) in a a font circle, 15 4 oright-ang 

Let the diameter DE * 
be drawn. 

Becauſe ACD 2 balf 

BDE *, therefore is ACD A ey 
+BCD(= ACB) = half 
of ADE and BDE © = half 
two right- angles * Z one % 
| e E 


THEOREM XIV. 


The angle (CAB) included by a tangent ton ; cirels 
and a chord. (AC) drawn from the Pcint of con- 
ta A ), 7s equal to the ys (AEC) in the alter- 
_ ate Segment. | 


Let the diameter AOF be drawn, and _ F be 
Joined, 


The line DBfalling wholly D ED | 
above the circle ©, OA is the . 
| leaſt line that can be drawn 5 
to it from the center O*; and | Den. zi. 
| DAB is therefore a right- | 0 . 
angle *: but FEA is alſo a Ce. 5 
right-angle * * therefore, if E | 13.3 
from theſe equal angles, the Y 1 1 
equal * angles FAC, FEC * 1 


(cſtanding on the ſame arch FC) be taken away, « Ax, f. 
there will remain DAG = AEC *. 1 


| FE 2 — THE O- 


W- 
4 
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11 0 R E M xv. 
'The angle (DEC) 2 by two the: (DEB, CEA) : 


interſefing each other within, or without a circle, is, 
in the former caſe, equal to the ſum, and in the latter, 
equal to the d. Kane of two angles in the circum- 
ference, handing on the two arcs 8 AB) inter- 8 
_ by thoſe lines. | 


Let the choed CB be drown.” | 
15. 1. Then DEC = DBC + ACB*, in the firſt caſe. 
's l. and And DEC = PBC —ACB*, in the ſecond caſe. 
Ax. 5. | 
0 ORO L L AN T. 


hende an angle (E) formed below, or above 
the circumference of a circle, is greater, or leſs 
than an angle in the r ſtanding on 


the ſame arch. 


THEOREM XVI. 


: 7 he vertical angle ( ABC ) of any oblique-angled a 
Rey ACB) inſcribed in à circle (ABCD) is greater, 


or te _ than a right-angle, 4 the angle (CAD) com- 
2 | prebended 


F =—_ 533 


| prebended under the baſe (AC) and the diameter (ab) 


drawn Ju the extremity of the oO | F 


| For, BD being drawn, ABD will be a right- 7 
angle ', and CAD = CBD *; therefore, in the 13, 3. 
firſt caſe, ABC right- angle + CAD !; and in the | © 11.3. 

ones A = = right-angle CAD: > 5 
THEOREM S + 3 | 


If any fide (BC ) of 4 quadrilateral (ABCD) in- 
ſeribed in a circle, be produced out of the circle, the 

. . external angle Mo. will be on. to the ve oppo OS. 
internal angle (BAD). | 


Let the diameter BF be 
drawn, and let AF and CF 
be joined: then the angle 
BAF being a right-angle 
(= BCF) = ECF, and 
DAF alſo = DCF*, ſtand- 
ing both on the ſame arch 
DF; thence will the re- 
mainders BAD andECD be 

allo Sqn q | 


E 3 


: 54 85 Elements of Geometry. 
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Hence the oppoſite angles BAD, BCD of 0 any 
quadrilateral inicribed ig a circle, are together, 
<_ to two right-angles. For, ſince BAD = 
BED; therefore i 18 BAD+BCD = 9 

5 1 ag = two o right- angles. 


THEOREM XVII. 


Through any three points (A, B, C) not fi tuate in 
the ſame righ:-line, the circumference of a circle may 
be deſcribed. | 1 
Draw AB and BC, „ Ter Ys - 
which let be biſected „ 
by the perpendiculars A 
DG and EH, infinite- 
ly produced on that 
ſide of AB or BC, 
on which the angle 
ABC is formed. | 
. . Theſe perpendicu- 
lars, I ſay, will inter- 
ect each other; and 
» the point of interſec- 
tion O, will be the 
center of the circle. = « | ; 
| For, if DE be drawn, it is ; plain, that the EA 
t Ax. 2. GDE, HED are leſs than two riglit- angles; there- 
v Cor, 2. fore DG, EH, not being parallels * 6 they will meet 
- to7-7, each other“. Hence, if from the point of inter- 
. 13. ſection O, the right lines OA, OB, OC be drawn, 
ma © triangles ADO, BDO, having two ſides equal, 
x Conſtr. each to each * and the angles A DO, BDO, contain- 
ax y. ed by them, equal“, will likewiſe have AO==BOQ F*. 
z Ax. 10. After the very ſame manner is CO = BO; there- 
„Ax. 1. fore AO = = BO = CO*: whence the circumfe- 
_ rence c a circle deſeribed from the center O, de 
0 e 


Bo hs => 55 2 
the diſtance of AO, will alſo pats rough 8B. 
: and C | * — 235. 


$CHOLIUM. PR 


ence. the method of deſeribing the circum- 
ference of a circle through three "ow points is. 
5 manifeſt. | 8 5 


THEOREM XIX. . 


of the poſt angles (BAD, BCD) of a quadri- 
FAS. (ABCD) Ze equal to two right-angles, a circle 
wy be de Need: about that eee 


| For the Grids f * 
circle may be deſcribed thro any 
three points B, C, D, (by the pre- 
cedent.) But, if you deny that it 
paſſes thro A; then, thro? the 
center O, let OAF be drawn, 
and let it (if poſſible) paſs F | 
through ſome other point F in / „ f 
the line OAF, (for it muſt cut | 
this line ſomewhere ©); alſo let 6 
BF and DF be drawn. Becauſe BFD + BCD = 4.3. 
two right-angles = BAD + BCD*; therefore Cor. to 
muſt BFD. BAD*: which is impoſſible . There- 217.3. 
fore the circumference of the circle deſcribed * : 2 
ö de B, C and * muſt alſo paſs ogg A. x = 5 


56 


For, if OE and OF be 
drawn; then will BE“ + 


d 11. 2. 


E lements of ha Al ö 
'F H EOR E M XX. 


| 'If from two points (B, c) in the ſame Gameter 
(AD), equally diſtant from the center (O) of a circle, 
right-lines (BE, CE; BF, CF) be dratun to meet, two 
by two, in the circumference ; the ſum of the ſquares 
of any two correſponding ones, will be equal to the Jum 


o - o 


| of the Jquares of any other to, a in like manner. 


= 


CE = 230. + 2O0E* / 
(IE) =" BF* + CE. 


1 THEOREM xx; 


Tf two lines (AB; CD), terminated by the periphery 
or. both fides, cut each other within @ circle, the rec- 


tangle (AP x BP) contained under the parts of the 


one, wwill be equal to the rettangle (Cf, * DE WAR 
under the parts of the other. 


Casz I. If one of the two lines (AB) paſſes 
through the center O ; then let OQ be drawn per- 
pepdicpkart to the other _—_ and let OC be Phe 
5 t 


e po. Third. 


"MP 


It is plain, becauſe QD = QC 5 that Dp is 12. 3. 


equal to the difference of the ſegments CQ and 


PQ: but the rectangle under the ſum and diffe- * Ax. 3. 


rence of the two fides OC, OP, of any triangle COP, 
is equal to the rectangle under the whole baſe CP, 


and the difference of its s twoſegments!; therefore, the | Cor. 1. 
ſum of the two ſides OC, OP being (=OA OP) 1992 


SAP, and their difference: (SOB OP) = 2 
thence i is the rectangle contained under AP and BP 
equal to the rectangle contained under CP and DP. 


Casz II. If neither of the two lines paſs through _ | 


the center ; let the diameter E.PF be drawn ; then, 


by the preceding coſe, AP X BP = = FPXEP= CP 


x „ 
F THEOREM XVII. 


F. from to points (A, C) in the circumference. of 
a circle, tao lines (AP, CP) be drawn, to paſs through 


and meet without the circle; theretfangle (PX BP) 
contained under the whole and the external part of the 
one, Will be equal to the rellangle (CP x DP) con- 


taine under the wohole and ihe; external part of the, 
other. 


Through the center o, 78 
let PF be drawn, meeting 
the circumference in E 
and F; let OQ be perpen- 
Aula to AP, and let A, 
O be joined. 

Then, (4y Cor. 1. 10 
9. 2.) the rectangle con- 

tained under PF (= PO 
+OA) and d PE(=PO— | 
OA) is = the rectangle 
contained under AP and PB. Aſtr the very "on 
manner PFXPE=CP x FE” ee APR BP 


= CP x DP. - 
Const 


09 


m Ax. 1. 


3. 2. 


1 2.3, 


21. 3. 


J 

; 

ſx 

5 . . 
| 


| 3 
0 
; t 8. 2. 


: will AF =: AE AF "IS 
AB * AD to which equal J 


5 
bank of Geometry. 


COROLLARY . 


Hence, if PS be a tangent at 8, and the adi 
Os be drawn; then, PF being S the ſum of PO 
and OS, and PE their difference; it follows, that 


. E. to PS * = PF xPE * =PC x ÞD. 


THEOREM XXIII. 
3 Won the center (C) of a circle, 10 a point (4) | 


in any chord (BD), a line (CA) be draun; the ſquare 


of that line, together with the refiangle contained 
under the two parts of the chord, will be equal to a 
' ſquare made upon the radius of the circle. 


Let EAF be another chord, EEE 
perpendicular to CA, and let E : 
C, E be Joined. 

Since AF = AE % LOG 


quantities adding AC*, we have 
CE = ABXAD + AC. ; 


COROLLARY: tb 
Hence the ſquare of a line (AC) drawn from 


any point in the baſe of an iſoſceles triangle (BCD) 


to the oppoſite angle, together with the rectangle 
of the parts of the baſe, is ; equal to a ſquare made 


. upon one of the equal ſides of the triangle. 


THEOREM XXIV. 
8 Te reftangles contained -under the correſponding 
des of the equiangular To LL DEF) taken 
alternately, are equal. 
. 5 E 0d. C 25 F, den 
will AB R * AC X DE. FIT 


8 


Boo 755 Third. 


10 BA produced, let 
A0 be taken PDF, . 
let GCB be the circum- 
ference of & circle paſſing . 
through the three points || 
B, C, G', meeting CA" 
| produced i 7 H.; and let 
S, H be joined. 
hecauſe the angle H n „ 
= B = E, HAG = 85 „ 
* BAC =: - and AG = DF, "Pha is + AH* the. 
= DE“; and therefore ACxDE=ACXAH*, 
SAB AG ABN DF. 8 1 . 


THEOREM XXV. 


The reangle under the two ſides (AC, 80) of a | 
triangle (ABC) is equal to the. reflangle. under the 
perpendicular (CD) to the baſe 222 and ibe dia- | 

meter (CE) of the 3 ache. 0 


For, B, E being g joined, 
the angles A, E will be 
equal *, and ADC, EBC 
both right- angles ?; and, 
conſequently the rriangles | 
ACD, ECB equiangular*; 
therefore AC, EC; CD, 
CB being correſpondin 
ſides, oppoſed to Kays, 


' * * 
. 


angles, the rectangle AC 

* CB, contained under the firſt and laſt of them, 
- will be equal to the rectangle EEx * contained 
| under the 9 85 W , 


A 1 


| 
{+ 
k 
* - 


— 
U 
— 2 2 = . 

* - 


i 
1 
\ 

1. 
3 


— — PPA —— ns 1 bea 
er rr re. 
. * - 
o a 
* 7 
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5 THEOREM XXVI. 
The ſquare of a line (CD) biſeRting. any angle (C) 
of a triangle (ABC) and terminating in the oppoſite 


fide (AB), together with the reftangle (AD BD) 
under the to ſegments. of that ſide," is equal to the 


rectangle of the twa ſides eng the (et: 2275 Tos 


Bet CD. be. produced 
to meet the circumference 
& 18.3. of a circle, deſcribed * 

| through the points A, C, 
B., in E; and let AE de 
„ e 
The angles E and B. 
ſtanding. upon the fame 
1 11.3. ſegment AC, are equal“; 
. WAH ps equal DB Go „ 
(by hypotheſis}; hirelbre- the ei AFC, 
= 00 1. DCB are equiangular a; whereof AC, CD; CE, 
Ch are correſponding ſides, oppoſed to equal angles: : 


24. 3. therefore Ac & CB = = CD*CEs = 11 * . | 


* Fe 2. Xx DE * = CD*+ AD x DB. 


P 21. : 
mix THEOREM XXVI, 
* The reftangle of the two diagonals ( AC, BD) of 


any quadriſateral (ABCD) inſcribed in à circle, is 
equal to the ſum of the two rectangles (ABX DC, AN 
x BC) contained under the oppoſite ft 4. 


Let BF be drawn, making 

the angle CBF=ABD, and 

meeting AC in F. 

Becauſe the angle BCF = 
111.3. ABD, and CBF = ABD“, 
r Conſtr. the triangles CBF, DBA ay 
1 equiangular and therefore 
- BC, BD; CF, AD, _ x 
correſponding ſides, the rec- 


tangles BC x AD, and BDX. 


| EE CF 
84 * oo LJ - 


I 
- 


* 


851 as Third... _ 
cr will 'be equal. Again, the: angle ABF being . IN 
—=CBD *®, and B 4F=BDC"; the triangles ABF Ax. 4. 1. 
and BDC, are, likewiſe, equiangular; and conſe- 11. 3. 
quently, AB, BD; AF, DC being correſponding 
fides, AB x DC=BDXAF*; ; to which adding 
BC x AD = BDXCF (/ proved above) we have 
alſo AB x DC BC x AD = * BD * 
CF='BD x AC*. 7 F. 2. 
THEOREM XXVII. — 
N the radius of a circle (OADF) be ſo divided 5 
into tuo parts, that the reftangle under the whole 
and the one part ſhall be equal to the ſquare of the other 
Part; then will this laſt part be equal to the ſide ( CD) 
of a regular decagon (ABCDEF, &c.) inſcribed in 
the circle; and that line whoſe ſquare is equal to the 
two ſquares, of the whole and of the ſame part, will 
be equal to the fide (AC) of a regutar pentagon in- 
Jeribed in the ſame Circle. - 


Draw the radii OA; 
OC, OD, OF ; alſo due . 
Ab, cutting OC in G, 
and let AH be perpen- 
dicular to OG. 
The triangle ODG, I 
having the angle COD 
=zDOF” = OAD .) 


3 


G0 * 10. . 
SODA, is iſaſceles®: -* o 
moreover the triangle Hr | d 18. 1. 


AOG, having AGO ( GDO + DOG S 9.1. 
 2DOC ) = AOC, is likewiſe iſoſceles“; as is alſs* 18; 1. 
the triangle CDG, becauſe, CGD being=AGO *, * 
and CDG (CDA) = FAD ,, the triangles. AOG, * Car. to 
_ CDG are equiangular. Therefore, CD, AO; CG, Dp 
GO being correſponding ſides, we have CGXAO - 
(CG OT -=CD x GO® = GO, becauſe G0 21.3. 
WUD 5:5 


PP Ir re 7p ae 4 
— * — — — d 
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118. 1. = GD = DC ©: whence the former part of the 


116.1, 


propoſition i is manifeſt, | 


„ x 


Again, becauſe AG=AO, HG wil be=HO': 
and ſo GC being the difference of the ſegments HO 


and HC, we have (by Cor. 1. to 9. 2.) AC*—AO*f 


SCO Xx CGS SOG (as ae) and e 
AC! = AO* + OG... | 


End of the TuIRD Book, 
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B O OK IV. | 1 


1 


7 , * 


. DEFINITIONS. g 
1 AT IO is the proportion We one : 7 
magnitude bears to another magni- - 
; tude of the ſame kind, with reſpe&t 
** | 6 / 


* 


be 1 La or quantity of a ratio is conceived by 5 
conſidering what part, or parts the magnitude referred, i 5 


called the antecedent, is of the other, to which it is 
0M called the conſequent. | 
2. Three quantities, or magnitudes. A, B, C, are A, B, C. 
ſaid to be proportional, when the ratio of the "firſt * 4k | 
A to the ſecond B, is the ſame as the ratio of the | | 
ſecond B, to the third C. | 1 


% Four quantities A, B, CD; are aid to bs A,B,C,D. 
proportional, when the ratio of the firſt A to the 2. 4+ 5-10 | 
ſecond B, is the ſame as the ratio of the third C to Ee 

the e fourth 2. | | 
1 27 0 


E Jements is of h 
" Th denote that four quantities A, B, C, D are pro- 


Por tional, they are uſually wrote thus, A 3: , 


and read thus, as A is to B, fois C io D. But when 


three quantities A, B, C are proportional, the middle 


ane is repeated, and they are wrote thus, A: B: :B: C. 


4. Of three proportional quantities, the middle 
one is ſaid to be a Mean- proportional between the 


other two; and the laſt, a. n to 
the firſt and ſecond. 


ſaid to be a Fourth- -proportional to the other three, 


2 Of four e quantities, the laſt is 


taken i in order. | geo 

- 6. Quantities are ai to be continually propor- 
tional (or in continual proportion) when the firſt 
is to the ſecond, as the ſecond to the third, as the 
_— to the fourth, as the fourth to the fifth, and 
ſo on. 


7. In a ſeries, or hal of 3 continually | 


| proportional, the ratio of the firſt and third, is faid 


to be duplicate to that of the firſt and ſecond ; and 
the ratio of the firſt and _— triplicate to that 


x of the firſt and ſecond, 


— 


8. Any number of quantities, A, B, c, D being 
given, or propounded, the ratio of the firſt (A) to 
the laſt (D) is ſaid to be compounded of the ratios 
of the firſt to the ſecond, of the ſecond to the thirds | 


and fo on to the laſt. >= © 


9. Raw of equalizy;/4 is that which equal quan- 


_.tit.es bear to each other. 


* may be obſerved here, that ratio of 3 and 
equality of oy are, by no means, ſynonymous terms: 


be nce 


[ 


ak rb Berz e 


finte too or mbre Valle may br equal, f hips the” 

quantities compared are all unequal. Mus, be ratio 

of 2 10 1, is equal to the ratio of 6 to 3. (2 being 
the double of 1, and 6 the double of 3) Fa _— | 
the four numbers, are , bp "EP 


10. Inveiſe ratio inc when the antecedent is made Ee 
| 3 conſequent, and the conſequent the antecedent. 1 
: Wa 35 then, inverſy, 1; 23333 6. 55 


11. Alternate proportibn i is, when anteeedent is 
compared with antecedent, and conſequent with _ 


a conſequent. 
Ai, 21 6: 335 . thy, alternation (or 5 
permurarion) it will be 2:6;:1: 3. X 


Þ Compound ratio is, Oh the Pine 
and conſequent, taken as one quantity, are cm- | 
Pared either with the comequent, or with the an- 
tecedent. OO? KG, 
Thus, if 2: 1 4 6: 33 then, by" compoſition : 

2 +1:1::6 + 3: . : b+3: 6. | 


| | 13. Divided ratio is, when the difference of the 
- antecedent and confequentis compared, either with 0 
| the conſequent, or with the antecedent. | 2D 
5 F321 :: 12243 then, by: diviſion, 3— : . 

15: 12—4: 4, and J=EXk 3: 024: OS 2 


2 'beſe four laſt: definitions, which explain the names 
given by Geometers 7o the different ways, of ma- 
nagiug and diverh Hing & proportions, are put down 
here for the ſake of order; but are not to be gal, or -. - 3 
referred to, in any ſhape, 2 thoſe Properties and rel. 0 
tions are demonſtrated ; which is effetied i in the three a 1 
firſt Theorems of this book. 


14. Similar (or like) eight-Hned Wes are ſock; 4 


which have all their angles equal, one to- another 
F Teſpec- 


66 — m Grometry: 


; reſpectively, and * 9 ſides . the e 
e e b. 


N . T | 
| Thus, if the angle A =D, B j E, C = F; alſo 
AAB: D DE, BA: BC: : ED: EF, "Me 

then the Ligure ABC, DEF are ſaid to be finiler 
pes Pa :- +: th, BIOS 2 ns, 

1. Abe ſame quantity being compared wh es 
fo many equal quantities, ſucceſſively will have ; 
the ſame ratio to them all. | 

-- 2., Equal quantities, have to one and the fame 1 
qvantity, the fame ratio. | 

3. Quantities having the ſame ratio to one and. 
the ſame quantity, or to equal quantities, x FOG N 

among :themſelves. __ | 
4. Quantities, to which one and the ſame quan= 

uy: 7 has the fame ratio, are equal. 7 
If two quantities be referred to a third, that N 
whicki is the greateſt will have the greateſt ratio. 5 

6. If two quantities be referred to a third, that 
is the greateſt which has the greateſt ratio. | 

7. Ratios, equal to one and the fame ratio, are 
alſo equal, one to the other. 

8. If two quantities be divided into, or com- 2 
poſed of parts, that are equal among themſelves, or 
all of the fame magnitude; then will the whole of 
the one, have the ſame ratio to the whole of the | 
other, as the number of the parts in the one, has 
to the number of equal parts in the other. 

9. If the double, treble, or quadruple, Sc. of 
2 part of N ae be ee the e - 

3 8 WUS 7 


** 


yp 2 1 Bed. 1585 £ 67 CS, 
| will be the double, 5 or 2 Ge. of the 1 
whole quantity proppunged. 


7 ST Wil 55-7 An 
4 gf 


| T-HEORE Ms. 3 


1 of any two quantities 0 AB. 0 cb) | 4 
are in the Jamey ratio * the' — ee, . "ll 


* i 
— 


| Lers 8 0 CD 25 ee eee 3 
number N (7) to any other number dt or, Ver ER 
which is the ſame, let AB contain M. (301 fuck equal Kos 
parts (Aa, ab, bB*), whereof CD contains the num- Ax.8. * 

ber N{4). Let there be taken E,, A, gÞ any equi- 

multiples of Aa, ab, GB, reſpectively; and let G ꝙ 

24.97, rH be the ſame. multiples of Cc, cd, de, eb: 

fo ſhall the whole EF. be the ſame aſſigned multiple 3 

of the whole AB, and the whole GH of the whole foe” 

CD, as each part in the one, is of its correſpon- . 
dent in the other. And, ſince the parts Aa ab, b Ax. digs? 
bB; Fo ed, &. are all equal*, their equimultiples Hyp. 
EF, fe Gps 995 &e. will alſo be equal“. There-4 Ax. 4-7. 
fore EF is in proportion to GH, as the number of 

the parts in EE is to the number of equal parts in 

GH * , or (which i is the ſame) as the number of parts 

in AB to the number of parts in CD, that is, as AB 

is to 1 15 22 Which was t be demonſtfated. . 


COROLLARY. | e's 


Hence, like parts of quantities; have * fame | 
ratio as the wholes; "becauſe. the wholes are equi- | 
mT of the Wo . | 


i 


* 


12 THEO. 


- 
— * 

* S 

» — 


. or conſequent, 


E amen of Geometry: 
5 IM THEOREM, IL ES 
The two antecedents (AB, DE) a tr F 
rional quantities, of the ame kind ( wy BC, DE. | 
EF) are in the __ ratis' with. * u ae 


(BC, EF ). . N 
15 Frm 5 4 — 
0 TD. Yo 1 7 - 998 - £ 


Let the” common ratio of AB to Bc, = 


DE to EF, be that of any one number M (5) to 


any other number N (3); then wilt AB contain 4 . 
(S) ſuch equal parts (Aa) whereof BC contains 
* N(3); and DE will, in like manner, contain M 


(505 fuch equal part (Dad), whereof EF contains 


N (3): And DAB and DE, as well as BC and EF, 


| being equimultiples of Aa and Da, thence will AB 


DE A= (55): Dd (Ee): : : BC : EF. 


COROLLARY. 
That the proportionality will fublilt, when the 


DT: ance are taken as antecedents, | and the an- 
tecedents as conſequents, alſo appears from hence. 


For BC : AB : : number of parts in BC (or SF) 7 2 
number wo pi AB (or DE}: * EE: .. 2 
"THEOREM in. 
-*Of es proportional quantities (AB, BC, DE, 


EF) the ſum, or difference of the firſt antecedent and 
_ conſequent; (AB ABC) ig to the firſt, antecedent, or 
conſequent, as the ſum, or EEE) of the ſecond an- 


tecedent and conſequent (D EF) is to the fecond = 


: 1 


11 the Rien. „ bg 


4 2 what was premiſed i in the demonſtration 1 
'the. e chem be retained here then ww” 


AC - (AB-+BC) 1 be- in proportion to AB, the 
number of parts in AC is to the number of equal 
parts in AB *, or as the number of parts in e 
(DET EF) to che number of equal parts in DE, | 
that is, as DF-(DE+EF ) is & DE. Again, 
if from AB and DE, be taken away Br=BC, and 
Ef =EF, then will the difference Ac be in pro- 

rtion to AB, as the number of parts in Ac (or 

D is to the number of parts in AB (or DE.), that 
3s, as Df is co DE. In the ſame manner it will | 
appear, that AB + BC: BC: PET EF: bes V 
and AB BC: BC:: DEE; EF. . | | 


1 COG ANR 5 


It will appear from hence, that the ſum of the 
greateſt | and leaſt (AB+EF) of four proportional 
quantities (of the ſame kind) will exceed thefſum 
(BC + DE) of the two means: becauſe, AB Sf 
being ſuppoſed greater than DE, Ac will be greater a 
than Df, in the ſame proportion d: and, if to theſe * 3. 4. 
there be added BC ＋ EF (common 3) then will 
che ſum Ac BC EF (AB EF) be alſo greater 5 
chan the ſum Df+BC+EF' DENIC. 25 0 A 6.1. 


e e e, 


In the demonſtration of this, and de e 2 — 
| " theorems, the antecedent and conſequent are ſup- 
poſed to be divided into parts, all mutually equal 
among themſelves. But it is known to Mathe- 
en, that there are certain — or mag- 
| e * Fs nitudes 


1 


| .70 g Element. 7 FR 


nitudes that cannot pollibly be divided in that 
manner, by means of à common mogſure. e: The 
ITheorems themſelves are; nevertheleſs; rroe;when 

; applied to theſe incommenſurables: ſince no two 
Aluantitjes, of the ſame kind, can poſſibly be aſſign - 

; | ed, whoſe ratio cannot be expreſſed by that of two | 
numbers, ſo near, that the- difference ſhall be leſs 

than the leaſt thing that can he named. But if che 
matter, viewed in this lighy rere not appear 1 

.. + ciently-ſcientific, and you will not (in the 7595 | 


theorem) allow the ratio of ACtoBC, to be exe 
the ſame with that of PF to EF, when AB, 
and DF, EF, are incommeaſurables ; thee 
if poſſible, be as ſome quantity aC (leſs than 

is to BC, ſais DE to EF. Let B& be aj 

. meaſure of BC. jeſs than the difference (A0 b 2 
tween AB and aB; let By be that multiple of BY. 
. which” leaſt exceeds Ba, — let 1 5 to. EF, a 


2B to BCa - . - 5 8 wy 
Ir is evident, that A Z, 2 E: 4 8 
pB is leſs thin AB CCD — 
5 (becauſe ap =B&= b. 2 e To: 
e Hyp. Aa); and that Eis Fee eng 


| , alſo. leſs than DE, 
8 becauſe the ratio of E. to EF,. being equal 10 . | 
ol pB to BC *, it muſt neceſſarily be leis than that 
1Ax.5.4.0f AB to BC), or of DE to RE, and fo. PE. leſs 
= Ax. 6.4.than DE v. ” 2 | 
4 Now, if (as is P EIS the ratio of 40 to BC 
con be S the ratio of DF to EF, it muſt, of con- 
Ax. 5. . greater than the ratio of 7F to EF Cr 
a 4 (which is the? fame) than the ratio of 2C to BC , 
P 7 1 which is impoſſible. In like manner it will appear, 
. that no quantity, that is greater than AC, can poſ⸗- 
ſibly be to BC, as DF is to EF. Therefore AC: BCS 
: DPF: EF. And by the fame kind of argumen- 
tation eee and N by Euclid himſelf, _ 
in 
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"removed. | DT. 


| Jane, and the four quaniFies proportionals. 1 


1 "—— - - - oy" 
in his twelfth; book) any; difficulties, or Ser 9 D PR. 


* may be elfewkere brought, from the incom- I 
wee of N . en and — 
"THEOREM. iv. 8 


A oportionals (AB, BC, PQ, R) 
5 ee — (AB, BQ)- 5 5 


| — compared with any equimultiples. bf kbeir re- ; F 


Spetive conſequents (BC, QR), the ratios will be the 


Let. the common ratio of AB to; BC, an of N 


. PQ to. W. be that of any one number M to any 
other number N: ſo ſhall AB contain M ſuch 1 
equal parts whereof BC contains M and PQ, in Ax. 8.4. 3 


like manger, 24 ſuch equal paris whereof W 
contains N,. — 
at Es DE be taken — To - BC, 5 . RS, | 
ſo that BE and QT may be equi- by 4 


| R, 
| — aper et 98 and QR; and let CP, DE; RS, 
ST be conceived to be divided, each into the ſame g 
ö e with, BC, or Conch clade man- 


ner, let 4 and 2Q be taken as RE nes” 'of 
AB and PQ, &c. Then will che n N of © 
parts in BD = number of parts in QS, and the | 
number of parts in BE=number of parts in QT * : 2 - ff 
and ſalikewiſe with reſpect to aB and p. o 


fore 2B is to BE, as the number of paris i AB to 


the number of (eq ual) parts in BE ?, ors which 
is the ſame Ming, as the number of parts in pQ zo ' 


the number of parts in QT, that is, aspQ is to 


Q. which was to be demonſtrated. 


F 4 : THEO- 


72 Elements of Gramtarry. . 
f | 2 $2735 198 1 Wo 6 HEOR E N v. 11 e: 9.25 hep? 


» Rd 2f 4 


Ef aw ranks of quant ities . (AB, BC, cd; | 
PQ, QR, RS), the ratio = the firſt and ſecond, in 
the one, be equal to the ratio of the firſt and ſecond in 
the otber and the ratio of the ' ſecond and third, in 
the aue, equal likewiſe to the ratio of | the fecand and 
. third in the'sther ; then, alſo, Gall the ratio of the firſt 
to the third, be th Jane hp Te ad deere as in the 
n 5 y IPA 


Let the : common ratio oof An to BC. — of 
| PQ'to QR, be ſtill expreſſed as in the preceding 
HV demonſtrations. _ Let, moreover, CD and RS be 

c.oncei ved to be divided, each into the wrong, num- 
ber of Parts with BC and QR. 5 


»g- 17 E3..4 
. 0 - » | 7 Ll — 4 ” 6 _ 4 F 
"A 2 4 8 Oy ky 
2 E. 
1 g A 
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wn um_ 
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| + Becauſs: the. Sanne BC, c, an, RS, 
e Hyp. are proportional”, ene like parts Bd, Cc, Qy, Rr 
| Cor. to (being ig the ſame ratig with the wholes 3. alſo 
1.4. be preportionals 3 er,. uſe Aa B and Pp 
Qg*, it will be Aa: Cc: : Pp: Rr. But AB — 
PQ are eguimultiples of the antecedents AqgandPp*; 
and.CD, RS are 2 of the conſequents | 
"4-4 Cc and Ry; therefore® AB + CD:: PRS“ 
which ure 70 be roy more — ; 


219. „ ———3ð*—³ð³8ͤ — nn 


© Ax. 2. 4. 


4 . 
> \gis 
8 3 2 * + 1 
7 PC 


ä 2 in rx cnc FOE OTE die are in- 
ordinate, . _— QE: RS, yan Sg CD:: _ Wy 
' the ſame thing may be demonſirated ;, and that in ; 
manner, except only, that QR mu of here ” e into, the Jame 
ver f 288} with on and . : | 


r con 


- 


— —ͤ—„— 


K. & & WV wo 


cohOLE AKT I. 8 
Md 11 DE; ST be taken, Aill il pro- 


portional to the two next preveding them ſo chat 13 


CD: DE: : RS: ST; chen 'tby the ſame argu- 
ment (regard being had AB; CD. DE Jin 
the one rank; and) Q; RS, ST in the other) 


it is evident, that AB EVE. «EP PQ: GF =; And - g. 


thus we may go on, fill Acting other quan tities, 
as many as we pleaſe; and the ratio of the firſt and 
laft, will always be the farh& in one rank, as ip the 


other. Therefore ratios? compounded of the ſame Def. 8. 


r of We wen 8 are e 3 


3 


3 taken proportional to the two conſe- 
| quents of an aſſigned proportion, they will. alſo be 


Proportionals when compared with antecedents ; 


and vice gerd. For, the two quantities CD and 
Rs, when compared, ſucceſſively, with the conſe- 


ir 6 is 40 de rats tiki thar 1 5 two 


of 4. 


quents, and antecedents of the given proportion AB - 


„CF. r in 


4 


. "A qr wo e N „ir een - VG 5.4. 


"> [RENE 10 * 33 


bu H E o R E M VI. avi baude. 


"06 70 EA vo can 2 (BC; KL) if our pro- 
725 13455 „BC, . K, KL), any two ew 
that ha 1 | ſame ratio to the reſpeli ive 

2 A added ; theſe Jums and the antecedents 
will ſtill be N (Tap. io AB: BC:.:.IK : 


"KL, ad AB: CD :: 1K; 3 then foal AB : BD 


IK KM) 


For, 


Go = ws 


g 
2 
ſ 
; 
N 
g 


being propor 
the anteccqents. 


yr. "AB and IK . 


and the qonſequenits,.. 


che 555 e 


c ee in, 


— 


1 "From this Theotem it win appear, that, If the 


ratios of the correfpniding quantities of two ranks 


180, KL) WI ae be prop te ce 
2 + 4 . nge = 05 compoſition), BC : 
BD +: 19. 6 * 1 * 


with reſpect to the ta firſt, are the fame in both 
ranks (AB: BC: : IK: RL., AB: CD:: IK: LM. 


ec); Then the ratio of all the: quantities to the 

ft, will alſo be the ſame in the one rank, as in the 
bother. Fer, by adding DE and MN the laſt 
FER  conſequencs (B, K M)chere will be had AB: BE 


2 IKK: KN (and fo on, to any number of quanti- 


. 


"es whatever. Then (by ne : AE 


IK IN 


| - een de e es ie e N are of be 
* 2 1 — kind, it wil appear-(by-alternation).tbat the 


ratio of the two ſums, and bat of vey” two cor - 
reſponding terms, will he che ſame. 


The :fix Theorems here delivered, on pr propor- 


tions 6 magnitodles in general, dor prehend all 
that is moſt uſefdl in that ſubſect: ili relates 
to the proportions 'of extended magnitudes; * 


=_ 


© different imitations, and figures, às far as regard 


_ Tighr lines and abe * the pats * the 


; remaining 255 of th 


- 


- 


{7 


Wo. vo 


2 FA qual parts whereof BB 
contains the number 1 (2). * n 
| Then, the trian es ACp, C. * JR . 
. BCr, Sc. ma by drawing : & Oi! 
lines from the points of to . vertex Go. 


 ACD will therefore be in proportion to- the rriangle to 2. 2. 
BED, as the number of equal Parts in the former 


the number of parts in AD roche number of parts 


1588 1 . a . 

| Note, whenever, in any. demonſtration, you meet .  , 

with 1 proporti tional quantities, . cameHed; i.. 
.. e e, N h C BE 
H) he conclufion belle raum, is alzugys 


5 3 e of the ee en. cl 


II E. 2 RE M „ . A es” 8 
"a (ACD, BOD), adhs purillogriams 85 


(ADC, BDC), Beving the fame ultitude, are to 
ans another in the ſame ratio as ain ger (AD, BN). 


et the "baſe Ah be to the 
: baſe BD in the ratio of any. F . 
one number (3) to any other © 
4 5 wake (2), or which is the 


AD contain 1 (3) 


being all equal among themſelves“; the wikis, « Cor. 2, 


to the number of equal parts in the latter, or as 


in BD, that is, as AD to BD, whence, alſo, the 
parallelograms ADC O, BDC, being the doubles 


ol their reſpective triangles“, are — in dhe 
| Haw ratio FD their baſes AD and BD * . o C4, 4. 


SCHOLIUM. K 


F the baſes AD and BD. are ccommentirable ts 
each other, the ratio of the triangles cannot be other 
than that * their baſes, 


5 . Peer 


6 * | Elemente of een, | 


For, if poſſible, „„ YR 
85 Fange BCD be to the triangle X 
AC, not as BD to AD, dur 
as ſome other line ED, Steater 
than BD, is to AD. 
Let AN be a part, or mea- 
Lem. 1. ſure of AD, Ieſs than BE*, and e 
8. let DF be chat multiple of AN 
which leaſt exceeds DB; alſo: let ck and Cy be 
drawn. It is manifeſt chat the point F falls between 
B and E, becauſe (by p.) BF is leſs than AN, 
| and AN leſs than BE. Moreover, the ratio of 
1 FCD. to ACD is the ſame as that of FD to AD 
| (E the precedent.) But the ratio of BCD to ACD 
12 (or of ED to AD) is c the ratio of FD to AD, 
F274 or of FCD to ACD; and conſequently BCD*Þ: - 
FCD*; which is impoſſible * ; by the fame argu- 
L 2 np ment it will appear, that the triangle BCD cannot 
de to the triangle ACD, as a line, leſs than BD is 
d AD. Therefore BCD: ACD: : BD: AD. 


if chi. Scholium ſhould appear 4 Mule 10 the | 
Learner, it may not be amiſs to omit it intirely ; fince 
it is only put down for the ſake of thoſe who may be 
ſcrupulous about the buſineſs of incommenſurables; to 
whom it may not be improper to obſerve, that 2 
more is taken for granted herein, than what is 
felled by means of the firſt. Lemma in the 8th bodk ; ' 
which being demonſtrated from axioms, and one fingle 
| theorem in tbe firſt book, is referred to here, though 
not given till bereafter, for 92887 eireacy te at, 
in * noc. | 
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| THE O 


EM: Eff. EN b 


T HEOR E M vil. | 
Ti riangles (ABC, DEF) Randing upon equal bajes 


(AB, DE) are to aue 8 a e e as _ 


their HE CH: F T3 
TS 7 


ATI r 
Let BP be perpendicular to AB; and equal to 
CH; in which let there be taken BQ= F , and f 
let AP and AQ be drawn. 25 | * 

The triangle ABP is = ABC k, and ABQ = * Cor. ES 
DEF“; but ABP (ABC) : SPQEDEF): BP, to 2. 2. 
(HC) : BQ(FI). 17 % 


N 


r parallel to the baſes of any two parallelograms 2 
(AC, EG), two lines (PQ, MN) ze drawn, /o as to 


cut the fides proportionally (AP: AD :: EM: EH), 


then will thoſe parallelograms and their corre Nana 


Paris (AQ, EN) be alſo 8 


N AC. Tr 


:EG:";and there- 
fore, by alternation, . [ 
AQ: EN:: AC A 
: EG% 


4 


* 


= = \ = © 
- — 2 Pw. EE. LS 2 
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THEOREM x. 


: 4 . * Loc - 
2 ed.” F a 3 
IH ; „ 1 92 \ 4 1 


IF Fey Intdavy- propirtinidl. K cb: : DE: 
BF), the rectangle (AF) under\the Fred extremes will * 
be equal to the —— ( ae under the 7400 means. 
And, if the reftangles under the extremes and means of 


four given lines (AB, CD, DE, BF,) be * then 


>| © wv yy four lines hs: tional. | TE 
; , % 4 
In DE let PG be Nen = BE, and let Gn, 
D N * De, be al ie 
5.4. 2A IT DE 74 — 21 re 
DE DG: T- HH 
Ax. 1. 4 * CEC there * | IP 8 
" 0 e, che conſequents >. with LF Be” N 40 
of the firſt and „ WE | £) 
of theſe equal ratios being he Gabe quaniey CE c. 
„ Ax. 3. the two antecedents A Fand CE. muſt be equal 


. p. AB: . $2 + GGX 13 CRaOG's7 . 


* nt _ WE (; 1 


® 


8 * 1 ©'L 1 UM: 3 ee 
From the ſame . ang — it 
will appear, that the two antecedents of four pro- 
portional lines (AB, CD, DE, BF ) are inthe 9 

ratio to each other, as the two eonſequents: for, 
if in DC there be taken DP = BE, and PQ be | 

drawn. parallel to DE; then AB: DE! AF: mo wy 


F& 23CE:PE::CD:PD (PF). 


£ . 
* * 


A AY 


mz twin qA 00 . 


Al "TY 
THEO KS N 


Tin, gnder the 5 e ng lines, tr 
f 8B 8 be bn 55 e N 
e A 2 A . 5 3 


D 
CH 


For, in BY and DI E ay) le = 


4. 
* ” A, 2 1 
bo i 12110 911. CJ 
SS 


5 there be T = BF, DH = 


* 
— — 
* 


* FP be pa aral to; BC; md FN to DEB: then AB»: , 
} - BH: FAB BSN :: CD: DE. CH: PN,. 
| | hence (alternateſy) AF: CH PB: DN, and » Hyp. 

ſo like wiſe is BM e DO: whence (again has 0 4 
a AF. ; BM::; CH: D | 


| 'COROLLARE: I 5: 


Henee, of four proportional lines, . | 
| ar6themſel e e e, I 


COROLLARY-I. mes 


Finke alſo, the ſides of four proportional ſq vares 
(AB BC, CD DEV will be p proportional For,” 

let che line RS: be raken ſuch; © that, AB: BC : - 

CB Ns; chen ſinee AB.: BC r: CD- R SSN 

Corol. 1.) and AB!: BC* : : CD!: DE* ( 2 0 e 
Poſition) . thence will > RS. DE-; e RS Cor. 2. 


= DE, and . AB: BC :: 2 DE*., _ * 3 


* 0 | "eB. 
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THEOREM xi 


Kg 


{to ane-ide (ED). f 


$55. oy kh, Mats 


4 line £ BE) drawn 
yu gle 2 58 


SY vb 


any one number m-(3).is | 

7 "nx other EY „ | 

5), or, which is the GG 

ſame, let AB contain #m. og 7 E 

Vſuch equal parts where- hr e e 
f AC contains 1 (5). — 
Then, if from the points. = * D 
- | of diviſion, lines be drann ps 


Sf N he . "oy hides 1.55 ap 
7 21 AC! 50 POE f B55. Fo 


Let AB Re Ac 5 10 4 ; Wet T7 


4 
Li 


1 
. 


parallel to the ſide CD, they will 4 divide AE | 


Cor. 1. and AD. into the like number of equal p 


to 27. 1-.therefare RE is to AD, as the number © equi | 


parts in AE to the number of equal parts in AD, 


or as the number of equal parts: in AB to the 


number of equal parts of AC, that is, as AB 


f Ax. 8. to AC. In the ſame manner, AE is to ED, as 
| the number of parts in AE to the number of parts 


in ED, or as the number of pores in AB to the 
AB to BC. Alh,. 22 


number of parts in BC, that is, as 
in the ſame manner, AC: BC :: AD: * 


The Jane: abe, Wy 


| Draw CE and DB. 'Then will the i BEC 
Cor. 1. and EBD be equal to each. other; whence,- by... 
tO 2. . __ BEA » to. — 4 will be alſo = = AND — 


A 


+ 
: - Thy: 1 4 
— >, © 4 22 * 4 4 : * 8 148 
rt | * 5 i N * e 
2 R Pa 4 Fas 
g 5 * 7 — 
ho 2 * 3 { *s 7 3 77 U 10 ˙— 
0 — —— — But, : 
"DL . 
— { / . 
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9 9 7 — 8 INF EH N 45 ot 4 _— 7 A 3 * * _ 
| ; Fe FE STO 3 2 = FS. * — 85 : 1 Rs AS * * WE 8 R 8 Fog : 
* > FP. As * 5 £ * — hy AY Thea 2 
— L * * 1 7 24 * - . k, J 
x 4.3% 4 A 
— 
* * 
ED * 1 ; 
* . 3 ; 
9 
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Bot The Bub. „ 
But, AB:: AC: triang. 5 8 

AEB : triangle A 

(ABD): AE: AD, And 
AB: BC: « triang; AEB: 
triangle CEB * (DEB) Fey 
TEN y n 


OE COROLLARY. OY aA; 
Hence a 4 015 line, which divides | two > Glas" of | - 
a triangle proportionally, is parallel to the remain- | 


ing fide: becauſe AD is divided in the Tame ratio. - 


wich AC, when BE is . to SD but W : 
elle * ; l Ax. . 1. | 


. * and 3. 4. 
hs 7 SCHOLIUM.. . 
From. this laſt Theorem, whatever relates to the $0 
compoſition and diviſion of ratios, when theſe re: 185 
ſpect the compariſon of 1 will _” 
_ exceedingly obvious. | i 


'For, letAB, A 
BC, AD, and B 
DE, be pro- A 
portionals: and D- 
from any point 
A, let two in FF 
definite right- 4 ——ä — N = 
lines AP, A r „ 
be drawn; in which take AB = AB, BC = = BC, 3 
| AD=AD, and DE = DE; alſo take Bc = BC, ASP 3M 
F I = DE, and let BD, CE, and ce, be drawn. y | | 
3M Since AB: BC :: AD: DE“, thence is EC pa- * Hyp. | 
\ | calle] to DB *; and ſo, Be being = BC, and De? Cor. of 
: =DE, ec will alſo be parallel to DB®, Therefore, 12. 4. 
.  mE (AB+BC): AB: : AE (AD+DE): AD; e 
Ac ee, AE N e om 
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Elements of . 


Ae (AB—BC) : AB:: Ae (AD—DE): AD, 
Ar (AB - BC): BC: : Ar (AD- DE): DE, 


And, AC (AB+BC): Ac (AB—BC): AE 5 
om + DE) : Ae (AD= — 


THEOREM XIII. 


The parts (DE, FG) of the two fides of a HY 
intercepled ty right-lines (DF, EG) drawn AIRS, 
to the baſe (BC), are in. tbe ſame ratio with the. 

whales.” (DE : FG: AB: AQ), | 


Var, * DF. and EG. 


being, parallel to each 


other, thence will DE . 


Fee 


therefore, by 9 5 


tion) DE: FG : : AE: 
AG?*. In the "Bok man- 
ner, AE: AG : : AB: 


> 4. /- MES -Contoquently DE 
D FG: AB: AC e 


e 2 R 0 L L K NT. 
Hence, if ever ſo many lines be 455 parallel 


to the baſe, cutting the ſides of a triangle, every 
two * ſegraents will. have the Game £ 
ratio *. =p 


THEOREM. XIV. 


| In triangles (ABC abc) mutually 3 che - 
Rs correſppnding | 4. (AB, ab; AC, ac) ee _ 
58 _ A. ws are A Peas LS | 


In 


* W 
d 


"ae 300 Burrb. * 
la AB and AC (produced if N be 
AD D ab, and AE = ac, F 5 7 


he tri- 
angles abe 
and ADE, 2 | 
= 2 JJC 
= AF, and the angle 4 A, have allo the angle 
ADE = abe = ABC *; whence DE will be pa- A*. 10. 
rallel to BC*; 120 therefore AB: AD N. 22 


AC: AE * (ac). | | 2 10 
. | 8. 1. 
Le fime otherwiſe. „„ 1.4 x 
Becauſe ABXAC=ab X . , therefore is AB 24. z. 


ab: AC „% . % 
COR OL L K RY. SY 

Hence equiangular a are drr d 42 „ Def. 1 

other“. * | N 
9 THEOREM XV. e 
F two triangles (ABC, abc) have OY? BAC ) 

in the one, equal to one angle (bac) in the other, and 

the fides (AB; ab, AC, ac) about thaſe angles E-. 

 portional ; then are the triangles equiangular. 


In AB and AC, take AD = ab. and AE = ac, 
aten, 


» 
* 


We N ve. 
Cor. to 
Since AB : (AD): AC: 4 K 2, chere- C 1 


fore is DE, parallel to BC ©; whence the angle B= | ; 


to 7. 1. 


AbpE .= 57, and che angie C = ADS, 
* . ls | 


Gn. . THEO. . — 
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8 . THEOREM XVI. 46 


If two triangles (ABC; abe) have one Keys (a) 
in the one, equal to one angle (a) in the other, and the 
* des (AB, ab, CB, cb) about either of the other | 
1 wales proportional ; "then vill the triangles be equi- ' 
77 Soles, provided theſe laſt angles (B, b) be, either, | 
both Ie leſs, or both greater, than Tight-angles.. f 


In AB, let AD be taken = = "ab, and let DE be 
drawn parallel to . . AC i in a E. 


— = 


If | Then will 
the triangles 
ABC, and 3 
5 ADE, be £ 3 * 3 
cquiangu- : ' 


5 therefore, CB: ED: AB:AD*:: AB: 
| es, A ab >: : CB: ch; and conſequently : 
l whence the triangles abe and ADE (having ab'= 
TOR AD, c = ED, and a = A). will be equal in all 
Pp oy reſpects !, provided the angles abc and ABC (= 
1 ADE) are either both leſs, or both greater than 
; rieht-angles. Therefore, ſince the latter of theſe _ 
EE, equal triangles (abc, ADE) is query a ARC, 


the propoſition is manifeſt. 


—— — —̃ — — — —— «„ ð „„ — 72 — 
— I RIO Inn PO AD — >> ag 
5 - J N 


— => - 
P OTA . 2 2 Ieo—ooey. 7 8 


1 


THEOREM XVII. 


FF two triangles (ABC, abc) have all their Jides, 
reſpeaively proportional (AC: ac: : AB: ab:: CB 
: cb) then are theſe triangles OI. 


\ 


+ In AC 21 AB, take is = af; and AD = =. 
| 250 and.) Join E, D Vo; 


_ p t 
2 © 
| 
a 
5 
U 
4 
i 
| 


Since 


* * = » * 
: — 12 — 

2 528 p . 2 > — « * N 
— — —— aw, Ke 

— — — — — . — ͥ — — — — — F —— —  —_.- — a — 
4 0 N — — PR 4 

* * 
" . 
£ - 
by a 


LAY 


* ww 
1 


+ AE(a) 07 ff A 


. triangles 


dal he" Fourth: 8335 


7 


AB : AD 


* 


(ab) o, the 


2 ans - | ib Sram 
ABC, ADE are equiangular ", hence CB: ED: 1 3.4 


AB: AD* (ab): : CB: che; and conſequently » 14. 4. 


ED = che: therefore. the triangles abe, ADE, » Ax. 4.4. 


being mutually equilateral, they mult alſo be mu- 


tually equiangular*; and conſequently abo as well d 14. 1. 
as ADE, equiangular to A6 C0. ; 


THEOREM XVII. 


A rigbieline (CD) biſe#ing any angle (ACB) of. 


a triangle (ABC) divides the oppoſite fide (AB) into | 
two ſegments (AD, BD) having the ſame ratio with 


the figes (AC, CB). containing that angle. 


Let AE and BF be „ 
perpendicular to CDE. 

Then the triangles ACE, 
CBE, and ADñʒE, BDE 


being, reſpectively, equi- AST En 
angular, it will be AD: © 22 has e | 
BD ::i ah BF ACS 88 e 
BC, | | Fae | . and 2. 4. 


I THEOREM XIX. 

A perpendicular (CD) let fall from the right-an ple 
(C) upon - the bypothenuſe (AB) of a right-angled © 
triangle (ABC) will be a mean proportional between 
the two ſegments (AD, BD) of the hypothenuſe : and 


each of the ſides containing the right-angle, will be u = 


mean proportional between its adjacent ſegment, and 
the whole bypothenuſe. T 
. | G 3 „„ Fe 


— — —— . + hw 
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i 


PE, For ſince the angle BDC.. 
t Ax.7. is = BCA", and B common, | 
thecriangles BDC, BCA are 

Cor. 1. equiangular n the ſame 


2 


7 1 manner ADC and ABC ap- 2 Ly — 178 


Pear to 20 equiangular. | 


T herefore, by Theor. XIV. 
BD: CD::: C MW: ad 
AB e 
AB: AC: : : AC: AD. | 


COROLLARY. 


Becauſe the angle in a ſemi: circle is a right- 

* 13. 3. angle », it follows, that, if from any point C, in 

the periphery of a ſemi- circle ACB, a perpendi- - 
cular CD be let fall upon the diameter AB, and 

from the ſame point C, to the extremities of that 

© diameter, two chords CA, CB be drawn; the ſquare 
of that perpendicular will be equal to a rectangle 
under the two ſegments of the diameter; and 

the ſquare of each chord, equal to. a rectangle 


under the wholediameter and its adjacent ſegment; - 
fer, becauſe of the above proportions, we have 


| CD* = BDXAD, BC = ABXBD, and AC 


| * AB x AP. 


THEOREM XX. 


. in fimilar triangles ( ABC, EF G) Py any . 

. Iwo equal angles (AC B, EGF) to the oppoſite ſides, 
I rigbt. lines (CD, GH): be drawn, making equal 
angles with the homologous ſides (CB, GF); thoſe 
right-lines will have the ſame ratio as the fides (AB, + 

| El F) on which they fall, aud toil a yo divide thoſe 
fdes Mes rally. 

| For, 


Bool the Fourth. 38 ¼ 


0 


| Fon che rriangles ADC, EHG, and BDC, FHG 
(as well as the -I. ABC, EF G) Seng equi- . e 
| angular”. | * or” ; 
thence is AB: EF (:: AC: EG) : CB: :GH; 3214 
and AD: EH (:: DC: 1 : BD; FH. and Ax. 
7. 


"THEOREM XXI. 


9 1 
" Fi in two ie (ABC, ABD) having one fide 
; c AB) common to both, from any point H in that fide, 
two lines (HF, HG) reſpefively parallel to two 
' Contiguous Jides (BC, BD) be drawn, to terminate 
in the two remaining ſides (AC, AD); .thoſe lines 
(HF, HG) will have the ſame ratio as the 8 


: (BC, BD) to which they are parallel. 


* AB: AH: BC 
„ HF., and AB: AH:; 
BD: HG*; therefore,” | 
: BD: HG; whence, 
5 e BC : BD: 35 
+ HF, dh d. js 


C 0 R O L L A R Y. 
Hence if c BB. then alſo wil HE E=HG. 


and AGD are right- - 


| points A, F, D, G“; 


Elements of Geometry. 


THEOREM XXII. 


GD) be erected, ſo as to meet each other; the diſtance 


(AD) of their concourſe from that of the propoſed lines, 


will be lo the diftante (FG) of the two points them. 
ſelves, in the ratio of one of the ſaid lines (AC) 


to a perpendicular (CE) falling ator the extreme 
thereof upon the other (AB). 


19 


Let FD be produced to meet Ac in H. | 
Hier the angles AFD ; VE ah 
ones , the circumfe- 


rence of ' a circle will 
paſs thro' all the four 


and ſo the angles CFD, 5 


. ſtanding on the AE — - 1 5 


ſame ſubtenſe GD, will 


be equal; and conſequently the triangles AHD, 


Fl equiangular : therefore. AD: Ds AN ; 
"HE*:: AC: CE. 8 


THEOREM XXIII 


| F thro' any point (P] in à triangle (ABC) three 
rigbi lines (AE, BF, CD) be drawn, from the an- 
gular poigts to cut the oppoſite ſides, the ſegments 
(AD, BD) of any one fide (AB) will be to each 
other, as the fectangles (AF X CE, BE x CF) wig 


the N of the other 1 des e ee. 


If, at any two points (F. G) in_two lines (AB, 
AC) meeting each other, two perpendiculars (FD, 


Det”; 


— 


Let ch be parallel G 
to AB, and let AE and! * 07 
BF be producedto meet 
it in Hand G. | 
It is manifeſt, that the 
triangles EBA, FCG; 


EAB, EHC; APB, «© — CT. 

GPH, areequiangular®, 155 . andq, 

Therefore AF: CF:: AB: c „ 
„ BESSCH-AB.. 114.1. 


Whence AF x CE : CFx BE:: : CH X AB: c - 
* ABR: CH: CG; but CH: EG: AD: BD=®« 11. "a 
therefore, by equality, AF * CE: CF x BE: = 4+ 
AD : BD. 1 


COROLLARY. ; 


. if AD = BD, then alſo will AF x CE 
=CF X and therefore mw: CE.2 BE: CE 10. 4 


| THEOREM XXIV. 


Ee triangles (ABC, EG) are in pro- 
portion to one oaks, as the ae RY EM 2 5 
their homologous ji des.. 


Upon AB and ,C_ © 


* BP ler fall the | 4 
perpendiculars | 8 I 
CD and GH, A = 1 
and let the dia- ö 1 5 
gonals BI, FL . | . 
be drawn. 1 IK 2 K 


Becauſe ABC: : ABE: : CD: AI (AB) e: GH; "3. 4. 
EF (EL) :: EFG: EFL *,; therefore, akernately, 3 
ABC: EFG : ABI; EFL*;: AK; EM. 8 

to 2. 2. 


THEO. 


By Car: 2. 


"9 Book the kardb. | : 89 N 


— 
- 


— Pe ů an ᷣ1u bͤ 
- 
4 
n 


6 7. 4. 


114.4 


Cor. 1. 
4 
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THEOREM XXV. 


Triangles (ABC, DEF Y having one angle (A) 1 
the one, equal to one angle (D) in the other, are ix 
the ratio of the rectangles (AC x AB, DF DE) con- - 
_ under the Jets including the equal _ . 


F | \ 


3 AB _ DE, et * the perpendicular 


.CP and FO. Then Ac AB ; CPXAB:: AC: 
CP. :: DF: F.:: DFXDE: : FQXDE +; 


hence, alternately, AC * AB: DF x DE:: CP 
XAB: FQXDE ; Þ — ABC: triangle DEF *, 


COROLLARY. 
Hence, if the rectangles of che ades containing 


dhe equal angles, be equal, or the ſides themſelves 


10. + 


reciprocally proportional ”, the triangles will be 
equal, The fame alſo ' holds in parallelograms, 
— the doubles of ſuch 8 | 


THEO- 


| Dink he Prarth. +. , 97. 


9 8 | THEOREM XXVI. 
” Al femilar right-lned figures (ABCDE,EGHIK) ' 


* cM are in proportion 79 one apather as e 
be * homologs Je? ART 


23 . 1 9 
1 MF. 6 * 
F Cc £ 
\ a ' 


Draw the 4 BE, BD, GK, G1. i 
Becauſe AF, and AB: AE: : FG; FK, the = * Def.14. | 
triangles BAE, GF are equiangular v; therefore, of 4. 
if from AED = FKI1*, there be taken AEB = "15+ 
FK, the remainders BED, G Kl will alſo be equal. a, 3. 
| Wherefore, ſince ED: KI (:: EA: KF?):;EB of. 
2 KG, the triangles EBD, KGI are likewiſe equi- w 1 4 = 
3 7, In the ſame manner it will appear, that | EE 
, IGH are alſo equiangular. x 
W becauſe ABE: GFK (:: BE: Gk.) 24. 4. 
e: BED : GKI (::*BD *: GI*):-: BDC: LH, 
it is evident, that the ſum of all the antecedents - 
(ABEDE is to the ſam of all the canſequents 
(FGHIK) as the firſt antecedent ABE is to the | 
firſt conſequent GFK or as AB. to* FG* ; which » Com | 
das to be demonſtrated. 5. +.. 


. 2 df 4 


* 1 9 © | 0 1 
. f , 4 o f 
; K # 
. | | AH Us 1 
4 BY Ee + . 
8324 n 5 . | a 


— 


„„ 4 Elements of . 


THEOREM XXVIL 


If three right- lines (AB, DE, PQ) are er 
tional, the right-lined figure (ABC) upon the firſt, © 
vill be in proportion to the fimiler, and fimilariy de- 
Icribed, figure (DEF) on hd ſecond, as 10 mf line 
(AB) 70 the third (PQ) 5 


For, AB: PQ 


4+ 2 AB* :-ABX A Eo 
$7-+ NN): : 1 8 8 EN 

4 "x By — J py 

0 a 2 omgd . a — 


of 4. ; | A. 8 | . A e 


COROLLARY. 


Hence, ſimilar right-lined figures, are in 1 the 25 


, Def: 7. duplicate r ratio of their homologous ſides f.' 
4. 


THE OREM: XXVIIL. 


JF yo right-lines (AB, CD, EF, GH) ze pro- 
porlional, the ri gH-lined Eures wig upon them, 
being like, and in like fort ſituate, ſhall alſo be 785 

8 e Ae CLIGE EM: A 


8 SC DB $2 FG 1 


1866 | For ABI: 3 AB": CD-: ; EF*: G.) 


„ EM: 60. OM 


> * 


THEO. 


5 "os 


5 poſition) BE +BF : BE 


| - Book the * vurth, 
= THEOREM XXIX. 


F upon the three þ des of a ri Sobel 3 gl. 
(ABC) as many right-lined figures (CD, BE, BF) 
| like, and alike ſituate, be deſcribed, that (CD) upon 


$ 


two (BE Grad, taken rogetber. | 


For, BE : BF : AB! 
:1BC*; therefore (bycom- 


* EF 2 


: AB* + BC. (="AC*) 
: AB*:: CD: BE '; and 
2 BE + BF 1 


n ” 
—— .CD®. . 4 
. w 
* 5 
5 * 
: * 
— 8 * 
75 
— * * 1 574 
F — 7 : + 
5 0 3 8 n CJ . 228 
. The End of the FouxrH Book, © 
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— > — 
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* 
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* 
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1 . 


the bypothenuſe (AC) will be equal to bod the other. 


1 4 
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PROBLEM I .. 


ROM the greater 
(AB) of two unequal 
| lines (AB, CD) to 
cut off, or take away 4 f, 
- part (AE) equal to the | 

e. (CD). 

9 7 From A as a center, 
with a radius equal to 
CD, let the circumference 

* Paſt. 3. Of a circle be deſcribed , 
Ax, 2. cutting »AB in E 3 and the things is 2 


—— — — 


— — —— 4 - —— 
— 0 Ta PE I IRENE Sy 9s ary noone — A nn. rs — " 3 * — 
* . * - a » * 
* . 
2 6 
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PROBLEM u. 


| At 4 given point (4) to make a line (AB) equal 
— 10 4 given line (CD 


, 


. 5 2 2 4 
PO RT I ORE IO TOI * 1 EO Re elm Af 


Draw - 


d "4 Bs > eats Dat hs wort Fe Sr 
. 75 „ T 
— * * s . - 
i 1 
INF, * > if 4” 


8 the Nn. „„ 


ES 3 Draw he: indefinite 2 
A— F line AF<; from which e Pot. 1. 
R e 

and the ling is dn. e 


PROBLEM: . 


1 given point (R) ir ar fait alt ur 6 
to-ereft a fue. 1 


In the line pro- 
pounded, take ; 

two equal diſ- 
tances AC, and | 
AD*; and rom FR JED 55 C15. 
the centers c 3 
and De, with any S 
equal radii great 
er than AC (or AD) „let two circles EMR and FNS 
be deſcribed ; which will cut each other: and, if 
from the point B of their interſection, you draw 
BA, the thing is done. | 

For let the points R, E, and F, 8, be thoſe | 

wherein the infinite line PQ interſe@ts the circum- 
ferences of the tuo cireles EN Rand ENS * : then » ax. 2 
AF being = FÞD* (or CR.) AAR"; and AS CE” + Hyp. 
DS* (or CE ') & AE? the. point F falls wirhin, 
and the point S without the. circle EMR; and ſo 
the two circles cut each other. If therefore, from Def. 11. 
the point of interſection, BC and BD be drawn; 3: 
then the triangle CB being iſoſceles , the angles = Conſtr. 


BCD, BDC at the baſe thereof, will be equal; and Def. 
and ſo, CA being = AD*, and Ch = BD", the. B, r 


angle W is > alſo = = DAB a ATT 


— 


2 Otherwiſe. 5 Dy 


A 
[ 
9 
7 
I 
{ 
"1 
| 

; 
"A 
[ 

f 

{4 


"7. ; Conte. © 
£9 y Ax. 10., 


% 


4 Poſt: 3. a 'circle be de- 
© Cor. ta ſcribed4, interſect- 


4 


8 = Poſt. 1. 
113. 3. 


Will cut each other. 8 


zar eh of a circle be de- 
low PQand interſect it 


points, with any equal 
radil, greater than half 


arches be alſo deſcribed, 
and from the point of 


E bebe ' of cane. 


wer me : ue we | 


Fr rom any point en 
5 above the line 
PQ, as a center, 
thro! the given 
point A, let the x 
Keumfrence of 


ing PQin E *;- draw I 1 EDB, * 6 
BA“; then the angle EAB, being in the ſemi- 
circle EAB 205 18 a "ea angle 3 wich was 10 be 
— 5 — f ; 9 14. 


: G - ©1 R 0 I. LA R Y. ; = ns 
From the föfmer of theſe confi it ap- 
pears, that, if from any two points, with two 
equal radii, greater, each, than half the diſtance of , 
thoſe points, two circles be deſcribed ; 8 circles 


ny 


5 PROBLEM IV 


From 4 given point (A) upon an e right 
( ) to let fall a perpendicular Mt. 


From the given point 
A, as a center, let an 
ſcribed, ſo as to paſs be- 


in Mand N; from which P 


MN, let two other 


= 


"Baba the n., N 


le. interſection C, let the right · line CBA be 

drawn which will be perpendicular to P | 
= For, let AM, AN, CM, and CN be Trawn ; - : 
chen AM being = = AN * and MC = NC „ the Def 33. 
angle AMB'\is = ANB e, and CMB = CNR . . 
1 and conſequently AMC = ANC” : whence, (as and hel. 5 

| AM = AN, and MC = NC) the triangles AMC, 33. 1. 
ANC are equal i in all reſpects * 3 and ſo, the angle '* Of. oh 
MAB being = NAB, the 95 70 MBA i is likewiſe A 


= NBA" RE” 


he Jame 0 other . BER 


| en aby point C 
1 in the line PQ, as a 
= center, letthecircum- 5 
ference of à circle 
be deſcribed thro' the 
- -given point A 2. in- 
; | terſecting PQin.D®; 
* and from the center 


% 1 


: D, with a radius equal 
'- to the diſtance of the points Þ and D, let another - 
circle En be alſo deſcribed, cutting the former 
ADE in E; then draw ABE for the Perpendicu- | 

lar required. 2 | 

For, conceiving right-lines to bs drawn from 

C and D, to A and E, the triangles ACE, ADE 
will be both of them iſoſceles d. and ſo the e 
. ſtration is the ſame with chat 105 the F 
5 Send. | Fo | . 


Fg 


2 


N PROBLEM « 


27 Hee, or divide into two ual part ven | 
ae angle . 1 i ; 5 5 


4 > 5 ; 
. * . _ * 
* . 0 — 
- : 4 j 4 . 
- « 1. . 3 Pg” 
* 4 + % R ou © * - . - 
» 1 - 


98 Elana Ee ce. 
In the lines contain- 
8 3 the given angle, 
. 3. take AC AD '; and 
FEES 9 the centers C and 
D, with any equal ra- 
3 ds. let two circles, be 
Poll. 3. deſcribed *, ſo as to 
. each other ; 3. 


and from the point of- 
7: interſection E draw EA, and the thing i is WS. 5 
 « Poſt. i For, let CD, CE, and DE be drawn; then, | 
Conſtr. the triangles ACD and ECD being both iſoſceles , 
and c v. the angle ACD will be = ADC, and ECD = 
„ XEDC*; and conſequently the whole angle ACE 
Az. 4. = the whole angle ADE *: whence (AC being 
Ab, and EC = * angle CAE is alſo=the | 


angle DAE®, 
| PROBLEM „ 
To bile a given 1 (AB). 


From the extremes 
A, B, of the given line, 
: with equal radii, de- 
ſcribe two circles, ſo as 
i Poſt. 3 to cut each other; and * 
—— between the two points 
wg of of interſection draw CO, 
cutting AB in E; 
the thing is done. 1 5 
> Conftr. - For, if AC, AD, BC and BD be 3 the 
and Def. triangles ACB, ADB being iſoſceles *, thence is 
R e 1. the angle CAB = CBA „ and DAB = DBA'; 
Az. 10. and conſequently CAD = CBD ®: whence che 
= Ax. 4. triangles ACD and BCD are equal in all reſpects : 
* Ax. 10. and ſo the angle ACE being = BCE, A =BC, 
and CE common, thence is AE alſo = BE". 


. 


X " * N 1 ” = - 
d * 1 { &7 4 f 7 : @ * 2p 
, 1 0 . > i | 
* - £ i 
1 g 2 8 212 ; 
x $59 7 , { X 
2 A e 4 If 8 4 * 1 - pl 2 5 1 
k s Nan? - < f N 
„ „ . 5 a. 3 p 4 . 2 9 a 
* 6 — 2 5 1 Yo A C 4 : 5 wy 2 
15 . 
Ig TF * af + * 5 ; | 
* 4 12 ? 5 ; 
1 : b ; : 
* F wy 1 P 4 1 7 a : * 
, * * * "IS 


W 7 
Hence, it is manifeſt, that CD nor only bie- 
AB, but han: Pn h AG | ; aper i 
wy PROBLEM vi. | 0 8. of 1, 
From a given point (A) in a given rigbi-line (A) 
to draw a 2 (AK) which ſball mate with the for- 
mer an angle, equal to an angle given (HBG). 
3 In BG and AQ take two 
equal diſtances BC, AD*; and 
at C and D erect = _ 
perpendiculars CI and DF to _ 
BG and AQ; and in DF. — Z = 0 


take DE equal to the part CD 35 Fj. 


of the former, intercepted by < 
the lines containing the given Vs 
angle HBG *; then thro' E 
draw AER", and the thing is 
VVV | 
Having, in the ſe ven preceding problems, effected 
and demonſtrated, by means of the axioms only, what- 
ever was aſſumed in the fourth poſtulate; as barely 
_ Poſſible ; we are now authorized, by the moſt rigid 
laws of geometrical reaſoning, to make uſe of any 
theorem or concluſion, whatſoever, derived in the 
preceding books, in virtue of thoſe aſſumptions, 
by which the proceſs and reſult ean be rendered 
the moſt obvious and eligible —Accordingly, by . 
having recourſe here to Theorem XIV. of the firſt 
bock, we ſhall be able to arrive at a conſtruction 
of the laſt problem, better adapted to practice. 
than that above laid down. 5 


100 Une of Geometry 


; From the centers A and - 
B, at any equal diſtances - 
AD, BF, let two arcs of 

circles, FC, DR, be de- 
poſt. 3. ſcribed *, . Interſecting the 

5 given lines in D, E, and B 
C; alſo from D, with a 
radius equal to the diſtance 
of the points F, C, let 
another circular arehyEr be 

dieſcribed, cutting the for- 
mer DR, in E; then draw 
AEK, and the thing i ig done. 

For, conceiving right-lines to be drawn 
F to C, and from D to E, the triangles BFC and 
ADE will be equilateral to each other, by TE: 
u 14. 1. * and therefor, le alſo *. 


PROBLEM VIII. 


To deſeribe a triangle, woboſe three fades ſhall be 
equal to three given lines (A, B, C); provided any {ws 
of them, taken ae be greater than the * 


” D 


= Make FG = B and Hom the centers F and 
10 5* G, with the er or diſtances A and C, let 


— 


cc © 


Bool the Fifth.” © 10 
two circles DKL, HKL be deſcribed * ; which x Poſt. 3. 
will cut each other; and, if from the point of 

interſection K, the lines KF and KG oy drawn, 

then will FKG be the triangle required. 
For, the diſtance FG of t the two centers, is leſs. 
than the ſum ofthe radii A and C*; and greater 
than their difference (becauſe B ＋ A being C CI Ax,6.1. 
thence is B © C- Ar); therefore the two circles * 3 3 
cut each other: conſ vent] F K= bas F 8 a | 
and GK C NT ens 


PROBLEM IX. 


. Through a given point ( A), to draw a right-line 
(RS) parallel to a given right-line (P * 


At any point B in 
- the given line, make 
BC equal to the diſtance. 
of the points A and 
B: and from the cen- 


ters A and C, with an 5$ 3 . 
ters an WI | £ 8 25 

interval equalto CB, let 1 | D. & " | 

2 circles be deſcribed®, . | .- Pb. 3 


then thr̃oꝰ their interſection D, let the line RS be 
drawn, and the thing 1s done. | 

Let AB, and AC be grawn ©; It is plain that · Poſt. i. 
the two circles will cut each other „ becauſe the fog. 3. 
ſum of their ſemi-diameters (= AB + BC®) is 8 Conſtr. 
greater than AC“: therefore, if ADS and ED be » xg. 1. 
alſo drawn, then will AB = BC = CD = PDA, 1 ax. 1. 
and therefore RS will be Parallel to PQ*. . 7 2 BE 


' The ſame otherwi iſe, 


| From A, to any point in PQ, draw AB.; : make 1 Poſt. 11 

the angle SAB = = PBA®: and then AS will be = 7. 5. 

E to PQ. i . 
#3 74 PR O- 


equal diſtances AM, 


en, um, ma, (of any 


12 Elements of Geametry. _ 
PROBLEM X. 
Upon a given line (AB) to deſcribe a 2 ſquare (ABC D). 
Make AC perpendicular, 2. 8 
723. 8. and and equal to AB; and from R 
13. the centers B and C, let tWbwo 9 
; circles, with the radius W 
v Poſt. 3. or AC, be deſcribed ?, inter- S 3 
„ He 36 ſetting each other * in D; 88 
from which point draw DB B ; ag” 4 
and DC, and the thing is | 
done. | 
| For, all the four ſides BI equal, 5 conſtruc- 
3 tion, the figure is a parallelogram * ; and therefore 
t Cor. to the angle A being a right-angle * A the other three | 
iy I. E wil be all INT N and ACDB a 2 85 * 
Def. 2 
Sc ollen | 
By the fame method a rectangle may be de- 
fcribed, the ſides thereof being men, 
FRO BL EM Kl. | 
To divide a given line (AB) into any propped m num- 
ber of equal parts. | 
From the extremes 
of the given line 
AB, draw two inde- 
finite lines AP, wu 
parallel to each o- 
19. 5. ther”; in each of 


which lines let oe... 5 
be taken as many 


MN, NO, OC; Bo, 


Therefore BG is the ſame part of AG, as ON is 5. 1. 
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length at pleaſ ure) as you would have AB divided | 
inta“ z then draw Mm, Na, Oo, interſecting RB 1. 5, | 
in E, E, G, and the thing is done. 

For; MN and mn being equal and pan x Conſtr, 
FN will be parallel to EM? ; and in the ſame? 26. 1. 
manner will GO be parallel to FN: therefore. 


AM, MN, NO, Ge. — * , 288 EE, 
FG, will He wie be equal *. _ 


The ſame aur 


In any right- line 
AP, drawn from A, 
take as many equal 
diſtances (AM, MN, 
as you would have F 
AB divided into; 
then, having drawn 
the indefinite line 
OB. in it take an 
equal number of parts or 3 OB, BC, cb. 
each of the length of OB, and let. DN be drawn, 
cutting AB in G; make GF, FE, each equal to 
BG, and the thing is done... 
For, if AD and BN be drawn,. they will be 
parallel, (becauſe OA: ON :: OD: OB; and « Cor. to 
ſo, the triangles BNG, ADG, being equiangular* „ 12. 4. 


it will be BG: AG :: BN: AD :: ON: OA ©. 3 


® Cor. 1. 


| of OA. $0 | 414. 4. 


PROBLEM XII, 


| To two given lines 1 = to find a thir 4 pro yy 
portal £ > 


a 


1 From 


% — 
. 
- 
8 * 
. * 
- * * 
- 
- „ , . 
— : 
„ "19 F 0 : 
* 4 7 " 
6 - 
1 - ; K 
p , % : 
2 „„ rr — „ 2 


A, draw two in- 


A., in which 


ö 104 
; 

4 

1 | 

| 

| © 1.5. 
+ = ol 

| . 

j "_ . 

4 9 5* 


preceding problem, 


D = BD. drow 


E Jements of oe. | 


From any point - b 4 i ; y To 8 : 


definite lines AP, | 


take Ab =AB, 
Ac — BC, and . 
5D=BC* ;draw - 


de and parallel ** e 
wco bc, draw DE e, | 

cutting AQ in Ez then cE will be the * 
a 5 8 required: for Ab ( AD) Ac (BC) | 


: 6D Wy EI. 


K * 
y — 
: ? 6 
\ 


*o PROBLEM Ye lands org 
To Mex, given lines (AB, AC, ,BD) to fu. 8 


. fourth Proper 71onal., 


:Havingdrawn AP - 
and AQ, as in the. 


take therein Ab = 
AB, Ac AC, 1 


be, and paralle] SG TIED 
it, draw DE inter- 1 
ſetting AQ E; ; A. | : 


then is cE zhe fourth proportional required. 8 
For, Ab, (AB) : Ac (AC): : D (BD): « LI | 


PROBLEM XIV. 5 


Between 0 f lings (AB, „ Mt tofnd a a nean 5 
e *- ö . 


; Tochcindefigiteline . B 
AP, take AB = AB, 4— N 
and 2-8 _—_ BC“; bi- B = ; 0 * 
ſect Ac in E., and | „ ES 
from the center E, at 
the diſtance of EA, 
or EC, let a ſemi- „ 8 * 
circle Abe be d- 5 
ſcribedꝰ; erect 4D, ic E 6 öl. yy - 
erpendicular to AC 9, cutting the circumference 4 3. 5. 
in D; then will 4D be the 1 re- 


uired. | ro 
For,- Ab. (AB) : 3D: D: 50 (BC) *. 19:4. 


| and it's 
PROBLEM Þ © Epueh 


Gn 
7 o divide 'a given line AC) into two parts 4 
BC) having. the ſame 2 as two 8 lines 
(AM, A N). ; 


From AdrawAD, waking - * M 
any angle with AB; in which Mr w* 
take Am= AM,and mn - 1 
MN *; draw C, and nB * 
parallel thereto *, meeting 
AC in B. Then will AB: 
BC::Am(AM):mn"'(MN), 
Which was 70 be done. 


O 


PROBLEM XVI. 


27 add a line (BC) to a line given (AB), % that f 
. the whole compounded line (AC) Hall be in Proportion 
to the part added, as one Kn line ** is 10 ano- 


. | I 1 8 


* # 
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— , ne rn ER rs 
SI 
1 I 
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Elements of Geometry. 

From Adraw AD,making A. 
any angle with BA; in which _ + 
take Au = AN", ad nm = —— 
NM; draw nB and »C pa- A | 
raliel thereto *, meeting AB „ 

produced, in C; then will EE 8 
AC: BC:: An (AN): un 7 


(MN). Which was to. be 
done, 


PROBLEM XVII. 


To divide a given line (AB) into two ſuch parts 
(AC, BC) that the refangle contained under them, 
ſhall be equal to the reftangle under two given lines 
(PM, MN); provided that the given rectangle is not 


greater than the ſquare of beg the line (AB) 10 be | 
| divided. | 


BetweenPM 
and MN take 
_ 
tional MQ * ; 
make BD per- s | 
. — to AB, and equal to MQ; biſect AB 
in O, from which, as a center, let a ſemi- circle 
be deſcribed-; and draw DE. parallel to BA *, 
which (becauſe BD is leſs than the radius 1 5 
meet the circle in ſome point E; from which, 
upon AB let fall the perpendicular EC : ſo ſhall 


Cor. to AC & BC = *EC* = DB*(= QM) * X - 
Nth MN“. I bich was to be done. | 


PROBLEM XVIII. 


T 9 4 given Tine (AB) to add anther line (BC), 
fuch that the rectangle under the whole compounded 
line (AC) and the part added, foall be equal to 4 
refangle ander {wo . * (PM , 9 \ 

4 | Between 


„„ „„ fad AY OÞ 


n E 


BZ3Booß the Fiſib. a7. 
take a.mean-proportion= _ R, „ 
al RS ; make BD / Ar Sy 

endicular to AB, / | 4 3˙J. 
andequal to RS*; hiſet ni fgunG I 
AB in O“, draw OD, X EY” E | e 

and takeOC OD P N N 
DL TSS -' 
MN, as was to be done. (EE N 
For, if thro' A and B, from the center O, the 
circumference of a circle be deſcribed, cutting 
DO. in E, and E, O be joined; then, the triangles | 
OCE, ODB (having OE = OB, OC = OD *, * Conſtr. 
and the angle EOB common) will be equal in all! 
reſpects ; and ſo, EC being a ® tangent to the ! Ax. 10. 
circle in E, we have * ACXBC=CE-* = *BD* 6. 3 
FRS = PM x MN”, FFV 
| 2 | Nee od 1 
T1%½%// A o 
To divide a given line (BH) into two ſuch parts, 
| that the ſquare , the one (BC) ſhall be equal to the 
rectangle under the other (CH) and 4 ſecond given 
line (AB) „ 
Taking BA in the fame  ' vd 7 
ſtrait line withBH, between ̃ 23 
them let a mean- propor- N RE 
tional BD be found % bi- | 
ſetABinO*; DrawOD, F/YX {0 
and make OC =OD; o AO B 
N ſhall BC* = CH x AB, ; 


as was to be done. Wo, . 

For, by the demonſtration of the precedent, 
AC XxBC(=CE*=BD") =ABx BET, from cach 

of which taking away AB & BC, there remains | 


BC*=AB x CH *. 2. . 
fc. phe : P R : | 2 Ax. 5. 1. 
CORO L- 


| 
i 
ö 
[ 

[ 

4 

f 

U : 
| 
L 
i . 
| 

i 

| 
[ 

1 
| 
} 

| 
ly 
N 


—— — 


——— — — 
' 
n 
* 


wo. 3: hen draw, AB, and 
»Def zz. Lhe thing i is done. 


—— 
* 
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a en IF es” 


If AB=BH, then will BC. =BH*CH;in || 
which caſe the line BH is ſaid to be divided ac- 
. 8 to extreme and eee . 


PROBLEM | 


bn a given circle, to apply, or inſcribe a line (AB) 
equal to a oe line (CE), le 20 * the diameter 0 
_ circle. 


From a 5 m 1 
the jon ng pie with 

the radius CE, let a circu- 
t Pot. 5 lar arch n be deſcribed *, 


cutting the given circle im 


of 1. | | 
| PER PROBLEM XXI. 9285 | 
77 draw a. tangent 70 a given circle o) thro & 
given * (A): Wi 
. If the given point be in * circum- 


ference; then, to the center C, draw AC, and 


- perpendicular to AC? draw BAD; which will 
6. 3. touch the circle at A *, 


- CasE . 


Bok hi Fifth. 5 109 : 


- Car u. if the pdint A be without the circum- 
ference ; then draw AC, which biſetinP*;*and v 6.5. 
from the center P, at the diſtance of AP, or CP, ; 
let a ſemi-circle AEC be deſcribed ©, cutting the e Poſt; 3. 
given circle in E *; then draw AED, which will 45. z. 

be the tangent required *; | becauſe (CE being 6. 3. 
| — AEC 1 is 4 right angle Ap „ 13-3 * 


PROBLEM XXII. i 


hs a given line (PQ) to dg eferibe a ſegment of a 
circle (PEQ) to contain an gy (E) * to a given. 
angle (BAC). | 

Make AD perpen- 
dicular to AB *; alſo 
makePQO,andQPO, | 
each, equal to DAC F. 
(the difference be- 
tween the given angle 
and a right one); 
then upon the point 
of interſection O, as 
a center, at the diſ- 
tance of OP (or OQ), let a . be decribed; ; 
and the thing is done. . . 

For the angle E = * + apes hos 3a 3. 
D * DAC *. ä * Conttr 


SCHOLIUM. 


In the ſame manner the problem may be con- 
ſtructed, when the given angle is acute; only the 
lines PO, QO muſt then be drawn on the other 

ſide of (PQ) as is manifeſt from the roth theorem 
of the 3d book. 


ws 6 7 * . 4 . 
35 4 PRO. 
. 5 5 


410 Elements of Geometry. 
Fönen ür 
About a given triangle (ABC) to _ 2 erl. : 


=. Let any two ſides, 

ö Az and AC, be biſect- 

dd by tuo perpendi- 
6. 5. culars DF and EF +5; 

Which will interſect 

each other in the center | 

(F) of the required 

1 Proof of circle! ; from whence 

18. 3. the circle _ be de- 

ſcribed. 


4 
8 > CENT a n= 4 Q e©eS @n 


SCHOLIUM. | 


By the fame method, the citcumference of a 
circle may be deſcribed thro' any three given 
points, not ſituate in the ſame right-line : alſo | 
from hence, the center of a circle may be found, | 
| by haying a ſegment of the circle given. ES 


| PROBLEM XXIV. | 
E 0 inſeribe a circle in a mm triangle (ABC). 


Biſect any two 9 
of the angles, A n 
and B, by the 

1 lines AD - and 

= 5. 5. BD, meeting 
each other in D; 
make DE per- 
pendicular to 


4 5. AB*; then, if A | 
from the center | 
D, at the diſtance of DE, a circle be deſcribed, 


it will touch all the ſides of the triangle. Ne 
F or, | 


9 * Led he. 9 5 9 2 1 * 8 : res ? 5 * N . 
: 77 * * 9 e 5 7 E $24, * * ; * IS Y * 2 888 1＋ * — N 
2 N : «” Y * 1 : 5 © :, 
< e L : F. . A : * I'4 
| a 5 2 7 ; 1 K 1 1 1 —_ 13 
5 | | * + 
i . * 8 0 * x ! 
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For, let DG and DF be — TO w % 
and BC?; then the triangles ADE, ADG, having P 4. 5. 
two angles equal, each to each (by conſtructioß ) 
and AD common, will not only be equiangular , Cor. 1. 
but alſd have DE = DG". By the ſame argument 2 10. . 
DE = DF; therefore the circumference of the 1 | 
circle - alſo paſſes through G and F*; Hut! it touches Dok 33: Dy 
the. ſides of the triangle in thoſe we” becauſe, 6 
G * F are right-angles *. Fg 2 3 


PROBLEM xxv. 


In a given circle (AFB) to deſcribe a triangle, equi= 
P's. to a given triangle (PQR). 
From the center C, 


draw the radit CA, | * 1 | | 

CE, CB, making the 

angles ACE and BCE AN 8 8 | | 
SL 


4 


; equal, each to the 
angle R; join A,B, f 2 

and make the angle 

ABF —_ z and from 
the point F, where BF cuts the eie drow FA; 

ſo ſhall AFB be the triangle required. 

For, ABF = Q, F 8 ACE 7 R*; and * Contr. | 
n BAF=P*, | „ . 


and 

Conftr. 
2 Cor. I. 
to 10. Io © 


1 OS a 
+ „ 8 5 - 
* e 
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| PROBLEM Xxv1. 


About 4 given circle (O), 10 deſeribe a 2 ; 
 "_=_ galar 70 4 grove Ny (ABC . | 


4k 
14 
5 
; 
} 
. 
' . 
{ 
' 
{ 
. 
18 


=: * T DA TB 
| "Prodice out the ſide AB both ways; ; and draw 
| the radii OP, OR, OQ, ſo as to make the angle 
7.6. POR = EBC, and POQ = DAC *; then draw. 
three right-lines to touch the circle in the points | 
2, 5: P, Qand R, and the thing is done. 
For, if PQ be drawn, the angles SQP and SP, 
1 will be leſs than the two right- angles SQO and 
18 «Ax, 2.1. SPO; and ſo PS and QS, not being parallels *, - 
\j and 6. 3. they will meet each other ©; therefore, as the like 
Cor. 2. may be inferred with regard to PT and RT, Sc. 
| Rog 4 it is manifeſt that the three tangents form a triangle 
Cor. to-STH: Now, POR + T being = two right- 
I ' 5.1, angles*= ABC + EBC*, and POR = EBC. 
i . * Cor. 2. thence will T = ABC: and, by the ſame gu- 
N 
| 


P 
e een Iron > any ons on, 
# 
. 


eek It 1. ment, 8 = BAC; whence alſo 3 C. 
Con. PROBLEM XXVII. 
VA circle given (ABCD) 70 inſcribe a ae. 


| | 
| 5 Draw two diameters AC and BD perpendicular 
ä 3. 5. do each other; then draw AB, BC, CD and PA; 


— ABCD be a ſquare inſcribed in the circle. | 
| | 
| 
| 


4 


Book abe Rib. oe” 


9 Por hs angles AOB,. peo hy oe yy B : ; 5 

BoOc, DOC and Dan , SLAG 
(as well as the fides OA, 5 
OB, Fav Fes 0 = 5 x joy 
ing them) being equal, 7 . 
"oy oppoſite ſides AB, A ol _ 1 - 
BC, CD, DA will like- 8 
wiſe be equal* ; and the N of 1. 
angles BC, BCD, CDA, © e 2 ri 
DAB, are all of them V L 
right - angles, and _ d TN begs 
ate... | TTV 


Ws + 7 8 7 8 
* \ { g*4Vh ? ＋ wu a 4 
42 - 0 IE 


\$cHoLIUmM 


1. 1 other diameters ac, bd een 65 8 
1 3.) to biſect the angles AOB, BOC, a regular 
octagon AaBbCcD4 may be inſeribed in che circle. 

And if all the angles at the center O, be again bi- 
ſected, a regular polygon of ſixteen ſides, may in like 
manner be determined ; and fo on, at e 99 


PROBLEM XXVIIL 
he Grcde gw Were to 2 a 2 
Ea, FS : IF; 


Atthe centerO, pda 
"a diameter FG, erect 
the perpendicular OB, 
meeting the cru 
* 5 B; divide OG 
in 0b. 1 
that 01. 6 Hx de.” 

DAS 3OF, 5 

and RH = diſt, RB! 

Then draw BH; which „ 

will be equal to the fide 1 5; bre on. 5 

whence the 6. ane itſelf may be deſcribed: and 8.2. 
„„ sc Ho- | 


$* 


-s 


1 — 


11 4 1 of cane 


" 5 Neue regular decagoß may be bel 
28.3 3. e the lid thereof being = OH” 9 40 


Jed bos DHS PROBLEM XXIX. fr. 
8 DS nt 2 Lol 7 . a n —_ 


1 4 oa 
2 2 


of any diameter AD, 
. apply A „ Af; PC, 
and DE equal, each, to 
A. 5. the radius AQ®; then 
join B, C, ang * . 


* 


| f 1 Prom the extremes 
3 
| 


and the thing i is done. | 
5 For, if the radii OB, Wars * 2 
| Ok, Orbe dran; e een oo 
| | © the triangles AOB and | ET aan! 
| X beg. DOC, being equilaieral 4 4 with alſo hat dend 
ö 


. ge OAB DOC“; whence AB is parallel (as ; 


Cor. td well as equal) to OC % 5 -and-conſeq dy BC and 
8. 1. | AO are likewiſe equal, and par There- 
* 20:1. fore, ſceing the triangles AOB, BOC, COD, Se. 

are equilateral, and alike in al! reſpects; ; not only 


the ſides, but alſo the angles ABC, BCD, c. af 


| | | * 12 1. the 3 will be equal among theralelves * 
1 > 0ROLLARY.: 
"Ef it appears, that the fide of a regular 
'Y hexagon, inſcribed in a eirele, is beat to 1 
* | N or radius. | 
een 
| Beſides the figures conſtructed in te dns 


. biſections, or taking the differences, no. ether 
regular polygon can be deſcribed, from any known 


and circles only. 


| : | 5 7 O-. 
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* 
_ 2 1 n 00 * 


problems, and thoſe ariſing from thence by comi- 


' method, Purely grametrical A mean of right-lines 


'PROB LE * XXX. 1 ale wy od 
ee Even circle 1d oy: a regular ahi, 
of 108 c number of eder toith 4 275 7270) 

{ ABC Deb ) 80 in the adi. 1 
From the center, * 
to the angles of the in- 
3 ly; Rn, dra 
perf . — dene V 
dra PAQ, AR, 
RCS, Fe. ee N.. 
ing "in P, Q, R „ST. 2 8 
Vz; ſo ſhall PORSTV, | V 
be the polygon that * 15 5 
* to be de ſeribede 
For, by taking away 8 equi ba Af Ty 
OAB, © OBA, OBC, Ss 575 pal Crigh BY 
A _the re- 


* 


„% Ya 


Se, are » equal among ede e CY 2 2 An 
PROBLEM XXXI. Wk 
"a circles (ACE, ate) #1 17255 70 de 


a a polygon in, or the one (ace) that ail be 28 FER 
#0 any polygon deſtribed tn, or or about the other: e 


Firſt, having drawn R * ? 


the radil OA, OB, Sc. 
to the anglesofthegiven 


inſc.polyg. ABC DEF, N Ve 
make, at the center , N {\ 17 
the angle a0 AOB; | 
 #6=BOC*, Sc. Then, the 1 *. pe Ge. 1 7. 5. 
| OM drawn, I. lay, the RN ey will be ſimi- 


* ar. - 


» 
8 — 
Fe 


— F U 
F ; d 
7 
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ler to the given one ABCDEF. For, the triangles 


| Þ Cor. . AOB, ach BOC, hoc ; &c. being equiangular*, the 


* 


10 22 angles ABC, abe mult alſo he equal; and* AB: ab 


d 12.1. . 0 | 1 2 |; \ 
„ pan (::OB : ch): : BC: bc. In the fame manner, tlie 


14: 4- 
© containing them proportional: Therefore the two 
© Def-14. polygons arc fimilay$>\._ - |! 7 EEE I © 
„„en, having CB IR et 


drawn the radu A NIN Is 
a cee AN {XN 41 


= 'to the points of N 
Contact of the given y 7 
cCircumſcribing po- 8 


draw likewiſe the radii oa, ob, oc, &c. making 


7.5. the angle aab=AOB, hoc=BOC *, &c. perpendi- 
8 3. x 


3.5. cular to which draw pg, gr, 1s, &e. ſo ſhall the ps- 
lygon pgrstv be ſimilar to the given one PQRSTU. 
For, the angles OAQ, OBQ, 0ag,- obg, being all 


1 equal *, and AOB alſo ga the remaining angles 


\ Contr. AQB, agb of the two quadrilaterals AOBQ,” aebq 
_ 11,1. muſt be equal*; as muſt likewiſe their halves OQB, 


and Ax. n (for the right-angled triangles OAQ; OBQ, 


5. having OA = OB, and O common, have alſo 
16. 2. OQA=OQB \). In the ſame manner is ORB= 
orb, &c. whence, the triangles POQ, po; QOR, 


= 14.4 gor, &c. being equiangular, it follows“ that PQ : pg 


(::0Q<:9):: QR: gr: And ſo of the reſt. There- 
| 1 N 14. fore PRS TU and pgrsv are ſimilaTt. 
| — 0, COROELLARYTY:.:+,7:: 
It appears from hence, that the ſimilar inſcribed 
'polygons, as well as the circumſcribing ones, are in 
proportion, as the ſquares of the radii of their re- 


| . 1 ſpective circles. For, in the former caſe, AO*: a:: 
En 14. 4 AB“: ab:: * ABCDEF:: abcdef; and, in the 


-and Cor ater, AO“: ; PO“: po 1 PQ? 1 99 5; t 


46. . © PQRSTU: f. 


The End of the Fir 7 Book. 7 


* 


other correſponding angles are equal, and the ſides 
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wy ELEMENTS. 


0 e By or . TERS: J 
; INTELL 25 5 * ; , 
F 
PROBLEM I. 
To 4 a ſquare equal to 4 given dauer (ABCD). 7 5 
N one fide AB of 
the rectangle, pro- 
| duced; take . - 
the other fide BC; biſect : 
AE in O*; and from 4A - E. 6. 5. 
the center O, at the | N 3 
diſtance of OA, or OE, D . 
let a ſemi- circle AF E. de. | 
deſcribed ; and let CB be produced to meet as 
circumferencethereof in F; then a ſquare deſcribed 
on BF (by 10. N wa 'be equal to the given : 
rectangle ABCD 2 Cor. to 
8 =_ 3 19.4 
7 : ; I 3 N R O- 


— 


118 


45. 


1 


5 Elements of Gaumen. . 
PROBLEM. . = 
To Y make a ure _ to the oe 0 0 1 605 ne 


. * 


the ſides gh the e e — 
ſquares. © 5 — 7 


lines BP, BQ, at right- 
angles to each other ©; in 


Let AB 3 BC * 


Draw two ldefade 1 


which take BA = BA, 
BC=BC, and join A, . Pri: 
then a ſquare deſcribed & E 
on AC (by 10. LS wilt 


be equal to the ſum of the two ſquares deſcribed 
upon AB and BC. MOTT: 


-SC H © L 1 3 
In as ſame manner a ſquare may be made equal 


to the ſum of three, or more, given ſquares: f 


if AB, BC, CE be taken as the ſides of the * 


ſquare., then; by making BH = AC, BE=CE, 


and drawing EH, it is evident that a ſquare upon 


EH will be Ae. to the ſum of the three wer 8 


upon AB, BE, and CE; or that, * = BH 
* + BE* = AB + BC * ans 
PROBLEM II. 


"as make" uare 92 to the difference To 1100 
given Squares. . 


— 


two given ſquaress 


perpendicular to BC *, meeting the: das * 3; 8. 2 


= Bab the Sixth, 9 


Let 40 wid. BC (raken 
in the ſame ftrait line) 
equal to the fides & he 


Upon the center B, with 135 | | 
the radius BA, let a circle 0 "A i 
| bedeſcribed, and make CE. e 
thereof in E: ſo mall a ſquate deſcribed on CE 
0 10. . ) be equal to BE* (BA 2) = "BC. . 4 


5 r. x Ny 8. 2. , 
323 1 ROB I. E M 1. N 3 
25 wake a triangle rl 10 4 u dau 1 
(ABCDY "ns | | 1 
- Draw the Ae AC, | IF 3 8 


alſo draw DE parallel to 
AC:, meeting BA pro- 
duced in E, and join 
CE; then will the triangle 
BCE the gi ven quadri- 
lateral / AB | 

For, thegriangles ACE, ha EE | | 
Ab, being upon? t ge | = 
farne bafe AC, and between the ſank odraltels E 
and ED, are equal *;. therefort, if ABC be added > C . | 


to each, Lg alſo c = Ae i 
4. 


i j ; 
o Ly - 
J % . bs 
* ( . 
142. 80 —— hu pals 4 "A a — 
. ” 
4 - * . 


*. 


mn 
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PROBLEM hut ant 


To o make a ſquare N 10 the Jun 7 ö given 
Hue : 


Let AB and BC be 
| "thi ſides ooh the two given A — 
dene, 3 

Draw two En 
lines BP, BQ, at right- 
- ©£3-5- angles to each other ©; in 
which take BA = BA, 
BC BC, and join A, ; N. 
then a ſquare deſcribed E 

dn AC (ty 10. 5.) wit | 
bs equal to the ſum of the two ſquares deſcribed 

"7 AD PCs. „„ 


. SCHOLIUM. 


In hs ſame manner a ſquare may be made 8 
to the ſum of three, or more, given ſquares: 4 
if AB, BC, CE be taken as the ſides, of the gi | 

| ſquare. „then by making BH = AC, BE = ck, | 
and drawing EH, it is evident that a ſquare upon 
EH will be * to the ſum of the three 7 

5 upon AB, Be, and CE; or that, EHI! = 

= . + BE = = AB* + 50 + CE. 


PROBLEM HII. 0 


8 =p br a ſquare mw 10 the Ae TA 1x00 t 
—_ 1 ON 


* 
4 
4 


5 Bass the gb 8 


Let ak ad. BC (ken 
in the ſame ftrait line), be _ 
equal to the fides of the 
two given fquares,. 1 

Upon the center B, with | 
the radius BA, let a circle "vr Fer Ws 47 
be deſcribed, and make CK | | 1 
perpendicular to BC *, meeting the: eee 125. | 
thereof in E: ſo ſhall; a ſquare deſcribed on K 
(6 16. 5) be equal ts BE! (BR) "RO" «Gr 


** — Ru 8. 2. 


„ PROBLEM tv. 8 8 
7 0 nale a tria e ual to 4 den aue. i 
(ABCD.) 7 Fe B . Ml 
- Draw the diagonal AC, 4 15 „ "OW 
alſo draw DE. parallel to een 2 
AC,, meeting BA pro- =. #gE-; 
duced in E, and join WED, 
CE; then will the triangle 
BCE = the given quadri- 3 
lateral AB | allo. . 
For, the grianglesACE, SCE. EN 
; ACD, being upon? the 8 | EM 
1 ſame baſt AC; and between the ſane darth AC "xx 
and ED, are equal *;. therefort, if ABC bt added a > Capra 7 
to each, , they alſo Si BCE. = : ABCDY. e to 2. 2 


1 Ax t. 


\ 


E loments of Gomerry:, 


"PROBLEM V. 5 
To make a 9 e 40 a bio Be | 


- (ABCDE). | rag e 


6. 5. 


8 Ze 5. ; 


and alſo EH and CF. | 
parallel to them 


then draw DH and 


= DCB'; therefore DHF er e 
| PEB = i RO dogs en 5 


O 
parallel tothebaſe | | K D * 20 N 
AB; and biet S's . 


Draw DA and DB, 


meeting - AB pro- | 
duced in H and F; 


DF; ſo ſhall the 
triangle DHF, the 
pentagon ABCDE. . 

For the triangle DHA is = DEA, and DFB 


P R 0 B L EM VL | 
oper @ given line (EF 20 70 nate a aer equal 


to a given triangle (ABC ). 3 


Thro' C, the f. | ag je ET 
vertex of the tri- 33 3 — — 


angle, draw KN 


\ 
* 
5 + 
— 5 


AB with the per- 1 Sol I 
pendicular LQ*, > Wot L | B 5 


meeting KN in 
K; 26 draw BP 


| perpendicular to AB”, interſeRing KN in I; then 


in AB, produced, take BM. = EF, and draw 
MIQ cutting LQ in Q draw QO and MO, 
parallel to AM and LQ, meeting each other 


in O: then will IN Dr be the rectangle required. 


For, 


But FR Sixth. OY 12 


Für, it is evident, that 2 IO and Lo are all 
rectangles : therefore IN '= BM. AGE = EF", and 1 Cor. ts 


10 = = LI: %%% TTT 1785 2 

| = | 5 ſtr. + 

2 The ſame cher te, 3 2 3 2 5 

or. 2. 

From hs vertex- | 1 22 

C, upon the baſe 2 

. AB, let fall the 4 

8 perpendicular CD”; or — , 
make EH perpen- K D B, Vp 
dicular to EF, and - - Ny 4 3. 5. 


equal to a fourth N to 2EF, AB, and 
CD; then the rectangle EG contained under EF r 13. 5 
and EH will be equal to the triangle ABC. _ / 

For, ſince, by conſtruction, 2 EF: AB:: CD: : 
E, therefore is 2EF x EH = ABXxCD*, 1 2 10. 4. 
conſequently EF xXEH=ZABXCD =ABC *. $55.25 ©. Quits #6 + 


= . 60 „ [; 


5 Ss c HOL IU M. ,, 

By either of the two preceding methods, a pa- 
rallelogram having a given angle may be de- 
ſcribed upon a given line, equal to a given tri- 
angle; if, inſtead of MBP, MLQ, or BDC, FEH 

being right-angles, you make them all equal-tothe , - 
angle given: the res of the. conſtruction x being 
the ſame. / 3 


PROBLEM 'VII. — 


3 por a given Fee (AB) 70 ene a ren 
2 to a given right-lined " ane 
Let the given 2 | ae rp: 
figure be divided f— B 1 504.6 
into triang. PR, CE Q | | 
PRS: and. upon k e 
the given line AB — i 
er the — . 93 
et a ange ABDC, equa to the clangle _ 


bo £ 


2. D 


— : a * — * 
7 . > IE E 
— — — —— — er ee — 
3 . — 
. 


— . —— — CS FITS — 
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ve deſcribed; alſo upon CD make the rectangle 
_ EDFE equal to the ttiangle PRS: ſo ſhall ABEF, 
„which is a rectangle (becauſe both ACE, and 


% bo "BDE are continued Tight-lines *) be = PQR + | 


e Ax. 3. PRS * =-PQRS; which was to be done. 
and 4-1. 


SCHOLIUM. 


When the figure given has not ms than ge 
ſides, the conſtruction will be more eaſy, by firſt 
finding a triangle equal to it (by Prob. 4. or 5.) 
and then making a rectangle equal to that triangle. 
But if the figure be a rectangle, the eaſieſt way of 
all, will be to take a fourth - proportional BF. to 
the given line AB and the two ſides PQ and PS 
of the given rectangle (35 13. 5.) ; which fourth- 
proportional will be'the altitude of the rectangle 
required, For, ſince AB: PQ; : PS: BF (4y 
Confer. therefore ( 10.4. ) ABx BF= r S. 


PROBLEM. VIII. 


To deſeribe a rectangle equal to the fm, or d erence a 
F two given right-lined uren. 8 


Let tke two 
given figures be 
ABN and P. 

By the prece- 
dent, let two rect- — ee 
angles. D and _ 
AF, reſpectively V 
equal to ABN and „ 25 
P, be deſcribed, 5 | 
on the ſame, or different des. of AB, Sebring 
as the difference, or ſum, of the two figures is 
required: then will the rectangle CF be equal to 
© Ax. 4. that ſum or dilerence ©. 


een 


WE 


nd 
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25 COROLLARY. | 


* 2 Fende two lines having the ſame ratio with 
| two given right-lined figures, are determined.” r 
AC: AE :: AD (ABN) : AF. (P). "lh 


PROBLE E M IX. : 


To. "dls a ſquare _ ts "ay 23 1 
gives (ABCDF J . 


Upon AB de- 
ſcribe a rectangle 
AE. equal to ABC 

h Dres then make 

a ſquare BH equal. 
to that rectangle , 
and the bg f ts done: 


- . SCHOLIUM. 


Aſter the ſame manner (from prob. g.) a ſquare 
may be deſcribed equal to the ſum, or e 
of "yp two en 8 72 9 2K | ; 


o 
As - 


* 
* 
* * * 
: e P 
* 


* 
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PROBLEM. X. 


R 1 a given right. -lined figure * 


A — 
. Dec al AD, and alſo FGeq val to ABr; 


x 7.5, Make the angle GFH = BAC*, HE 17. CAD, 
and IFK = DAE x; likewiſe mike FH = AC, 


FI=AD, and FK AE; then draw GH, HI, 


and IK, and the thing is Jane. 


1 Ax. 1 For, ſince the triangle FGH = ABC and 


1. -FHIZACD)", Sc.; therefore is the whole po- 


lygon FGHIK, alſo, equal to the whole polygon 


* Ax41 ABCDE, *. 

Moreover, theſe equal triangles being alſo equi - 
angular ', it is manifeſt, that G=B, GHI =BCD *®, 
HIK= CDE, and ſo on; therefore, FG being alſo 
= 8, GH = BC, HI = CD., Sc. the two 
polygons n FGHIK are ſimilar to, each 


Def. 14- other. 
4. 


SCHOLIUM. 


The figure FGHIK may be otherwiſe con- 


ſtructed, by making the triangles FGH, FHI, &c, 


reſpeCtively equilateral. to ABC, ACD, Ac. as is 


evident from 14. 1. and Ax. 4. 
3 


7 


7 R O- 


Jo diferibe a figure (FGHIK) equal, and finilr 


gu, Ay 


Ce ic tha 


Book the Sixth. tas 


PROBLEM. XI. 


Upon a. given line (AB) to 22 4 r 
(ABC DE) Amilar to a . ri 28 | figure 
(PQRST). | 

Draw PR 3 5 5 = 
and PS, and _ 
in PQ (pro- Þ 
duceditneed- + 
ful) take Pg E 
AB; draw 
gr parallel to 
QR*, meet. 
| ing PR 1 
alſo draw rs and st, WY to Rs and 87 
terſecting PS and PT in 5 and ?; then upon ABl. 

y the precedent, deſcribe a polygon equal and | 

ſimilar to Pgrst ;- and the thing is done. ee 1 

For, ſince any angle BCD (ars) of the vole 
ABCDE, is equal to its correſpondent QRS ; „ Cor. 1. 
and alſo CB (r): CD (r):: RQ: RS?, there- 7.1. 
fore the two polygons ABCDE, — are like ; Bert 
to each other b PAGE| 29 


Py * 
— % * 


. scHOLIUX. 


This laſt problem may be otherwiſe conſtructed 
by making the triangles ABC, ACD, ADE equi- 
angular to the e POR. PRS, PS T. re- 
ſpectively. | 

For, then the angle BCD being = = QRS, CDE 

RST, Sc.; andalſoBC:QR (:: AC: PR) - Ax 4. 1. 
:: CD: RS., Sc. the two polygons muſt therefore | ES 


= be ſimilar to each other *. . * 


_ 


\ 


- * — 2 
3 — 
=o 0" to HI . >< any eters. 
+ « : 


2. . 


* I 5 


5 EPS 


14.5. 


angle AGNE 
5 P; in AB 


to a mean pro- 


Elements of Geomelry. 
PROBLEM. XII. 


7⁰ deferibe a figure, ſimilar to a right- -lined Hure 
given {PQRST), which ſhall be 10 it * a my. 
ratio of one right-line to another. | 


In PQ (produced if ne- 


ceſſary) take Py to PQin 


the given ratio of the figure 


to be deſcribed to the figure . 


given” ;-and, in the ſame 
line PQ, take/Pg ” ual to a 
mean- proportional | 


( the precedent) let Pert, 
ſimilar to PORST, be de- 
ſcribed, and the thing 1 py | 


For, ſince Pn : Pq: : Pg: PQ (by C | 
427. 4. therefore FEN: NQ: 1 e . ) : 


PROBLEM XIII. 


= 75 0. deferite. a Hire that ſhall be ES to one 
 right-lined figure given * 95 nd 4. e zo another 


(ABCD). 


Upon AB 
make the rect- 
angle ABFG 
S ABCD 
and upon AG 
make the rect - 


take Al equal 


portional be- 
tween AB and 


AE *; and upon AI let AIKH be deſcribed fimi- 


etween < 


Pn and PQ*; upon which 


Bod the Sixth. 125 
lar, and alike ſicuate, to ABCD* „ and the thing 15 11. 6. 
done. 


For ABCD (AF): P (AN): : AB: AE*s: 27 7 


ABCD: AIKH*; and SE AIKH = P. e 
5 Eg Ax. 4. 


PROBLEM XIV. 
Jo deſorite à figure fmiliy to a i ven right-Gim 
Agure 2 which Hall 5 Fl anorber 2 


riobt-lined figure (P) in a given ratio of « one right- 
CI 00 — 


* 


| * 
nA 
edt > 


| Make the eden. ABFG = ABCD. 3 r 7.6. 
rectangle AGNE =P*; alſo in AE, produced, 

take AQ = a fourth. proportional to R, S, and : 
AE *; then, by the precedent, make AIKH fmitar h 13. 5. 
to ABCD, and equal to the reCtangle AGXAQ: - 
then will AIKH ( AGXAQ ) : P (AGx 
AE 9: A AE*: 8: "Mes which was to be i Conftr. 
done. 2 7.4 


_— 


The End of the SixTa Book, Z. 
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7 


to a plane, when it is perpendicular to 


I. A 'Right-line i is ſaid to be a ormeaticalir | 


all right-lines, that can be drawn in 
that plane, from the point on which it inſiſts. 


2. One plane is ſaid tobe perpendicular to 


another, when all right- lines drawn in the one, per- 


pendicular to the common ſection, are * 


Culer to the other. 


3. Parallel planes are t 8 are every 
where equally diſtant, the one from the other. 8 


. A Solid is that, which has lengeh, breadth, 
and thickneſs. 


Similar ſolids a are ſuch, as are bounded by an 
ef * of ſimilar planes. 


1 6. APriſm 


Bool tbe Seuentbz. 129 
6. A Priſm is a ſolid, whereof . 1 


the planes of the ſides are parallelo F——{— 
grams, and whereof the two ends, o 

oppoſite baſes, are plane, reEtilinear | 
figures, Parallel to each other.” | 


. A parallelepipedon is a 
ſolid bounded by ſix parallelo- 
grams, whereof the oppoſite 
ones are parallel, equal, and 

like to each other. 


8. An vpright priſm, or atalſelepipedon, is 
that, whereof che planes of "ay ſides are perpen- 
dicular to the plane of the baſe. i 


9. A rectangular paral- 
lelepipedon is that, whoſe 
bounding planes are all reẽt- 
angles, and which ſtand at 
right angles one to another, L— — 


10. When all the bounding planes 
are ſquares, the parallelepipedon is 
called a cube. | 


* 


11. A Pyramid is a ſo—- 
lid; whoſe baſe is any right 
lined plane figure, and 
whoſe ſides are triangles, 
having all their vertices 
united in a point, above 
the baſe, called the vertex B 

„of the pyramid... t 2k, 5 of 
 ABCLE repreſents a pyramid, whoſe vertex is A, 
„ EEE... Lit 

| e „ - 


0 


=_ L . 
4 
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SH 2 oh 1 C 
12. A Cylinder (H Ccd) is a | 


. 
N 7 


_] 
4 
| | | 
7 +17 
| j 
o4 1 
{ | 
a7 
: [ 
T 
14 
tt 
b 14:4 
1.742 kl 
g 14 
1 0 
_ 
. 417 
74 
1 * 
0 


5 folid generated by the rotation | 
of a rectangle ACDB about one | | 
q of its ſides AB, ſuppoſed at | þ _F- 
reſt ; which quieſcent lide AB | | | 
is called the axis of the cylin- | 
W 


13. A cone (AC) is a 
ſolid generated by the rota- 
tion of a right- angled tri- 
angle ABC about its per- 
pendicular AB, called the 
axis of the cone. 


. : 


„ 


14. A Sphere is a ſolid generated by the rota 
tion of a ſemi- circle about its diameter. 


15. The Fruſtum of a pyramid, or cone, is 
that part which remains, when any part next the 
vertex, cut off by a plane parallel to the baſe, is 
taken away. | = „ 
16. The altitude of a pyramid, or priſm, is the 
perpendicular diſtance of the vertex, or upper 
plane thereof, from the plane of the baſGeQ. 

17. Every rectangular parallelepipedon is ſaid 
to be contained under the three right- lines that are 
the length, breadth, and altitude thereof. 


18. A Plane is ſaid to be extended (or to paſs) 
by a right-line, when every part of the latter is 
Placed in, or touched by, the former. * 
285 3 2 —» 


Wd 


— : — k bh : 
7 _ , $ = : : * 8 ny 
« 4 1 * . * 1 4 
Bool rhe Svend. 
8 7 q 


Ar KX 10d. 


Upright priſms (aabeC BA, D4fF ED) of FR 
- fame altitude, ſtanding upon baſes (ABC DEF) . 
equal and like to each other, are Wer. 


To ſee the evidence 
| of this AXIOM in the 


8 
ſtrongeſt light,” conceive c A> Sy 
- @ right-lined plane f- 
 gure PR to be form- 
ed, equal and like in all 


reſpe?s to the baſes ABC, ; | 
DEF of the two priſms ; 5 
upon which, conceive the pri FRE 10 as . one after 
another, ſo that their baſes may coinade therevith. 
Then, becauſe the planes of the ſides ſtand, in both 
caſes, perpendicular to: the plane of the- baſe, upon the 

Same lines PQ, QR, PR, and are carried up io the 

ſame height, it is manifeſt, "that the bounds of the two 

 folids, when thus placed, have the very ſame poſition 5 
and, conſequently, that the ſolids themſelves, occupying 
(ſucceſſively ) the. ſame ne face, are * the 

one to the, other, 8 


A rosruLATE. 


That by any two right lines (AB, AC) meeting 
in a point, a plane may be ö 


n order the better to 
comprehend the ſenſe and 
defexn of this Poſtulate, 
let a plane BDEC, ex- 
tended by the right- line 
joining toe points B and C, 
be conceived to be revolved - f 
about upon that line, till it meets with, or takes in, ibe 

Pont A; then the OY r in that * all 

the 
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. . the three points B, C, and A, it a Io includes, or is 
extended by, the right lines AB, „AC, BC, joining 
thoſe points; which are in the ſame playe with their 
extremes (by: def. 6. 1. }+. : 

| Henceit appears, that, b any three pointe, 4 plane 
may be extended; and that all the three ſides of any 
ri - 88 are in the ſame 8285 | 


"THEOREM J. 


The common Jettion ef two planes (4B, CD) . is. 7 
. . | | 


For, between the two ex- Are IR | 

treme points E, F of e 
common ſection, let a right- E | - 
» Poſt 1. line EF be drawn *; then, that %: 
> Pet. b. i. line being in the plane AB?, JD B 


E. Ax. and alſo in the plane CD, it | 
8. 1. muſt, of conſequence, be the common ſection of 


, 1+ 1 


l > —_ _— = £ Z . 
—— — 2 — — — 2 
— — — notary nn —— 2 8 N 5 
- * 7 * Ds $5 0 
: —ͤ —— 1 
- g — — _ —_— — == 
6 my — phe —_— = my * ä 
x 
4 
- 
© * . 
* 
* 


LE TEE — 
— — 3 — — — 
—— _ . ca I. th, eas ano. yd 
= 5 2 > 
— — — — — 0 


=< + — 


| them both. 
= 3 THE ORE M 17. | 
1 . If a right-line (AB) be perpendicular-t res thor 
= right-lines (CE, DF) cutting each other, at the com- 
=__ muon feftion (A), it will be perpendicular to the Plane 
| (CEF) paſing ty thoſe two has 
e 
Take Ac, AD, AE, ap. N. V, 
all equal to one another; and, In 1 
having joined CD, DE, EF, FIN 1 
| CF, let there be drawn thro' 6 RAY A 
A, in the plane CDEF, any | I 


right- line GH, meeting CF 3 

and DE in G and H; and | // \ T 
1 let BC, BG, BF, BD, wm. 1/7 AN | 
5 00 7 BE be. alſo Joined, 2 


| 12 1 SY 6 . , 4; 3 ; > +44 Bec 
| 


* 


1 0 151 Seventh.” 


Becauſe AC*=AEEAD=AF, td CAF=» Conte. 
DAE «, , therefore is CF DE“, and the angle FCA Jo 1, 
(or GCA) = = DEA or (HEA); and fo, GAC' be- *Ax.10.1, 
ing likewiſe = HAE © and AC As thence 
wil AG =AH*andGC = HE. — 416. 1 
Again, ſince the right-angled es CAB, 
DaB, EAB, FA have their baſes all equal f, and * un. 
the perpendicular AB common, their hy chenuſes . 
BC“, BD, BE, BF will be equab too; and therefore, * 
the triangles CBF, DBE being mutually equilateral, 
the angle F CB (ar GCB) muſt be.=-DEB. (or 
HEB *); . GC being alſo = HIE, and BCS 14 1. 
BE, thence is BG BH“: Therefore, AG being 
likewiſe (as is proved above) =AH, and AB com- 
mon, the angles GAB, HAB are equal, and con- 
ſequently right- angles. In the ſame manner, AB Def 4 
is perpendicular to every other right-line drawn . 
-thro' A in * ba FN 5 which er io 85 5 " 
 minſtrated, © j rok, zcrigc Bae be 


of 7. 
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Hence it will- appear, that, if one 'right-line 
(AB), meeting ſeveral others (AF, AE, &c.) in 
the ſame point (A), is perpepdicular. to them all: 
theſe laſt will be all in the ſame plane. Becauſe 
it is impoſſible for a right-line (Ab) drawn from 
A, out of che plane (FEDC) of the two former 
of theſe, to be perpendicular to AB; ſeeing the 
angle BAb is leſs, or greater, than a right-angle (or 
BAH), according as Ah is poſited aged or be- K 2.7, 
loy. the laid plane FED C“. | +  VAz.2-Þ6- 


THEOREM III. al eee e 
Ifebro' any given point (A) in a given Maw BC D), 
a line (CD) 5 drawn, and perpendicular to that © | 
line, at the ſame point (A), two other lines (AB, EF 
'.be alſo drawn, the one (AB) in ibe plane given 
(Dy as the OO any other plane (CDE) | 
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1. Elements of Geometry. 

.__-. » paſſing ty: the fuſt lim (CD); then, 1 ſay, that a 

Tighbi-lins (AF) eres the given 1/0 (A), 4. 
rigbt- angles 10 the firſt perpendicular (AB) in * . 

plane (B AE) of the two, will 5 to t 

1 given plane (PON). at 08 given oe 1 855 


For CA being p 
Adicvlar both to AB and e £6 
AE, it will likewiſe be 
perpendicular to AF,; B 
and fo FA, being per- 
pendicular to AB ® (as 
well as to CA) is alſo per- 5 
RT to the plane 
in which AB and 5 
| CA are drawn ”, „ 


= $SCHOLIUM. 


perpendicular to a plane, at a point given, 1s in- 
dicated, and the conſiſtence en oy defmition, of 
this book, evinced. | 


THEOREM Iv. Sy 


Two right-lines (AB, CD), perpendicular to the 
* plane (EF), are arallel to each other. 8 5 8 
Draw in the plane EF, the e Ret _ 
right-line AD, and alſo DG per- RTE hath 
pendicular to AD; make DG= TL 
AB, and let AG, BG, and BD 
be drawn. 3 
be triangles BAD, ADG, | 


WF 


„har. having AB =, DG'?, AD com- 


Def. 1. J. mon, "and. the angle BAD (= Anka = 
aAx. 10.1. ABG, will allo have BD = AG *; And: fo, the 
triangles BDG, BAG being mutually equilateral, 
14 1. the angle BDG muſt be=BAG=" right- angle: 
| Bur the line c (as well 6 and AD) being per- 

 pendicular 


In this laſt Theorem, the 'manner of ercfing _ 


. — 


bende to DG ?, it is therefore in the fare” Diſ.r'7; 
plane (CDAB) with BD and AD* ; and conſe- * Cor. to 
quent vr the angles BAD, CDA are boch . 2. 7. 
© ones?, tos 15 prin 1 4 1. 


COROLLARY. 


e it follows, that from the ER given poing, 
to one and the ſame plane, more than one perpen- 
dicular right - line cannot poſſibly be drawn: Be- 
cauſe all perpendiculars to the ſame plane, are pa- 
rallels; but lines drawn from the ſame n ge 
* * 3 


THEOREM v. 


Hef * 8 right-lines (AB, CD)the one( AB). 
is perpendicular to any. plane (EF), the other (CD) 
foal 4000 be perpendicular zo the ſame Plane (EF I 


"The comfunchion oFDoG, AG, - ooo 
Sc. being ſuppoſed the ſame here BW *{C 
as in the preceding Theorem; it © FEST | 
appears from thence, that ADG [A 
and BDG are both right-angles : / 
And, becauſe BD, as well as AD, | 
is in che plane of the propoſed moet „ 
patallels BA, CD, the ange Def.. 
_ CDG is alſo a fight · one > as is likewiſe the angle 2. 7. 
CDA of Therefore CD is hr to the 74.1. 
my ADG „ 22. and 


Def. 1. 
"THEOREM VL 


Ff « right-lixe (PQ ) be perpendicaler ts . plas 
(AB), any plane (ED) paſſing by that line, will be 
Y nad to the Jame Plane (AB). | 


Cy? 4 Ka ee In 
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1 Eleme ne. 
| In the plane ED, from E P N. 


* 4.1, Parallel to IG dere. 5 


5.7. fore perpendicular to the plane . AB*. 'By the ſame 


. "Inference; all other. rigtit-lines « drawn i in the, plan 
"ED; *perpendicular 10 the common ſection C 


e alſo perpendicular to the plane AB. "There- 
fore tlie — ED iefelF i is IN to the Plage 


"Def.z.7 AB”. : 


COROLLARY J. 


Hyp. and tion. CD, being alſo © perpendicular to P 


COROLLARY. Ul,” 


+ fides which line, another perpendicular to AB, 


f Cor. to from the ſame point 1, cannot be drawn” 35 


7. £4 


s * 


THEOREM VII. 


*Plines (EF; GH) 70 which one and the ſame right- 
ap (AB) is mars are parallel to c other. 


From 


232 any point K, draw RI per- A N n 

| pendicular to the common N 175 
- ſection 2 Þ o- Fi b hen, the n= © 222 AGE: D 
cle DIK being a right-an- ©: * = . 

v Def. i 40 gle DOP, IK will be © X 2 3 


Hence it will. appear, that the plane AB (ac- f 
5 an to the ſenſe of the definition) is perpendi- 
cular to the plane ED: For a right line QR drawn 
in the former, perpendicular to the common ſec- 
it“ (and 
Del. 1. 7. conſequently the plane AB in which it is) wal be 
| 4 2-4 & . perpendicular to the plane ED. 


Hence it alſo appears, that a me landing at 
frignht-angles to one of two perpendicular planes at 
13 any, point ) in the eommen ſection (CD) muſt 
be in the other. plane: For the line IK, in the 

plane ED, is perpendicular to the plane AB; be- 


= 


8 an in C, "ER 3 2 

plane EF, Ry be draun = 1] MG 

parallel to AB; which (as . 

well as AB) will. be perpen- "| . 

dicular to both the planes?; 

and ſo the angles A, B, C, J 

| D (when AC and BD are. | RT 

| Joined) being all right-· ones 4 . b Def. 1. 
| the figure ABDC. (whereof the ades Ad, BD 7. 
are in the ſame plane with the parallels AB, 

T0 ) will therefore be a rectangular parallelo- ! Def.6.1. 

gram *; and: conſequently CD ABI. By the *4-1- and 

very ſame argument, all other perpendiculars, ter- , Pef. 24. 

minated by the two planes, are equal among them» Rey. 2 

e ; Which: as to be demenfirated *. *: e hos. ®Defq.” | 


 * COROLLARY. 1 
Hence, all right-lines perpendicular to one oftwo 
parallel planes, are alſo PrrpenciCulay to the other. 


. $.G Hi OL, 1 UM. 
From the two laff Thearems, the ſenſe, and pro- 
priety of the two definitions of of ns) and 
Win N appear manifeſt,” | 


THEOREM VIIL 


Ri he le (AB, CP) parallel to one and the ſame 
right-line (EF), tho' not in the Jens or 1 5 
ay alſo bal to each al her. F 


Let GH and GI be drawn A un | 837 


perpendicular to EF, in the. 
PE planes AF and ED of the pro- "= 8. 2 
poſed parallels. Then all | 8 * 
F be perpendicular to the - 5 wed 
1 e paſſing by HGI; and 1 iD 
B, 1D: will alſo be perpendicular to the "as | 1 


. 4 
2 3% 
- 
_ 4 
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8 
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4 - 
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h 5 Plane * and therefore parallel to each other . df. 7. 
EY | 7 THEO-" +7: 
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8. 7. 


* ö. bo 


9 


n — 4 Fe BE, AD, CE, 


Byp. and and parallel, BE and CF wil SE 
Conſtr. be both equal, and parallel, to AD 5, | - 


and 8. 7. to EF*; and ſo, the triangles ABC, E 


the plane BAC, meeting the A. 2 


Eltments of e. 


7. THEOREM R. 


_ If two right-lines (AB, AC) merting beck ; . 5 
| be en parallel to two other right-lines (DE, 
DF) alſo meeting each other, and wot being in the - 


ae * Plane with ibem; the angles 9 EDF) * f 


_ 2 , "wh be - ol] 
RC, EF be drawn. - Then AB ad 
ED, as well as AC and DF, being 4* 


and therefore equal, and parallel, o 'D 
each other*; whence BC is alſo equal 


DEF being mutually equilateral, / the 
angkes BAC, EDF are likewiſe <P.” 52 


THEOREM X. ws 


n two right- -lines (AB, AC). meeting 6K * : 
be reſpeftively parallel to two other rigbi- lines (DE, 
-DF) alſo meeting each other, and not being in the 


ſame plane with them, the planes (BAC, EDF ) ex- , 
tended by wy lines, will be any ig 1 


Let AG be perpendicular to 


plane EDF in G; in which laſt Rx 
plane, jet GH and Gl be drawn 31 erl. 
parallel to ED and DF; and g 

they will alſo be parallel to AB 
and AC *; whence, ſeeing the 


* Conſtr, angles GAB and GAC are both right * 401 11 and 


401 muſt ei be e gaht ale 3 _ fo AG 2 


0 5 F (=; 
* Po 
* „ 5 


ä 
being perpendicular to the plane EDF (as well „ 
as to BAC * the two __ are Tye: to each » Conftr, - 


9, 4 4 5 1 277 
- ; . 
A . ; 
5. % ay p b 
n „ 2 " * 
A 
4 


THEOREM Xl. e 


The Abo (EF, GH) mad: by 4 ne „ 
cutting two parallel planes OM: CD) . . a e " A 
ith, the one to the other. 5 


Let EG and F H be 
drawn parallel to each other, 
in the plane EFHG; alſo 
let El, FK be perpendicu- 5 
: lar to the plane CD, and let 
1, KH be joined: Then, 
EG being parallel to FH*, | 
and EI to EK , the angle „ 8 
El is = HFK ; but the . 
angle EIG is alſo = FK H, — both right-an- - 

. gles 5; and El is = FK“: Therefore EG will be * Defa2.7. 
equal (as well as parallel) to FH ; and conſe- ; — * Te 
quently ot hkewie parallel to GH*. e 25. : 


COROLLARY.» 


| It 3 rs om hence, that parallel 1 cter⸗ | 
minated by the ſame tes Dons: are x equal to 
each other. Eh . 


THEOREM XII. 


HF, from the two extremes of a right-line (AB) cut- 

Ting a plane (CD), two perpendiculars (AF, BG) ze 

draum to the plane; the right-line (FG) joining the © 

Points where they meet the plane, will paſs tbro the 

point (E) in which the propoſed line (AB) cuts the 

plane, ſo as to be divided by it into two parts (FE, 

EG), having the ſame ratio to each orber as thoſe 
0 Perpendicular (RR I. 


% * £ 
\ 1 : 4 
- a N F \ 44> 2 
. ' ' 3 1 2 3 
1 ͥͤ ²˙* 2. ²˙ . ²˙—.̃ . e ˙ůuꝓ᷑̃ũ ' 6mͥ , ůͥœqyn ES 


For, 5 


——— I» ey — IS or 


f Hyp · 
® 4.7. 


07.1. 
P 3. I. 
214. 4+ 


Def. 6. i. extremes are poſited", they 


E ſowencs of Gamary, 


For, if AF be produced _ A 
 tof, the lines Af and BG... _ 
| (which are both perpendicu- a 2 
lar to the plane CD ') ml | T6. 
be parallel to each other: Fe 4 
therefore AB and FG being | N 
both in the ſame plane with 4 6 
theſe parallels, in which their 


muſt neceſſarily (as they are 
not themſelves parallels)/ in- B | 
terſe& each other; And ſo _ 


the alternate angles FAE, GBE being * % as 


well as the oppoſite ones FEA, GEB, thence will 
"FE EG:: AF: IG? 23 aa Was to be demon- 


tate. | Bs | 


COROLLARY. 


- Hence, if in the plane CD, the ting F . GD Ga 
made parallel, the one to the other, and in them be 
taken Fa Fa, and GS GB; then will the line 
(ab) joining the points à and 4, cut FG in the very 
ſame point in which it is cut by AB. For, if e be 


taken as the. interſection of ab. and FG, the trian- 


les aFe, Geb will be e Yn 3 whence Fe: 


e:: Fa (FA): G5 (GB) EG. There- 


fore, ſeeing FG is divided 1 ih one 0 the. Hate ra- 
tio, both by e a E, theſe ROWE: . FAY 
- coincide *, . | | | 


I H E O R E M XIII. 
J 40 Planes (AB, Co) cuttin ng each other, be 


* 
oO... 


beth perpendicular to a third plane (GH ), their com- 


mon — wil 10 be Re, to the Ys pare 5 
818 ). 


For, 


ö N 
[ 


© ©» Book-the Seventh 14 


For, from the extreme \ ** .C Co & | J . f : 
e e A "I 5 
tion, let the right-line FE q— TT f 2 
be erected perpendicular to Derr 
the plane GH: which line E S 
| being in both the planes Sed 
AB, CD i, it muſt neceſſ. nv — 8 2 
rily be their common ſection. Therefore the com- 5 1 
mon anus 1s e to the plane G GH®, >” 


- THEOREM XIV. 


1h, ola the angular points (A, a) of two equal 

angles (BAC, bac) tro right-lines (AD, ad) bedrawn, # | 
or elevated on high, above the planes of the ſaid an- 
gles, ſo as to form equal angles with the i firſt 
given, each to its correſpondent (DAB=dab, DAC 
= dac), and if, from any points (M, m) in thoſe 
elevated lines, perpendiculars (MN, mn) be let fall 
upon the planes (BAC, bac) of tbe firft mentioned an- 
gles ; theſe perpendiculars will be, in proportion, as the 
parts (AM, am) of the elevated lines included between 
chem and the angular Painto (A, a) Ain named. 


Make AD and ad equal to each other ; ahd i m 
th planes ADB, ADC, aal, ade, draw DE, DF, 
de, df perpendicular to AD and ad; and from their 
incerſetions with AB, AC, ab, ac, draw EF and 
e meeting AN and an (produced) i in G and & 
and let D, 'G, and a, g be joined. 


— 


—— — 
— 


2 42 Ein, of 8 


Conſtr. The: angles ADE, ADF being both tight · ones 5 
2. 7. not only tt Sine AD but the plane ADG ex- 

7 6. 7. ee by it, is perpendicular to the plane EDF. 
ot the ſame plane ADG is alſo perpendicular tothe 

EAF.”; Therefore the common ſection EF 

113.7. is likewiſe perpendicular to the plane ADG; and 

Pef. i. . conſequently the angle EGA a right-one *. By the 
5 very ſame argument, egais a right- angle. Now the 

triangles ADE, ad-; ADF, ad being equal in all 

1 reſpects *, and the angle EAF =eaf”', „ the triangles 

25. AEF, ef are allo equal and alike"; and fo, the 

„A. 10 fl. angle AEG being = aeg, EGA = ega, and AE = 

w1c.1., de, thence is AG = ag, and the angle DAG 

16. 1. (MAN) * dag (man), 1 ads are both 

14. os 3 Therefore MN: n:: AM: am?. 


e dn 


Hence the two perpendiculars MN, mn fubtend 
i EE equal angles at the points (A, a) from whence the 
of two elevated (or inclining) lines are drawn. 


THEOREM XV. 


| | 

| If any ſolid (Ac) having arefilinear baſe (ABC D), 
whereof the planes (Ab, Be, Cd, AD) of the fides are 

| parallelograms, be cut by a piane parallel to the baſe, 

the * (EFGH) _ be equal and eee ro.the- 
| | | For, the plane EFGH boing TY \£ 

= '.* Hyp. lel to ABCD *, EF is therefore pa- & 
| *11.7. rallel to AB *; and ſo; AF being a 3 
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> Def. 24. parallelogram *, EF is equal (as well I b 
„ | 0 paralle) to AB ©. ry fame A * 
manner is FG equal, and parallel to . 
FG, Sc. Whence alſo the angle | 
"9.7- EFG is=the angle ABC *; and fo * 


2 


of the reſt. Therefore EFGH is 


1 
wp 
'D 
both e uilateral and uiangular to ABCD. | 
2 . SR. 


7 a nn. 
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PF SOEEEEY- 
Hence the oppoſite baſes of a priſm are equal 
and ſimilar (as well as parallel) to each other. 


J 


VF, from one of the angular points (A) of ht 
rallelogram (AC) a rigbi-line (AE) be — = 1 
the plane of the parallelogram, ſo as to make any angles 
(EAB, EAD) with the tao contiguous fides theredf, 
and there be alſo drawn, from the three remaining. 
angular points, three other right-lines (BF, CG, DH) 
parallel, and equal to the former (AE); then, the 
extremes of thoſe lines being joined, T ſay, the figure 
| (AG) rbus deſcribed, will be a parallelepipedon. 


For AE. BF, CG, DH © 
being all parallel tio each 5 
other®, AE and BF are in 
the ſame plane *, as are alfo 

AE and DH, Sc. There- 
fore, all theſe lines being? | 
equal among themſelves, AF, - 
AH, DG, — BG are pãral- * . We | 7 
lelograms ; and ſo, EF being parallel to AB, pa- 26. 1. 
rallel to DC, parallel to HG*, EF andHG are in the 8. 7. 
ſame plane; and EG is alſo a parallelogram*®, equi- 25. 1. 
lateral to its oppoſite AC: but EG is equiangular, 
and parallel (as well as equilateral) to its oppoſite - 
Ad; becauſe, EF being parallel to AB, and EH 
to AD, the angle FEH is therefore BAD,, and 19. 7. 
the plane EG parallel to the plane AC”, And in u 10. 3. 
the ſame manner, the other oppoſite parallelograms | 
appear to be equiangular and parallel (as well as 
_ equilateral), Therefore the ſolid AG, bounded by 
 __ Them, isa parallelepipeden. 


= Def. 7. | 
COROL. „ff. | 


Ne Elements of Geometry. 


COROLLARY. 


1t the angle A of the parallelogram AC be 4 

. right-one, and AE be erected pet tpendicutar to the 
plane AC; then will the paral elepipedon be a 
rectangular one: for, all the three contiguous 
*Ayp. and planes AC, AF, AH being rectangular ', their op- 
4 = -poſlfes will be rectangular likewiſe?®; and ſo, the 

5 angles HGF, HGC being light-ones, HG will be 
*2.7- perpendicular to the plane GB and conſequently 
„ both the planes EG and DG likewiſe 1 
6. 7. to the plane BG. And ſo of the reſt. 


* $SCHOLIUM.. 


In this Theorem, a way to deſcribe a 'parallele- 
pipedon of any given dimenſions, is indicated; 
and the conſiſtence of the 8 and 80h definitions 
Seed. | 


5 
Y 


THEOREM XVII. 


Reftangular parallelepipedons (AG, ag) — 
upon equal baſes (AC, ac 0) » and "NM _ altitudes 


(AE, ae), are equal. 


Let the Ao 2 ; Is 
and KL, equal and like _ / 5 

to the baſes AC and ac 

of the two ſolids, be fo 

formed, that NK may be 

in the ſame ſtrait line 

with KM; then ſhall PK 0 

z be alſo in the ſame ſtrait 
2. 1. line with KI; and the N 
e, EM,, 
formed by producing the H 

ſides of the two rectan- 5 
a Cor, © gles, * likewiſe be rectangles. 


* ts * A * — oy * * 5 ld ” E. 4 p * : * \ - * 
* 7 ” L 
- . yy a _ 4 : ; 4 
- f —— — 
8 : * 0 : 
7 . - d : p 
: \ 
8 4 


Blok the FEST .” - md 


Now, HK and QK being drawn, the triangle WC 
NHK IHK „PRG EMK QL, and the rectangle * 24. 1. 
OK=LK*"'; and conſequently (by the addition of Hyp, + . 
equals) OQKH=LQKH. Therefore, HKQ be. 
ing a diagonal to the rectangle OL, dividing it - 24. 


into two equal, and like triangles OO, LH an as, : ; f 
if upon theſe, as baſes, two upright priſms. be con- - | 
ceived to be erected, of the ' ſame common alti- | 


'tyde (K) with the propoſed ſolids, theſe priſms 
will alſo be equal”. But the former of theſe is com- 7 Ax. 127. „ 
poſed * of three priſms, on the baſes OPKN, N HK, * Cor. ww | | 
KP; and the latter of three others, on KMLI, 18.7. 8 
HIK, KMQ ; whereof the ſecond and third, in | 
both ranks, are. reſpectively equal v. Therefore | oF 
the remaining two, on the baſes OPKN, KMLI $ | 
muſt alſo be equal. But the former of theſe Ax. Fs 
is = AG, and the latter = ag: T Rey allo, . | 
is AG =ag* e 2. * i -4 


THEOREM XVII. 


| I, at the angular points of any given rieht-lined . 
Jigure (ABCD), equal perpendiculars (Aa, Bb, Cc, + — 4 
Dd) be erected to the plane thereof, and the extremes — 
of theſe (a, b; b, c, Sc.) be joined; an upright priſm , | 
(AabedDCB A) on the given baſe LIES will | 7 
thereby be formed. © 5 


* | 


Wo 


For, Aa, Bb, ca by being | 4 es 
all equal, and parallel ©, it is —| | Þ Conftrc 
evident that AabB, BicC, Sc. — 1 4.7. 
are parallelograms * ; and that | 26.1. 
the planes of theſe are all per 1 
pendicular to that of the baſe | | 3 — 
ABCD (ſince Aa, Bô, Ce are 8 0 4 1 
ſo, by conſtruction). More- | |  - 


cover it will appear, that abcd a | DB \ 
is one plane figure, parallel to : 


- 7 nn 7 N v Ws 7 wy "4 * 9 N 9 
1 a I \ . x < us Ly 

5 MW - 

: ; i 4 ' 


Elements of Geometry: 

ABCD; for, the lines ac, AC (when a, c and A, C 
are joined) being parallels * (as well as ab, AB; 
ad, AD), the plane abc is, therefore, parallel to 
ABC*® (or ABCD); and acd is likewiſe parallel-to 
ABCD. But abc and acd are in one plane; be- 
cauſe Aa being perpendicular to both of them, 
and! conſequently to all the lines ab, ac, ad; theſe 
mult neceſſarily be all in one * plane, parallel to 
ABCD; which was to be demonſtrated '. | 


COROLLARY. . 
It appears from hence, that, if upon all the parts 
AC, ACD, into which any rectilinear figure BCD 
is divided, upright priſms (AabecC B, AacdDC) of 
the ſame altitude be conſtituted; theſe priſms will 
form one priſm, on the (whole) given baſe ABCD; 


ſeeing that abc and acd form one continued plane 
ſuperficies abcd”, parallel to ABCD. —_ 


 SCHOLIUM. 


After the ſame way, a priſm, any how inclining 
on the given baſe ABCD, may be conſtructed; by 
giving to Ag the propoſed inclination, and then 
drawing Bb, Cc, Dad parallel, and equal thereto. 
For AabB, B4cC, Sc. will (till) be parallelo- 
grams *: And, that abcd is one plane, parallel to 
ABCD, will alſo appear (in the ſam? manner) ; if 
a perpendicular from à to the plane ABCD, be 


conceived to be drawn. 


THEOREM XIX. 


If, onequal baſes (ABC, PQRS),-an upright tri- 
angular priſm, and a rectangular parallelepipedon be 


" erefied, of the ſame altitude; the two ſolids, them- 
ſelves, will be equal. _ | 7 
; of was : | c 0 


» a - * 0 
* , — 5 * * 
: x \ 4 k 
— , Pe , 9 * — þ 
> * * — , 4 , = . , 
A þ 5 4 . & aw 4 * : * — * | 
vB,» * 4 ry NA : T; 
« De | W's ; 
- P 5 * 5 
* * 5 > 
# AY 


Let C) be perpen- EH CT o 

dicular to AB, and let i 

the rectangles ADCE, 

BDCF be completed; 5 2% iy 

alſo let GH be drawu A DB F 

c 

ng AB in G; fo ſhall AG HE = FABFE* =>» . 2. C. 

ACB<=PQRS *. Now, the two priſms on ADC © Cor-to | 

and BDC, into which, that on ABC may be di- f 3 

vided *, will be reſpectively equal to two others, C. to 

on the equal and ſimilar * baſes AEC and BFC*: 18. 7. 

and conſequently the priſm on ACB = half the 21. | 

| priſm on AEFB*=half the two priſms on AGHE , = ” 3 

and BGH F the priſm on ACH E = the priſm i Ax. 3. 1. 

on * PQRS 9 : | * 17. 7. 


THEOREM xx. 


Every upright priſm (AaceA) is equal to a reft- 
angular parallelepipedon (Fk) of equal baſe, and al- 


- 


_ titude. 
Let AC, ac, AD, 


WR. 


the parallelepipe- 
don, let HL, IM, 
be drawn parallel 
to FG, in ſuch 
ſort that the rect- 4 
angles FH, HM, 3 

IN may be reſpectively equal to the triangles ABC, 
ACD,ADE*: Then aiſo ſhall the priſm( AabcC BA) 6. 6. 


F TY 


* In this Theorem, the repreſentations of the priſms are not de- 
Seribed ; becauſe a great multiplicity of lines, tends to produce con- 
Suffon in the mind of a learner ; eſpecially where ſolids are repre» © 
Jented. The ſchemes, however, may be formed, at large, by thoſe 

who think uh 14 to do it: But every tittle of the demonſtration , 
will remain the ſame, . 5 2 


* 5 3 


"<0 . - Elements of Geometry. 

| - on ABC, be equal to the parallele pipedon (Fb) on 

19.7. FH; and the priſm (Aacd DC A) on ACD, equal 
a to the parallelepipedon (L) on LI -; and conſe- 
quently the whole priſm (Aace ) on ABCDE, 
equal to all the parallelepipedons on FK, which 


| 3 form one parallelepipedon (Fe); becauſe}, Mm are 
118.7. ( 


A. Er. in te plane Fu, and Hb, Ii in the plane Gt * + 
\.- Henceall ppright priſms, having equal baſes, | 


and altitudes, are equal among themſelves. : 
| SC HUI . 
In the very ſame manner, the aggregate of any 
number of priſms, of one common altitude, will 
appear to be equal to one ſingle priſm, or paral- 
lelepipedon, of the ſame altitude, whoſe baſe is 
equal to the ſum of all theirs. . 
THEOREM XXI. 
Reftangular parallelepipedons (Ac, Df) having 
equal altitudes (Aa, Dd) are in the ſame proportion 
| 5s their baſes (AC, DF | 
1 Let the proᷣ- / / 
| portion of the /\./ 
baſe AC to the Ef 
baſe DF, be. 
that of any one 
number m (3) 
to any other A | 
number z (2). i EL 
Let AC be divided into (3) equal parts (or rect- 
angles) AL, IM, KC (by dividing AD into that 
=11.5- number of equal parts”, and drawing IL, KM pa- 
9.5. and rallel to AB)": And let DF be divided, in like 
1.2. manner, into u (2) equal parts, or rectangles, DP, 
. . NF: Which parts, taken ſingly, will be equal, in 
Hyp. and magnitude, to thoſe of the former diviſion *; and ſo 
„„ | 7 "INE - * 


N the 3 


749 | 


, is parallelepipedons' upon them (Al. Im, Kc, D 2 


' NF) will likewiſe be all equal:: Therefore the ſolid s , 


Ac is in proportion to the ſolid "DF; as the number 


of parts in Ac to the number of equal parts in Df, Ax, 37. 


or as the number of parts in AC to the number 0 


equal parts in DF, that is, as AC to BF. If the | 


baſes are ſuppoſed to be incommen/uraþle, the ſoli 
will ſtill be in the ſame ratio with them, as ap- 
| pears from the reaſoning laid. down 1 in the Schalium 


7. 2. 


to Theor.” VII. Book IV.; ach, is- e appli- 58 


cable 1 in this ale. | 1 N 


THE OR E M XII. 303 e 


Kettaseabe parallelepivedins (Ac Pe Eg) kunde ; 
pon equal baſes (AC, 5 75 we "7 37 Wo * 


their altitudes (Aa, Ee). 


Let AO be Nt 
a parallelepipedon 4/1}. - 

on the baſe AC, | 
whereof the alti- 515 TID 2 

tude AM is 5 BR. F. 
to that (Ee) o 1 
the parlllepipe 74 lll | 
don Eg: So fall. 


the ſolid AO = the ſolid Er. bbb if Ab and. | 


AN be confidered as baſes) it will be Ac: AO 


Eg) :: Ab: e. e which war 32. 7. 
1 | 


2 4. 


to ry roved, | | 
. -COROLLARY: | 


Hence, and from the preceding Theorem, i it fol- 
lows, tharall upright priſms are, alſo, as the baſes, 


when the altitudes are equal; and as the altitudes, 5 
when the baſes are equal; all ſuch ſolids being (by 


_ Theor. XX. ) equal to rectangular parniiciepipedotts 


1 8 5 * and altitude. 


L's THE o- 


17.7 


% 


7 
* | 
| 'T: 
* a 
As - 

> — 

” ” * 
6 + 
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© THEOREM XXIII. 
"Upright prijms and parallelepipedens (Ac, Eg) 


5 4 which bave their baſes and altitudes reciprocdlly pro- 
5 * (AC: EG:: Ee: Aa), are "I each 
© other. 


priſm on the baſe as 


121 AO — 4 


% 
0-21 of 
2 4 7 p 


AC, whereof _ — 
altitude AM ö 
equal to chat (Ee) 
of the priſm Eg. , 
ThenAO:Eg:: A 
21. 7. AC: EG" :: Ee jp | 
*Hyp. (AM): 32 AO Ac; and conſequently Fe ; 
„„ 
* Ax. 4. | | _ 
1 THEOREM XXIV. 
| 88 — #hright Pri une and paralliepipedus (46, 7 
a | kr are, to one another, i in the e Tafio of their 
5 ” ae). | . 7 1 


as, take AE, 04 K 
Al, AK in continued 


21.5 


26. 4. 
© Cor. to: 
f TY 


3 made AH 


proportion 1 and let = 
AM be a priſm on 
the bafe AC, whereof 
the altitude is AK. 

Then (becauſe of the 
firailar planes) | ft 

be AC i e:: AB : :: AB * as (arr) 
: AH*: *AP: : AH (ac): AK ©; and fo, the 

_ baſes and altitudes of the ſolids AM, ag being re- 


| Saba * W the ſolids themſelves are 


9 | caqual; 


Bl the Seventh. e 151 5 


elite; and therefore, AG: as : : AG: A . 


AE: AK*: But the ratio of AE to AK is tri-* Ax. 1. 


plicate to that of AE to AH . a). 'There- , of 4. 


fore, Sc. a nu bp gh | 1B. 
| 0 „ of 4. 


5 COROLLARY I. > 
| Hence, cubes are in the Gplcate ratio of their 
hoes” or r altitudes. ; | 


COROLLARY. II. 


Hence, alſa, all ſimilar upright e are to 
one another, as the cubes of their pris ſince 
both priſms and cubes, are in the ſame wire . 
ratio of the altitudes. | 


THEOREM XXV. 


 Ref#angular Parallelepipedans, contained under the 
correſponding lines of three ranks of aa rot: 


themſelves proportional. 
AB:FG:: KL: OP, 


e HF: : MK: 0. 
FI: : KN: yu 


2 


then ſhall the ſolid (Cc) contained ** the three frft 
antecedents, be to that (Hh) contained under their © 
three conſequents ; as the ſolid (Mm) contained under 

the three other antecedents, is to that (Qq) contained 


: __ the three —— conſequents. e 


\\ 


— 


N of- Geometry.” 
Let Hr and Q be parallelepipedons on the baſes 


HI and R, of the fame altitude with Ce and 


Mm reſpectively. 


Then ſhall Cc : Hy : : baſe CD: baſe HI.; 
And Mm: Qs:: : baſe MN: baſe QR“. But 
the four baſes, becauſe of the. proportionality of 
their ſides, are themſelves proportionals : and fo, 


by equality, the ratio of Cc to Hr, is the fame as 
the ratio of Mm to Qs. And the ratio of Hr to 


Hb is likewiſe the ſame as that of Q to Q (be- 


— Hr : Hb: : Ex (AB): FG =;: KL (Os: 


D *:: Qs: Q.) Therefore ſhall the ratio of 
Ee wo tb, be allo the hone as. the dae * Mw 


e „% 6: 


CO R OLL A] R 7. 
He ence the cubes of four proporicnal lines, a are 


| proporyonal, 


- Th Enlof theS SEveN TH « Bog Ke 


Sat i. SIA 


— 
— 


4 1 * % * N 5 ; * . 
4 F N * 1 * * 
q „ 6 . 
F . / : 90 
y - ” % _ 1 * * 
_ s * % * * 
. * - * 

* O N N . ne / 
= 1 . 

* ; * . MD Nj 8 f , C | 

J 4 'q * ae # 7 ? . - , 4 7 
: f - — _ * * 7 16e 
, N. * 
. * 


4 * ” 
— 2 181 3 Lan. 2a 
of , i : W * 7 * 


BOOK vm. 


PREY 
0 4 


— T —_——_ * * - AAS Tho i... DAM Hl. odd. CR A. 
* 


5 dee ee ere, 


HAT, of any two magni- 
tudes, of the fie kind, the leſs may 
be e 5 * till it t 


the greater, . 


2. That, a right-line may % taken ſo ſmall : 
FI: he ſquare thereof ſhall. be leſs chan any Tu; 


phficice aligned, . TREE 


9 . , $ — 


1. 


J. That, the Grevmſerence of a cee i is greater | 
than the perimeter (or the ſum of all-the ſides) of- 
any inſcribed polygon ; and leſs than the perimeter 

of any polygon deſcribed about the. circle. Fi 


What is required to be granted, in the ſie of 
theſe three Poſtulates, might be effected and proved, 
in form, by means of the Firſt ; but being itſelf more 
obvious (if Poſſible ) than even that, it ſeemed unnecgſ- 
* ſary to make it A thereon. 0. 

OY 5 L EN. 
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& .. --- 
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* iron the greater (AQ) of to unequal magni- 
1 tudes (AQ, CD) there be * the balf (PQ), and 
| from the remainder (AP) be again taken the balf (PO), 
2 and Jo on, continually ; there ſhall at length be left a 
f magnitude, leſs than the Jeaſt, (CD) of the two magni- 


| 5 est propounded. | 

! r — 2 
| and let this be | | 

⁰Rͥł'¹LX ee 


1 
| | Pol. z, ple CF exceed AQ. Let the propoſed biſections 
18 of AQ, AP, Sc, be continued till the parts PQ, 
E OP, AO be equal in number to the parts EF, DE, 
| dHyp, CD. Now AP (HA) a 4CF* CE. And, 
| in the ſame manner, AO (ZAP) CE (CD); 
1 ai w e nꝛ e 
1 ene 1: SCH O LIUM. 3 
When the magnitudes given (AQ, CD) are 
night. lines, a part, or meaſure (AS) of the one, leſs 
[/ . © 11-5. than the other, may be found at one operation; 
it bpby taking AS the fame part of AQ, a5 CD is of 
CFe. For, the whole AQ being leſs than the 
whole CF *, the part AS willalſo be leſs than the 
* Cor.1.4. part CD *. 5 : $ a} Yi | £ . | 8 5 : 9 


| Two polygons may be formed, the one in, the other 
about a given circle, which ſhall differ leſs from each 
other (and conſequently from the cirile #ſelf) than by 
auy effiened magnitude (Q) bowever ſmall. / 5 


' | ; : 1 J 5 . s 


CG, proceed =Y a ö biſeQion of che angles 
at the center, till you arrive at an angle AOB leſs 
than the ng Ap Bn by: 4 8 ned r 5. 3. and 
the regular n ABCDE „ by making , em. 1. 
che angles BOC, COD, &c.:equal to, AOB : and aud . 
let another regular pol polygon INFRSTV, of 
the ame number of ſides, be ibed about the | zo. 5. 
circle; which will exceed the inſcribed. one by a 
magnitude leſs than O. 

For, if to any angle N of the greater, ON 6 
drawn, it will biſect the ſame *®, and will cut the * 16. f. 
ſide CD of the inſcribed polygon at right- angles ! Cor. to 


lin v): And fo, the triangles OCN, vCN being 12. 1. 


_ equiangular *;.. they (and conſequently their dou- 19. 4. 
bles OCNDO, CND) vill be in proportion to each 
other, as OC? to CV, or as * AE* to AB", And. 24.4. 
it is manifeſt, that the whole circumſcribing poly- 
gon (OCND-+ODPE, c.) muſt be to its whole _ 
excels: {CND+DPE, Sc.) above the inſcribed 

one, in the ſame * proportion of AE: to AB*. But 


" the firſt antecedent is leſs than the /econd, or than a 


, ſquare deſcribed about the circle: Therefore the ? Ar 
firſt conſequent (CND FLEE; We ello 2%AB:; ” 
"I ACTING | We = Hyp. 


Order 


El, of 289,769 


2 12 - Otherwiſe. * 
\ Tat Alo tec one quadrant”. 4 


e 


olf the propoſed circle; and Oo 8 
. 6. on the radius Ol, make the & 
rectangle OMNI. SA T*, Þ-” 
(IJ being as before): Take pe Te 
| ODa part of OA; leſs than | /... 
„Lem. OM“; and, having made V if 15 * | 
"AB, BC, e. each = ODA] 44 | 
| draw AP. BFQ4CG « 17 1. 
. perpendicular” to AO, meet- & C 
ing the circumferente in A, ay 
29. 5. F, G, H; through which: Pens, prall to A0 F 
— draw PF. Om, RH» meeting AP, BF CGR, 
in P., O. R 3 Q, RS, SI, as alſo AF, 
Fe, GH, HI. Fhen will-- the two polygons 
Ro | OAFGHI and OAPQRSI (whereof one is leſs, 
and the other greater than the quadrant) differ 
leſs from each other, than by' of ho? en ; 
r | {2 £1833, e391 © 
| For, that the former OAEFGHI i is Icls chan the 
FAS 2. quadrant, in which it is inſcribed, is manifeſt 7, 
And, that the latter is greater than the gun dran : 
— wio.ill alfo plainly appear; ſeeing two ſides AP, ST, . 
=6. 3. only, touch the circumference*; all the reſt PQ, 
5 QR, RS, falling wholly above it, as being ſides of 
. triangles PFQ, QGR, RHS formed out of the cir- 
2 Conftr. Cle *. Now the exceſs of the polygon OAPQRSI 
andAx.2. above OAFGHT, is compoſed of the triangle PAF 
(= Z ODp) and of all the parallelograms PFGQ, 
> Ax. z. OHR, RHIS (for they areſuch ©, becauſe'PF : 
| — 1 (AB), QG (BC) are equal, as well as parallel 2 
„and 26. Therefore PFGQ being '= plmg*, HR 
© Cor. 2. ymnH *, Sc. the ſaid exceſs will conſequently be 
10 2.2. = 20557 +#þSI* = ODSLT +OMNI(4 T?) 
| © Hype Q; which was to be done.—This laſt con- 


ſtruction is equally applicable to other curvilinear 


figures; the former is | peculiar to the circle. 


. - 
| | ; ; . - 
— ? L 8 had 
: "WP 1 ; 
— — —— — —— 


C ORO L- 


Bont the Ei. 1 
COROLLARY. * 


i follows from hence, that a. magnitude, which 
is greater than any polygon that can be deſcribed 
in, and leſs than any polygon that can be formed 
about a given circle, muſt be equal to the circle 
itſelf: ſceing that a polygon may be. inſcribed, 
which (as well as that formed about the circle) 
ſhall exceed any quantity leſs; than the circle itſelf, 
be the difference ever ſo ſmall; and becaule a po- 
lygon may be formed about the circle, whtch (as 

well as that in the circle) ſhall be leſs than "mY 
quantity that exceeds the circle. = 


| THEOREM 1. 

| Every circle (ACE) is equal to areftangle CORST) - - 

under the radius thereof (OR) and a right-line (OT) 

equal to half the circumference. 5 | 

It is evident, in the firſt place, that the pro- 
poſed rectangle ORST is greater than any poly- 


| 4+ A KK, 228 7h 
Wy 3 DNL . 1 
5 A 92 „ 
3 ; E : : 1 7 


e >: ĩ 3M 
gon ABCDEF that can be deſcribed in the cir- 
cle: For, drawing OA, OB, Sc. And alſo Ov per- 
pendicular to AB; it is plain, that the triangle 
Ao (* Ovx+ AB) will be leſs than OA x £ AB Cor. to 
(or OR x LAB): And? in the ſame manner, BOC, 3 - 
OR X TBC, Se. Conſequently, the whole poly- * N Aw” 
gon ABCDEE i is leſs than * ORXZAB + OR x 2. 
1 BC, Sc. that is, leſs than a rectangle (Om) by 9227 
under OR and Op = half the perimeter (AB+B 
* cho. wel But this rectangle 885 is — leſs 
n 


OS 


/ — 


— 


1388 Elements of Geometry. 
than O8, becauſe, Op (half the perimeter of the 
Poſt. 3. polygon) is leſs than OT ® (half the circumference 
| of the circle). Conſequently the-polygon ABCDEF 
is leſs than the rectangle OS. © OO Mabe 
But, ſecondly, it will appear tnat the ſame rect- 
angle ORST is leſs than any polygon HIKLMN 
that can be deſcribed about the circle: For, if OH 
OI, Sc. be joined, and the radius OP be drawn to 
. the point where HI touches the circle; then will 
Cor. to the triangle HOI= "OP> 2 HIC=OR x HI). In 
2. 2. the very ſame manner IOK=OR x IK, Ce. 
and therefore the whole polygon HIKLMN = 
Ng! Ne *OR x ZHI + OR x ZIK, Sc. =" a retangle 
5+* (On) under OR and Qq=half the perimeter (HI 
| + IK + KL, Sc.); which rectangle is, mani- 
| feſtly greater than OS, ſince Og (= half the pe- 
4 Poſt. 3. rimeter of the polygon) is greater than OT, 
| Seeing therefore, that the rectangle Os is greater 
than any polygon that can be deſcribed in the cir- 
cle, and leſs than any polygon that can be deſcribed 
cor. to about the circle; it muſt be equal to the circle. 
1. 8. | NE 1 


„„ Ir THEOREM IL -: 
All circles (ACE, ace) are in proportion to one ano- 
ther, as the ſquares of their radii (AO“, ao.). 
: circle ace: : AO“: a; then I'fay, that 


Let Q 
QS circle ACE. For, firſt, it is evident that Q_ 
is greater than any polygon ABCDEF that can be 


- Book the Eighth, 159 
deſeribed i in the circle ACE : 1 if another 5 
polygon abcaef, ſimilar thereto, be * deſcribed in the » 31. 85. 

circle ace; then will polyg- ABCDEEF : polyg. 
abcdef (:: AO.: as) ;: Q circle ace; where the * Cor. to 
- firſt conſequent (as abc 7 ) being Heſs than the 3 8. 
*/zcond (or, than the circle in which it is inſcribed ”) , 2 SEP 
it is manifeſt, that the*firſt antecedent ABCDEF 
muſt alſo be leſs than the ſecond A. * 4 
In the ſame manner it will appear, that Q is 
leſs than any polygon HIN that can poſſibly 
be deſcribed about the circle ACE: For, if about 
the other circle ace, a ſimilar polygon biklmn be de. 
ſcribed”? ; then will HIKLMN : hitimn (:: A0“: r 31.5. 
ab!) :: Q: circle ace; where the firſt conſequent 5 Tor: to 
(Vitimn) being greater than the ſecond (ace, the * * 
firſt antecedent HIKLMN muſt therefore be alſo » 9 
greater than the? ſecond Q. e 
Therefore, ſeeing that Qs greater than any po- 
Iygon that can be deſcribed in the circle ACE, and 
leſs than any polyggp that can be deſcribed about 
the circle ; it muſt be 822 to the circle” Oe 
1.8, 


SC HO L IUM. 
Afeer as fie manner, other ſimilar curvilinear 
figures are proved to be in proportion, as the 
ſquares of their diameters, or other homologous 
dimenſions ; by means of the ſecond conſtruction 
of the firſt propoſition ; it being very eaſy to de- 
monſtrate, thar the polygons formed from thence, 
whether both within, or both without two ſimilar 
figures, will themſelves be ſimilar. | 


THEO- 


-- ſquares on the radii W “ . 
OB, 04; and let OG, | 


| + 2.8, 
s e?2. 1 


7. 4. 


© Hyp. 


generating plane EBCF, 


are in the ſame Proportion as t 


| fame radii and right- 


. rs 


OR, during the whole 


J 


22 of Geometry. | 


THEOREM WT eee 


\ The We eee F all c ee! (AB ED! abe)! 
eir radii (O ents 


Let „b Edu: 


og be two rectangles A 0 | 
contained under the 


lines OH, ob, reſpec= -—- * 3 


tively equal to the | 8 N Wa 0 
ſemi- circumferences ABC, abc. Then, theſe rect- 


angles being equal to the circles themſelves *, it 5 


will therefore be, OE: OG: : oe: g. And in 


this ſame ratio are alſo the baſes OC; OH; ; oc, oh: 
whence 03 equality and alternation) OC (OB) : oc 
(0b) :: 0b: 120 —— ABCD 92 _ 


» 
F EMMA 2. 
If a ſolid (AC) generated by the revolution of any 
plane figure (EBCF) about @ quieſcent axis (EF), be 


cut by a plane perpendicular to the axis; the jefion 
_ will be à circle, having its center in the N (O) 
where it meets the axis. 


For, from O, in the 


mn 


draw OR perpendicular 
to the axis EF, meeting 
BC in R. 


Then, ſince this line 


— - C 


preſerves its perpendicu- 


2 . 8 larity 


* * mY | 

bol oy Eb e eee [ 1617 
lurity to the axis EF it: is · thareſd always in tlie 
wi paſſing Wen is ele to the ſaid : 
axis) f and Conſeqsently, as the: length thereof alſo o Cor. to 
contigues the ſame in every poſitibdmꝭ che line Renft 2: 7+ » 
deſcribed, in that plane, by the extreme. Point! R, 5 
by which he ſecklon is bounded, muſt he tlie cir- ; 
cumference of a IF, barge: the big * weak 255 32. 

the center. e | Fm [ 


Bus” 


* te. 13'S. Gi. 
"© 0 R 0 1 . R. i 5 2 13 


Hehe not only t Wed of cylinders ande cones, 
but all {eCtions Paralk to them), are e | 


ws LEMMA FY 


A Hehe Ns (PQ) Handing perpendicular to "he 
Plane of a cylinder's baſe (and not exceeding the axis 
CF) falls wholly within, or wholly without the lin- 
der, according as the point (P) iu which it inſiſts, is 
Situate within, or VP *. p 4 / „ 
baſe. : - $ 42-7 2 8 | : / | 
From the center C, to} e 'B F. ane 
given point Þ, draw CP; take, 25 17 | 
in CF and PQ, any two equal. | vi at 
diſtances CL, PN, and let LN 7 L e | 
— 
E 


* 


, eee. . = 


be drawn, meeting the ſurface | 


Nee 4 13 
of the cylinder in M. 15 Wy l 
Becauſe CL and PN are pa- erde 
rallel*, and therefore both in AX TOI 92 117 7. 
the ſame plane, LN is parallel 1 * 13. 
and equal to Cp. Therefore, 26. 1. 


when CP is leſs than the radius CG, LN will be. "Ie ae. 
than CG, or than its equal LM”; and ſo the! Pe 2 
point N muſt fall within the cylinder * . And the. = RAS; 
fame is equally true with regard to any other point | 
in the line PQ. But, when CP is greater than 
CG; LN will alſo be greater than HG n 
m7 the _ N wil then fall out of the cylinder e. 
M TR 


Oi ” 


.  Everyoylinder is equdl 10.6 reangular parallelepi- | 
„E 


1 fay, if the baſe ace of the cylinder a8 be equal 

do the baſe IKLM of the rectangular parallelepi- 

| . pedon IE, and the altitude OH of the former be 
alſo equal to the altigade KO of the latter; then 


22 


the two ſolids will be'equal 


1 For, firſt, it is evident, chat the cylinder exceeds 


f 
1 
—4 
i 
i 
þ 


any parallelepipedon (Tp), of the ſame giver alti- 
| tude, whoſe baſe In 7 leſs than the baſe (ace) of 1 
| | = S O— 2 
| 1 — e 
| | » ſr | 
| JE 


the cylinder. Becauſe a polygon (abe) may be 

» 1.8.. deſcribed in the circle ace, that ſhall exceed Kn; 
RS upon which, an upright priſm (of the given alti- 
+ 18. 7. - tude) may be conſtitured *; which will be leſs than 


'- * the cylinder as being wholly contained thereinz © 
| ſince ( Lemma 3.) all right-lines drawn perpen- * 

Cor. 2. dicular to the baſe, in the planes of the ſides , 

10 6. 7. from any points in ab, bc Cc. fall wholly within the 
cylinder, and conſequently the planes themſelves, 
in which they are. But this contained priſm is 

* 21. 7. greater than the parallelepipedon Ip * : therefore 

the cylinder itſelf muſt; neceſſarily, be greater | 
. t Ax. 2. than Ip *. E FOE Ng . n Sa : 


2 by leſs, nor. greater chan 
be equal r to it. 1 3 * 


— 


e 


4; Ebb. . 

* le manger it'll apear, chr ihe ee 6 
in lh than any parallelepipedon Ir (of the fame 
altitude) whoſe baſe” IK er exceeds that of the cy- 
linder: For a polygon (ABCDEF) may be de- 
ſeribed about the gh that ſhall be leG than - 


IK; upon which-a priſm may be conſtiruted?, 01.8, - 


which, tho! les chan Ir , will, nevertheleſs ex 7 8. 7: 
cope the cylinder. A 

© Therefore, ſeeing that the cylinder can neither _ 
bb i. e e pops 


py " 
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Hence, whatever is demonſtrated in the 21ſt, 
£29, and 23d Theorems of the preceding Book, 
with reſpect to the proportions of priſms, holds 
equally true in cylinders alſo; 1 . to. - 
priſms of equal baſe nd aide * 220. 5. 


8 I 
.SCHOLIUM. r 8 


From de Js demonſtration, it will likewiſe 
appear, that every regular ſolid, whoſe ſections,  - 
by planes perpendicular to the baſe, are all rect- 


' 


angles, is equal to a parallelepipedon of equal baſe 


and altitude; and conſequently, that all ſolids of 
this kind (which may: be comprehended under the 
name of Cylindereids) will be equal among them- 
ſelves, when their n as * as baſes, are 


. Ft 


bis * E 'M M "8 i 
wy two | ſide (HAH, hah) of the ſame altitude, - | 


Bae their jeftions by planes parallel to the baſes, at 
all equal diſtances therefrom, equal to each other ; it 


is propoſed to demonſtrate C under certain reſtrictions 
„ that the foligs, e. * be 


ES Ms 8 5 Let 


164 ⅛¹ͤ IFEFlemm f Gamer x. 
Let II, KK &c. i, kk; &ci be ſections of the twe = 
vicling che altitudes AB, aht parts BG, CD xc. 

3 bry cf &c. all mutiially equal to each other. Then 

* Hyp. every two correſponding ſections being: equal?“ 

. (HH=bb, II ii, &c.) the upright ſolidsd IN NH? 

Bub; I0OOl, isi & c. formed thereon, wilt alſo be- 


© © 
Re FE 
89 


20 fo reſpectively, equal one to another", whether 


+ ther the ſections themſelves be-right-lined figures, 
circles, or curvilinear figures g any other kind. 
A D BSE 4 75 - 7 3 
h 1 32 k + 431751 
5 e, 
SON row” | \ 
2 + #0 
TT 32 79 ET} 
N SY” hin ' 
| Now if theſe ſections HE, II Sc. be ſuppoſed 
to decreaſe, from the baſe upwards; ſo that the ſo- 


Ax. 2, Will likewiſe exceed the whole propoſed ſolid HAH®. 
But, if within HAH, on the ſame ſections (but on 
contrary ſides thereof) another ſeries of ſuch ſo- 
lids IRRI, KSSK Se. be formed; the ſum of all 
_ theſe will, manifeſtly, be leſs than the propoſed ſolid 
* Ax. 4. HAH, in which they are contained . And it is alſa 
5 evident, that this laſt ſeries will be leſs than the 


Ul 


—— 


— — —— — — —_— —— 0 — — 2 
— 
— — — — — — > a& 
Rd Lo — ————ů—ůw— — ͤ I kk ——ę—ST— — — TR 22222 =" "Wa wy — 
* % 
6 $ * 
» ﬀ * 1 


: ſormer (HNNH + 1001 &c.) by the greateſt of 
3 5 ES | 5 "=, : 5, | cheſe = 
Ut : 
| l | a 6 4 
| | y* 2 f 


lids IRR FE KSSK oe ined di HAH (be, 


tude, 1which!is groate 


Hoſe Tetids HNNH: t Q2ecauſe (this * „ 
ing excepted) tc every other ſolid of the rank, an | 


_equal, in the contained rank, may be aſſigned, auß, 
uice venſd: For IRRTLEEZIOOl, mann, 20. 7, 
LTTL=LQQE- N9-Woys ee „and Sch. 


Now, ſince the altitude BC, of che lid HNNH, * 
whereby the contained, and containing ſeries, differ | 
from each other, may be taken ſd ſmall. a part of 


BA, that the ſolid itfelf ſhall be lefs than any aſ- 


Signed magnitude whatever 5 it is manifeſt (from 4 4. 
thereaſoning in Corgl. co Theor. I.) that a magni- and 22. 7. 


than' any: ſeries of ſolids __ 
the kind above ſpecified) that can be formed within = ; 


the propate ſold HAH, and leſs than any feu 


ries. that, gan be formed about HAH, muſt. be 
equal ta k Ki. But 5 ſolid hab, being greater 
than am a Soide' 8 &c: contained 
therein *, is hetefore gr et tian any ferics/ of ſo- * . ; 
being, Ry peavvely, Fit, 's 4:5 And the ſame : 
CoA bab, being lefs than any ſerſes of ſolids (hn . 


I. 700i &c.) formed about it, is alſo leſs than any 


ſeries of ſolids (HNNH +1OO1 Ge.) that can be 
formed about HAH. 3 herefore the Goh hab is * 
a to HAH. 1 8 ; 5 

In this demonſtration, the ions as ſuppoſed - 


to decreaſe, continually, from the” baſes upwards ; 
ſo as to have the ſides of thejupright ſolids formed 


| thereon, placed wholly withour, or wholly. within, 


che ſuperficies of the "given ſolids HAH, bab: 


Which can only be the Cale, when all-perpendicu- 


lars, from any Points in the {urfage of either, to 


the plane of the bafe; fall within, the limits of the 
* baſe,” If, howevet, the ſections be ſuppoſed to de- 
creaſe to. - certain diſtance, only, and then to. in- 


* ercaſe again; the two ſolids will, ſtill; appear to 


| be e Becauſe 8 65 parts of the one, "terminated . 


N 3 FN. Ih +2 by 


— 


Elements Fl. e 
by ſuch limits of decreaſe, or increaſe, will by „ Out 
the ſame demonſtration) be reſpectively equal to 

the correſpondent part of the other. But, as no 


ſuch: ſolids, have a-place in the Elements of Geo- . 
metry, to we more _ them _ whuld wo. 


. re 


4 nn & * 
„ 


LEMMA 2 e , 


S . (ABCDEEG, TP S) 
& © 3 altitudes (AM, IN). be cut by 
24 to the baſes ; the: | {bcdefg, -pqrs) 4 
equal altitudes (Mm, * wil be in Jane 
1 Fab as the baſes, , 


55 For the Bedeſg BEE parallel cg = 
41. 7. thence 1 18 2 to B ü dia to BG, Sc. and 
9. 7. conſequently the angle og G b bed = BCD, 
1% 4 Sc. alſo &c: BC (:: Ad: n 5 g: BG. And, 
— inthe ſame manner, the ſides 4 other equal 
anges e are 5 T Thad, * two * 


«Def bp: Ta 
Tygons bedefe BCDEFG bo: Gmilars, "they are 
- to in pr n » As be” to BC*, or as AF tof AB 
II. 4. or, laſtly, as AM“ to AM“; becauſe (BM and bw 
en, ons drawn) the angles AMB, amb will be right- 
1. on £ and m, therefore, Paralel to * 5 K 5 
"OE But 


* 
9 


———— 


(Pi he ton gy ADR; 
proportion of Ae eee 
. gre, PQRS,.be Circles, they are ag the! Lem. . 
| der n Jo, FR. and conſequently as * 3. 23. 
Te "to TN. Therefore, fecing that che two ſec- 1 Cor. to 
tions have both the ſame ratio to Geir petto 59 
baſes, EAA 5 IO Be h 


| COROLLART. | 


| N. hence, chat the ſection 3 
ae * ee ws is ike 


= 7 THEOREM vi. 
1 N pramidt of the ſame. altitude tude Pending ln 
2 triangular baſes, are e g- themfehves;  _- 


and every. ſuch pyramid (AB CD) is ; is a ping : 
| 0 of equal baſe and altituds. 


Cas I. If the perpendicular, let fall "a the. 
vertex D of the pyramid. upon the plane of the baſe 
ABC, falls not out of the baſe, or beyond ihe li- 
mits of the triangle: Then it is manifeſt, from 
Landis * 4 hou. the 8885 of the ſolids A 9 


168 f — - - 


QRSTV; at all equat diſtances from the baſes; will. 
e be url thac the ſalids them elves. will, likewiſe : 
3 berg vake 1 250. grund SN AT x 

AI . If the: perptndicular (DB) from the | 
VvVerxten to the plane of: the baſe, falls beyond the li- 
wis of the triangle: Then, to the point E Where 

it meets the plane, let BE and CE be dran; and 
on BE let a triangle EBF be deſcribed equal to 

ABC (or QRST), and let F, D be joined. So 
ſhall the- pyramid CBF ED, ſtanding on the baſe 
CEE, be equal to the Pyramid ABE D, ſtand- 
„Lem. 4. ing on che- equal baſe CABE A; frath each of 
which, let the common pyramid CBED'be taken 
away; and there will then remain the pyramid _ 
Ax. 5. BRED = pyramid ABCD *: But the former of 
ttteſe is ( C4 1.) equal to the cone QRSTU; 
therefore it is evident, that the latter ABCD will 

alſo be equal to the * cone QRSTU and, conſe- 

ſb 3 that all pyramids of the ſame altiude, 
13 ſtanding on equal triangular halen will be equal 
in among themſelves *; ſecipg every ſuch pyramid is 
equal to a cone (QR RSTU) of equal Pa al- 


titude, 


„ THEOREM” VII. wo 
0 Every priſm (ABC DEFA) having 4 e 


baſe (A FE) is equal to the triple -& c pyramid EN the | 
fame baſe and altitude. 5 


In the planes of the three ""*Y ke th ho 
Jet the diagonals BE, BF, FD be JS © 
drawn. Then will the partFBCD pg —} >> 
1 of the priſm cut off by a plane , |. |. by 

LR extended by FB and FD, be a | >. 7 

| _- Pyramid on the baſe BCD, hav-: | A | 
ing the. ſame altitude with the | ob 

y Def. 16, priſm itſelf”, both ſolids being SEN 
contained between. the ſame* pa- j—— 


Des 7. * A Mere 3 1 | 


9 "mY ITY ASS 9 8 . 
"63 4 FF ole 91 * A % " * K "I * 
4 KO 6 . I'S. 8 — . A Dat 
* * N 
* A ot N . 7 : ; . 
| . 2 | 
— . 4 
* * 
! * 
* - 


— 
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over; a part FABDE of the priſm, if £5. 
2 plane be extended FB and FE; will be divided 5 
_ Into the two-pyramids FB AE, FDBE, which are | 
5 to each other*, as ſtanding on the equal.” tri- 16.8. 


— A er baſes ABE, BDE. But the former of > Bhs __ A 
5 | theſe pyramids FBAE, if B be now conſidered as _— 
3 the vertex thereof, will appear, alſo, to be equal - — 
Es to the firſt mentioned pyramid FBC D.“, the two - I 
A | baſes AFE, BCD (as well as the altitudes) being 2 
| equal. Therefore, ſince the three · triangular py- #3 
6 ramids (FBCD;'FABE, FBDE) into which the I» 
| _ priſm is reſolved, are all e to ack other 3 the | _ 
F is manifeſt. ys 8 *1 
"COROLLARY. 4 
| Hence, every priſm having a triangular baſe, is -* 05 omg 
2 to tlie triple of any pyramid of the ſame al- 1 
1 ſtanding upon SOREN lg wh 8 6 ſl ; 
' 524) | 5 
| THEOREM VIII. . 1 
| a priſin Abe, 8 a pyramid (Pc RSTU) | > 4 
ae 72 9 and Lal baſes. (ABC DE, 5 | 
| BORE ST) and have both the if the altitude; oy 
pri im * will be « aqua] Jo the i of the earl 
If che baſes | 1 15 
be reſolved — ä 
triangles; ABC, R 
 _AED::@g::tir 3s; | \ 
'., manifeſt, that 
| BbacC A willbe 37 « 
priſm, on the baſe 
ABCs berauſs' 
Dc being equal NV : 
and rallel to 1 V. l * o” 
on CI will * — Nei e a Def 6. my 


be a  parallelogram * ( vella, BoA hs BC 7 7 . 
| 1 * Def.6, 825 
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Therefore BhacCA is equal to the triple of the - 
2 to pyramid PQRU *, s, ſtanding. on an equal“ baſe 
art , (PQR). And, in the ſame, manner, the priſm | 
he a Aacu DC, on the baſe ACD, is equal to the triple 
of the —— PRS U, on the equal baſe PRS; 
and ſo on. Therefore, alſo, ſhall the whole priſm 
Ad, on the baſe ABCDE, be equal to the triple 
of the whole pyramid. ä on * _ 
5 baſe PQRST. | 


> COLO ar f 


Hence, all pyramids. ha ving the ſame baſe and 
altitude, are equal; being like parts of one and 
the ſame priſm, 


„ cenie 
| Henee, alſo, all priſms having the ſame baſe and 
* altixude, are equal; 1 equimultiples of one 
E and the ſame Pyramid ; GE 
155 COROLLARY III. 


2 5 : | Therefore i it appears, that every Em ** 
on its baſe, as well as every upright 


8 


do a rectan parallelepipedon ＋ hal Th | 
& 20. 7 and altitude * ; and, . that all priſms 
and ia whatever, having cqual baſes, and altitudes, are 
val equal to each other: which muſt be alſo true 
=” * | in pyramids and cones, every ſuch ſolid being fub- 
3 triple to x priſm, or cylinder, of the fame baſe and 
Ky and e ey 
| © COROLLARY W. 
A Hence it alſo follows, that nh hk deve; 
. A in the 2 1ſt, 22d, and 23d Theorems of the 
| preceding Book, concerning the proportion of 
priſms, holds equally in pyramids =_ cones z theſe 
a 11 „ 


con. 


PP 6 3: af. oa 


= Poe” ſolids 1 Eg, bes fall the A 


aA: ? cE* vs * AB; EF“ * AD: EH”, 4 Therefore |, 


5 


3 2 
, 1 1 : ! 1 
; : 5 : — pd” 
L % » a * % : * : * + „ * * 
a 7 - 2 % k ; 5 
? >a, 195 . N , 
„ ” -” "Fx FR Py r f aw / 
"4 _ / . y 4 1 „ 2 I EIFS — 
* — 


COROLLARY v. RO 
It Glee moreover, that all e but. 7 


: tums of pyramids and cones of the fame altitude, 
are alſo, in proportion, as their baſes. - For, the 


— 


ſeQtions, at all equal alcitudes, being in that propor- 3 
tion * , the parts cut off (as well the. wholes) will » er. 5 3 


| be jn the ſame proportion ; 1 eee 6 5 
Wa ; 64-1, a 36 2 


COROLLARY, vI. 


 Laftly, it will appear, that all cones, which have | | 
their altitudes and the diameters of their baſes di» 3 
rectly proportional, are in the triplicate ratio of 4 
their altitudes?; being to each other in the ſame ? 24. 7. oy 
roͤportion with priſms of equal baſe and | Ange. , Ger. 1 


l like parts . 8 e ee WE 


„ üben . 5 
A fimilar priſms, and pyramids, are in r the tripli- 570 


cate ratio of their altitudes. | | > 
From the extremes of the * Gdes Aa, — oy 


Ee, upon the baſes ABCD, EFH of the pro- > 7 


ap, « The angle BAD: FR * - FEH BA2 Def. 5 7. 
— 18 DAa=HEe??, being = is ap 1 Bas 75 5 / 


two 


— 
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| two upright priſms conſtituted on the baſes ABCD, 
HE. EFGH, of the ſame altitudes (à2P, eQ) with te 
wo ſolids Ac, Eg, will be ſimilar, the one to the 
Def. 5.7. other; and, therefore, in the triplicate ratio of the 
24. 7.  altitudes*- But the ſolids Ac, Eg, when taken as 
2 priſms, are reſpectively equal to the ſaid upright 
ones; and, when taken as pyramids, are like parts 
e t Cor. 3 ot them. Therefore the ſolids Ac,,Eg are alſo in 
8 the triplicate ratio of, the altitudes 4 and eQU. 
' . or. 1. 4. . 
3 PI. +. OROLLA o 
Fg - Becauſe ap: Q: As: Eet': AB: EF Sc. it 
3 — that all ſimilar/prifins, and pyramids, are 
—_- to one another; in the triplicate ratio of the ho- 
= mologous ſides of the like e 0 which they 
7 Cor 1, are bounded . 1 . 0 


The fruſtum (ABCDEFA) of any 4 Fe having 

4 triangular baſe, is equal ta @ whole pyramid, of the 

fame baſe and altitude, together with Kwo other \pyra- 

©. mids, that are in proportion thereto ; the one, as any 
de (BD) of the upper baſe. (BCD) is zo its correſpou- 
nN | dent (AE) of the lower baſe (AFE) ;- and the other, 

* 43 the ſguare of the ORE h de 15 zo "the Auare 7 

the latter. 


- Þ "2 Maths planes of he three 8 8 
„ fides, let the diagonals BE, BF, | 
FD be drawn. Then will the B 
4 | | part FBCD of the fruſtum, | 
| 8 cut off by à plane extended by .. 
FB and FD, be a pyramid, 
on the baſe BCD, having the 
ame altitude with the fruſtum 
#Def.16, itſelf⸗, both ſolids being con- ——— 
1 50 ft. fained between the fame * Pa- re en 
4 — AFE, BCD. e een 


. 1175 Ebd. mr 

Mai the, remaining part FABDE. of hs: Foe, 
1 if a plane be extended by FB and EE, pf 
will be divided into the two pyramids: :FBDE, 
FABE, having the ſume ratio; one to the other, as 
their baſes BED, ABE,, or: as)\BD:to/A Ef. But 21. 7. 
| the latter of theſe pyramids (BAFE), taking Blas pero 4" 
the vertex thereof, has the ſame baſe, and altitude _ PHY 
with the fruſtum given: And the pyramid FBCD 421 8 
( firſt mentioned) is therefore, in proportion thereto, and Cor. 
as the baſe BCD to the baſe NEE. that is (be- 4.1088. 


© Cor. to 
cauſe the baſes are ſimilar *), as BD to f AE: Lem. 5. 
whence the prope tion is manifeſt. ©; . 9 26. + . 


2 COROLLARY. 


© Since, of the three ſolids (FABE, FBDE; | 

FBCD) into which the propoſed ffüſtum is die 

vided, the ratio of the firſt ad third, is the dupli- 

cabof-that of AE to BD, or of the ratio ofthe _ | 
firſt to the ſecond :; ; ir is eyident, that theſe three 't das * 
| ſolids are proportionals® . From wherice i it appears, „„ 

oe 1 that the fruſtum cf any triangular pyramid is Dei. 7. . 
x equal to two (whole) pyramids of the fame alti- 2 


24 tude, on baſes equal to the two oppoſite baſes of 55 ETON 
1 ble fruſtum, a ad to a third pyramid; which is a 
8 mean — between the two former. And BD 
f cis alſo evident, that whatever i 15 above demon- os 

| ſtrated, in- relation to triangular. pyramids, muſt 85 


hold equally in all pyramids and cones, whatever 
5 Becauſe every ſuch folid is equal to a triangular * 
"3 yramid, of equal baſe and altitude; and every ! Cor. 3. 
| Liens: of the One, alſo m— the ee tc B. 9. 
ffuſtum of the other. Cor. 5. 


5 - to 8. 8. 
r fo ee L. E N A 4 2 


I % 


* 'F with radii, reſpefFively equal tO os three fides of 
- any rigot-angled triangle, three circles be deſcribed ; 
| that whoſe radius is equal ta the bypotheniiſe, will be | e 
e Woke ether Tuo, 3 eee ee 2 
hn So” It 855 | 


2 4 : at : * p MI . b 4 W. 

5 33 ; k 
* * ' 1 * 1 
1 5 \ ? , 
, , P * 
% - g ; . 
* * 
4 . / 
, . 
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it has been proved (in Theor. 3.) chat cireles 
are in proportion, as the ſquares of their radii 3 


therefore the demonſtration here, is the very 


ſame, as in ſimilar right-lined figures (Teer. 29. 
Fins: fl. 4 * Which 3 nn vou 2 5 recon- 


E 


THEOREM Xl. 


« > 1 is two-thirds of its circumſcribing « 9. 
” - <p of a aggro e and alti- 


11 
— 


Let AB W | 


: 2 wa ſemiccircle 17 
AGB and the rectangle . 
Def. 12. AbCB!; let HL be S 
and 14 any right · line perpen- 
Þ dicular AB. : meet -- 
- ingDCinL, andthe r TY 
periphery. of the ſemi- * B | 
Circle in K; and from the center _ let OK and 
O, interſecting. HL in I, be drawn. | 
= Hyp. Since A0 is = AD, and HI parallel to AD *, 
*4-1- thereforeis HI OH: But OHK being right. an- 
0 gled at H, the circle whoſe radius is OH (or HI) 
| will (by the preceding Lem. and Ax. 5. be eg ual to the 
| difference of thegtwo circles whoſe radi are OK 
em. 6. (HI.) and HK": Or, in other words; the circle”? 
=_ deſcribed by HI, or the ſection of the cone gene- 
rated by the triangle AOD, in its revolution about 
che axis AB, will be equal to the difference of the 
to circles generated by HL and HK ; that is, 
Ax. 2.1. equal to the annulus deſcribed by KL. , or lers 5 
ſection of the ſolid which remains, when feng | 
is taken out of the cylinder, SA - 


is is rwo-thirds of i Its circumſeribing cy 


ovely, 


thee two e&ions are; 8 8 * „ 


i... the ſolids themſelves will likewiſe be equal; Lem. he X 
that is; the cone (EOD) will be equal to the ex- hs 


ceſs of the cylinder (GDEg) above the infcribed N 


hemiſphere (G * We as the cone, or ex- 


ceſs, 1s one-third: partrof the cylinder *, the he-. 6.8. and 


miſphere muſt neceſſarily be e ual to che two re- Cor : 5 ; 


maining thirds. And what is here proved, with to 8, * 
reſpect to the halves of the propoſed ſolids, holds 
nile in the wholes. Therefore SE, ,- wer 


- 


COROLLARY I. 


 Henoe, a cone, hemiſphere and "linker; of ths Moe, = 5 
ſanie altitude, and ftanding upon equal baſes, are | 
in Proportion, as the numbers 1 2 and 35 e 


"COROLLARY II. „ 


Hence it alſo appears, that all ſpheres are to each | 
ether in the triplicate ratio of their diameters * ; be- 922 EE 


Rate the ſame proportion -as the circumſeriding 5. 8. + 
by ka N 11. are 125 pts "4 34 7+ - 2] 
4 F 7 e ; — 


” — 
- 
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VERY. quantity is anda by { ſome other 


quantity of the ſame kind; as a line by a 
line, a ſurface by a ſurface, and a ſolid by 


e And the number which ſhews how often 


the leſſer, called. the meaſuring unit, is contained in 
the greater, or quantity meaſi ured, is called the con- 


tent of the quantity ſo meaſured. T hus, if the quan- 


tity to be meaſured be the rectangle ABCD, and 
the little ſquare E, whoſe ſide is one inch, be the 


meaſuring unit propounded ; then, as often as the 8 


ſaid little Jquare i is contained in the rectangle, ſo 


many ſquare inches the rectangle is ſaid to contain: 


So that, if the length DC be ſuppoſed 5 inches, 


And the _— AD 3 inches ; the content of the 
9 rebtangle 


. 


99 | „ ; | F 
3 3 ; * * <> 1 8 , 
_ Of the Menſuration, &c. 


rectangle will be 3 times 5, or 1 5 Gare lc : 
| Becauſe, if lines be drawn parallel to the ſides, 


at an inch diſtance one from another, they will di- 


vide the whole rectangle ABCD into 3 times 5, 


or 15 equal parts, of one inch each. And, ge- 


nerally, whatever the meaſures of the two ſides may 


be, it is evident (from El. 7. 4.) that the re&- 
angle will contain the ſquare E, as many times as 
the baſe AB contains the baſe of the ſquare, re- 
peated as often as the altitude AD contains the 
altitude of the ſquare. Therefore, to find the con- 
tent of any rectangle, multiply the baſe by the altitude, 


and the product will be the anſwer. Thus, let the | 


length be 18 inches, and the breadth 15; then 
the content will be 15 times 18, or 270 ſquare 
inches, Cn Ä! 


The method of find- 
ing the content of a 
rectangle being thus 
known, the content 
of any parallelogram 
ABCD, or triangle 
ABD, will alſo be A 
known; the former of E 


theſe figures being equal to a rectangle of the ſame 


baſe and altitude; and the latter equal to the half 


oß ſuch a rectangle (by Cor. 2. to 2, 2.). There- 


fore, multiply the baſe by - the perpendicular, for tho 


.  gontent of any parallelogram ; and the baſe by half the 


perpendicular, for that of any triangle. Thus, for 


example, let the baſe AB be 18 feet, and the por- 


pendicular DE'12 feet; then the content of the 
Parallelogram will be 216, and that of the triangle 
108, ſquare feet. _ _ 


N ä 
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triangle, the area of an '& 


termined; by dividing 
the whole into triangles, 
and finding the content 


of the Mera of 


| wy the manner of 5 
finding the area of a2 


right-lined plain figure, - 
AS ABCDE, may be de- 


of each triangle. Thus, let the e dividing lines 
AC and AD, be 20 and 16 inches, and the per- 
pendiculars BF, DG, EH, falling thereon, 8, 12, 


and 10, reſpeRtvely ; * the content. of the 


| (ABC | 80 „ 
Triangle 250 being J 120 F, it is evi- 
ADE 1 30 : 


ow PER the content of the whole . will 
be the ſum of all theſe, or 280 ſquare inches. 


But, when the given ines: are expreſſed by frac- 


tions, or very large numbers, the work will be 


| ſomewhat ſhortened, by finding the content of 


every two triangles, having the ſame baſe, at one 


operation; that is, by firſt adding the two per- 


7 pendiculars together, and then multiplying half 


their ſum by the common baſe of the two tri- 
angles. Thus, in the laſt example, the half- 


: f ſum of the two perpendiculars BF and DG be- 


ing 10, if this number be, therefore, multiplied 


by 20 the meaſure of the common baſe AC, the 


product, which is 200, will be the content of 


the trapezium ABC DA; to which 80, the con- 
tent of the triangle ADE, being added; the ſum 


will be 280, the ſame as before. But, if the po- 
lygon propoſed be a regular one, that is, one 
_ whoſe lides, and angles: are all equal, the ſhorteſt 


way 


1 


os. ; x 4 


gage md Sell. - 90 
way af all, is, 10 multiply half the fon of alt* chs ; 


5 fides by the length of the line drawn from the middle 
0 of any fide to the center of the polygon. The rea- K 
En of of which is obvious, from the e e 

8 to Theor. II. B. VIII. 5 & 
5 Having 988 how the area of: any 1 0 | 
FM figure may be computed, it will be proper here, 
"ts to fay ſomething with __ to he re ans ; 46 | 
. * of the circle. 8 | | 
* Ic i is well ebw that to . ht true 
area of a circle, and to find a right-line exaftly _ 
1 equal to the circumference thereof, are looked _, 
upon, by mathematicians, as abſolutely impofli- 
ble: But, though neither the one nor the other 
1 can be accurately known, yet ſeveral Ways have 
5 been ſhvented by which they may be approxi- 
5 mated, to any aſſigned degree of exactneſs. 15 
* That, which I am now going to lay down, 9 
4 though leſs expeditious than ſome others, ſeems, — 
5 nevertheleſs, to be the moſt proper ſor this place, 
"pp as depending on the moſt ſimple and evident 
"= principles: I ſhall therefore _ with RY 
0 the 3 . : 
. | | 
MX L E M M-4. 55 | 
; FAD i c mas 
5 arcs of the ſame circle, and if the chords DB, "DC 
| be drawn ; then, I.. that . | 
2AD . 
n 6 | 
4 7 
E By: 
ſt 15 
7 
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For, if in DA 5 there be ka AF = 

- DC, and BF, BA, BC and the radius BE, be 
2 drawn ; ; then, the external angle FAB, of the 

—.— trapezium ABCD, being equal to the internal op- 
polite angle DCB (Sy 17. 3.) alſo AF DC, and 
AB = CB (Y Ap.); it is evident, that FB is 

alſo = DB, and conſequently the angle F FDB 
= DBE: And ſo the iſoſceles triangles DEB, 
DBF being equiangular, it will be as DE (AD): 

DB:: DB: DF (DC AD); and conſequently 
- = CAD XII: 2. E. D. 


COROLLARY. 


| 3 if the diameter AD be as by 
the number 2, the chord DB will be "denoted | 

by V/DC + 2: whence, it appears, that, if 

. the meaſure of the ſupplemental- chord of any arch 

AY be increaſed by the number 2, the ſquare-root of 
the ſum will be the So rotor 7 * that 


arch. ; 


| Nowyo oaks this to the matter a that 
is, to the finding of the area and circumference 
of the circle; let the arch ABC be taken equal 
to = of the ſemi-periphery ACD; then will the 
= chord AC be equal to the 9 AE (by 29. 5 oF 


— „ — - — La — 3 
* ob, 5 * . - > O 
7 * » ” —_ 

- 4 : 3 , / 
* * 5 4 R 


Superficies and Solids. 
and therefore, ſince ACD is a right-angle (2 


13. 3.) DC (= AD! AC, by 8. 2.) will be 
=4—1=3; and conſequently DC VA 


7 « 22 
8 Fo. 
* 88 © 
6 6 , EC 
. W = 
— 
181 
> - 


1,7320508075, &c, Wherefore, ſeeing the ſup- 


plemental chord of I of the ſemi periphery is 
1, 7320508075, we ſhall by the preceding, Co- 


rollary, | ES 


v/2+ 137320508075 =1,9318516525 3 |; |S 
Y 2+1,9318516g25=1,9828897227 ũð ä |x| = 
3 v 2 + 1,9828897227=1,9957178455 4's 2 * 
5 v 2+ 1,9957178465=1,9989291743 4A 75 
2419939291743 19997342757 [f. 
[VIII. 222222221. 9 999 306% „ [1351 =: 
\ v/ 2 1999933078 = 3, 9999306 Y ffir 


' Now,therefore face itis found that 39999330678 . 


is the ſquare of the ſupplemental- chord of i of 


che ſemi- periphery, let this number be ſubſtracted 


from 4 the ſquare of the diameter, and the re- 
mainder 0,0000669322 will be the ſquare of the 


chord of the ſame arch; therefore the chord it- F 
ſelf being = 0,0000669322 = 0,00818121, let 


this number be multiplied by 768, or twice 384, 


and the product 6, 28317 will be the perimeter of 
a regular polygon of 768 ſides, inſcribed in the 


circle; which, as the ſides of the polygon very 


nearly coincide with the circumference of the cir- 
cle, muſt alſo expreſs the length of the circum- 


| ference itſelf, very nearly. 


ſhew how near this 


AB repreſent one N th 
_ fide ofa regular po- 


_ (whoſe length, we 
have found above, 


and let ab be a fide 8 
of another ſimilar e 


- 


| Of the Menſuration of - 


But, in order to 


is to the truth, let 


Iygon of 768 ſides, @ 
inſcribed in the circle 


to be o, oo8 18 121) 


polygon, deſcribd | | 
about the circle; and from the center O let ON 
be drawn, biſecting AB and ab in M and N: 
Then, ſince AM is = ZAB*f= 0,0040906, and 


AO = rx, it is plain that OM* (AO - AM:) 


will be.= 0,99998 327, and conſequently OM = 


, 99999163; whence, becauſe of the ſimilar tri- 


angles AOB, aOs, ,&c, we have 0,99999163 
(OM): 1 (ON): : AB: 45: : 6,28317 (the peri- 
meter of the inſcribed polygon) : 6, 28322 the pe- 
rimeter of the circumſcribed polygon. But the 


circumference of the circle being greater than the 


perimeter of the inſcribed polygon, and leſs than 


that of the circumſcribed one, it muſt, con- 
ſequently, be greater than 6, 28317, and leſs than 


6,28 322; and muſt, therefore, be equal to 6, 2832, 
very near; ſince this number exceeds the perimeter 
of the inſcribed polygon by ng more than 0,c000'\3, 
and is leſs than the perimeter of the circumſcribed - 


one by 0,00802, only. | 


\ 


From the periphery thus found, the area of the 


| circle will alſo be known; being equal to the pro- 
duct of half the periphery. into the radius ( 2, 8.) 


that is, = 3,1416X1= 1416, 
a „„ OE: © 


1 * | 


þ of the diameter.to the area. 


PFF 18280... 


| Suporficis and Salids. 
Chania ſince it is proved (in Theor.. 3 and 4. 


of 8.) that the peripheries of circles are in pro- 


portion as their diameters, and the cireles them- 


elves as the ſquares. of thoſe diameters ; it fol- 


y £ 
8 \ * * * 


lows, that, as 2 is to 6,28 32, or as 1 to 3,1416: 2 ö 


the diameter of any circle to its 3 and 


as 4 to 3, 1416, or as 1 ere 1 rl 


Bur, if you had rather have the W in 


whole numbers, and the caſe propoſed does not 
require any great degree of accuracy; then, in- 


ſtead of the foregoing, thoſe of Archimedes may be 


__ uſed, vr. 7 222 : diam. : circumf. and 1411:: 
2 ſquare diam. : area. Which proportions differ but 
little from thoſe above, as will appear from the 


- 


following example: wherein. the diameter of a 


circle being given 28, its circumference and area 
are required. Here, according to the firſt propor- 
tions, I multiply 28 by 3, 1416 for the circum- 
ference, and the ſquare of 28 (or 784) by o, 78 54 
for the area; and there reſults 87,964 and 615, 7 5, 
reſſ pectively. But, according to the proportions of 
Archimedes, the circumference will be found equal 
to 88, and the area 6163. which differ "ay _ 


from the former. 


By knowing the proportion between the diame- 


ter of a circle and the circumference, and between 


the ſquare of the diameter and the area, the con- 


vex ſuperficics of ſolid bodies may be derem. 


Thus, 
The convex e of a cylinder is found, 


by firſt finding the circumference of the baſe, and then 


multiplying by the altitude of the ſolid. Therefore, 
if to that JN the area of the two circular 
ends be added, the ſum will be che whole uper- 


ficies of the cylinder. . 


N 4 33 To 


* 


184 of he Menfuration w 
| To find the convex ſuperficies of a cone, 4 | 


tiply half the length of. the feant 1 n * the | 
| era of the S e. 


The convex "Cece of any auen of this 
"ſolid is found, by multiplying the ſum of the peri- 
pheries of the . two ends into half the Ne Ev * 
i | ont fue of the fran. - s 


To find the ſuperficies of a ſphere, 2 ly © 
the periphery of the greateſt, or generating, cirtle by 
ils diameter: Or, . * DJquare ap 4 Werde 
M 3.141 5 


The oonvex x ſuperficies of any Ca a ſabere 
is found, by multiplyiag the periphery of the. greateſt 
_— of the Mere into the altitude of the ſent, 


The Series of bete laſt dan; or find 
ing the curve ſurfaces of ſolid bodies (which is not 
given in the Elements, for teaſons mentioned here- 
lter) 1 is inſerted atithe end of this ſection. 0 


Or TIE MENnSURATION. oF $0L.1Ds, 
x een, PEP” 7 NM 
ſuperficies is / . 
meaſured by a H 
ſquare, whoſe |/ 
"fide is unity 
Las one inch, 
one foot, one 
yard, Sc.) ſo 
every ſolid is 
Nen ne oy, 


ale 
the 


his 


ri- 


WS : . 
— 


parallelepipedon AF, and let the cube P; whoſe 
ſide is one inch, be the meaſuring unit; alſo let the 


length AB, of the baſe AC, be 4 inches, the 
breadth BC 2 inches, and the altitude AH of the 


ſolid 5 inches: Then, becauſe the area of the baſe 


ABCD is 2 times 4 (or 8) ſquare inches, it is eaſy - 


to conceive, that, if the ſolid were to be only one 


inch high (inſtead of | 5), the c6ntent thereof would | 
be juſt che ſame. number (8) of cubical inches; 


becauſe then, upon the eight equal ſquares into 
which the whole baſe ABCD is diviſible, a cube of 
one inch might be erected, ſo as to compoſe a pa- 
rallelepipedon on that baſe, of one inch high. 
Therefore, ſeeing that the contetit of the ſolid, at 


one inch high, is 8 cubical inches, the whole con- 
rent at 5 inches high, muſt cop ſequently be 8 


times 8, or 40 cubical inches (ſince the whole ſo- 
lid Af may be confidered;”as compoſe of 5 ſuch 


heights of cubes,” one ranged above another,) And, 


generally, whatever the dimenſions may be, it is 


manifeſt (from 21 and 22. of 7.) that the parallel- 


epipedon will contain the cube P, as many times 


as the baſe ABCD contains the baſe of the cube, 
repeated as often as the altitude AH contains the 


altitude of the cube. Therefore the content of any 
parallelepipedon will be found, by multiplying the area 
of the baſe - by the altitude of the parallelepipedon. 
Thus, for example, if the two dimenſions of the 


| baſe be 16 and 12 inches, and the, height of . the 


ſold 10 inches; then, the area of the baſe being 


192, the content of the ſolid will be 1929 cubical 
tor dies e 


” From the content of a parallelepipedon, thus 


known, hat of a priſm, or a cylinder, will like- 


' Wiſe be known; every ſuch ſolid being (by 20. 7. 


or 5.8.) equal to a parallelepipedon of equal baſe, 


and 


_ 


| ? : 4 . 8 : 0 
e Superficies and Bolus. 1, 


let the ſolid to be meaſured, be the rectangülar 


*/ 


4 N 


| Of the Menſuration " RT. 
and altitude. Therefore, multiply the area of the - 

baſe (found by the rules for fuperficies) into: the 
beight of the priſm, or 3 n the 1 will 1 
be the coment. „ 0 | 


Hence the content of any oynagnig,. or cone, is 

| alſo obtained; being (by Cor. 3: 10 8. g.) equal to 

E part of a priſm, or cylinder, of the ſame baſe 
and altitude. Therefore, multiply the area of tbe 
baſe by 5 of the altitude, ng IE. wil be the 


ae. 8 * 


_ Every ſphere * ( 1 11. 8. Tei fr to 2 + pern 
of. a cylinder of the ſame- diameter and altitude ; 


the content of any ſphere will, therefore, be found, 
by multiplying the area of its greateſt, or generating, 
circle into 5 of its diameter: Or (becauſe the area 
of ſuch circle. is to the ſquare of the diameter, in 
proportion as 0,7854 to 1), let the cube of the dia- 
meter be multiplied by the fraction, 9236 ( = | 
| 0:78 54), and the i jeg will be the content. I ho 
if the meaſure of the diameter be 20, the cube 
chereof will be 8000; which, multiplied by, 3236, 
-. will give pond tor the meaſure 'of the REY 


ſolidity. 
The manner of bnding th the 


content of any fruſtums of 
the ſolids cd determined, 
is collected from Theor, 10. 
and 11. B. VIII. Let the fruſ- 
tum (MN), firſt propoſed, be 
that of a pyramid; then, hav- 
ing found the content of a 
whole pyramid, of the ſame | 
given baſe and altitude; ſay, 4 
as any ſide A of the lower . or be, ü is to its 
3 B of the — ſo is the faid con- 
tent 


5 
0 4b wot ded 
of | 
\ 


1 : 
* 
. 
L 


* 


J.;; TXT... OD I. 


dily obtained; be- 


to the content (C & 


 Superficies and Solids., 
tent 10 a fourth- proportional; and, as A is 
other proportional: which two proportionals, 


added to the content firſt determined, will give the 
true content of the fruſtum. But when the op- 
4 EI baſes of the fruſtum are ſquares, the rule 
will be more ſimple, and put on a better form: 
For then the area of the baſe being A;, the don- 

tent · of a whole p dad deren, of the ſaine alti · 


tude with, the will be equal to the paral- 
lelepipedon C A., E being + of the given alti- 


- 
. „ 
7 — 
4 
- * * — 
187 
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| (again) to B, ſo is the quantity laſt found to an- 


tude of the fruſturs, * But A : B: Cx A*:©xX 


AX B (S 22.7 5.) and. A: E:: CX ANB: CN P'. 
Therefore CXA%4+CX AXB+Cx B*( SCX 


A*+ A xB+B), by Schol. to 20. 7.0 is the true | 


content, in this caſe. 


Hence, to find the _ of the fruftum f any. 


ſquare —_ add the produit of the two: fides of 


the lower and upper ends to the "Jum of their ſquares, 
and 8 multiply tbe Ra. 5 7 $4 "4g 1 pes s 
height ] 

| 8 the con- 
tent here found, bat 
of any conical fruſ-. 
tum (PQ) is rea- 


ing in proportion 


A*+ AXB+B)) - 
of the fruſtum of a 
ſquare pyramid eir- 


cumſcribing it, as the baſe of the forms i is to the 
baſe of the latter (by Cor. 5. 708. g.), or as the frac- 


tion ,7854 is to unity: And ſo, will be equal to the 


27854. part of- C RK AX BT B' = E 
A* + AB +B*; by taking E = ,7854XC= the 
26 18 * of the whole _— altitude, There- 


fore, 


188 Of the Menſuration of 1 14 
fore, 10 find the content of any fruſtum of cone, 
add the produt? of the diameters of the \ two ends to 
the ſum of their ſquares ; then multiply the aggregate. 
by the fruſtum's height, and the 1 again, by 
the fraction ,2618. 

Hence, and 
from Theor. 11. 
B. VIII. a * go 
for finding the NI. N 4 | 
content of any LF + D 
ſegment IAK of 
a ſphere, may 
alſo be deduced. 
For, it appears, 
From thence, that 
the ſegment propoſed, Ak, is _ to the ai 2 
' ference between a conical fruſtum FC DH and a 
cylinder EC DG of the ſame altitude, ſtanding upon 
a haſe, whoſe radius CA is equal to that (AO) 
of the ſphere itſelf. But the content of the fruſ- 
tum FC DH, if the two diameters CD, FH be re- 
preſented (as above) by A and B, and the, 2618 
part of the altitude (D) by E, will be = E x 
A*+AXB+B* (that is, equal to a parallelepi- . \ 
pedon, whoſe altitude is E, and baſe = A*+ A x ; 
B+B*): And the content of the cylinder ECDG 
will be = 3E x A', or Ex 3A. Therefore the 
difference (or the content of the ſegment IAK) will 
be = EX2A*—A x B—B* (6chol. to 20. 7. and 
Ax. F. I.) But 2A*--A X B-B* is compoſed 
of a? — Ax B and A*— B* * whereof the rt | 
mer part A! AN B is = A- B * A (by 5. 
=2DXA (becauſe A — B (or CD- FH) = FE 
 +HG=2AB or 2D); and the latter A*-— B* = 
A XASB (by 7. 2.) 2D * 2A — 2D: 
WMWhence the ſum of both will conſequently be = 
2D X 3A—2D ; and the coutent of the * | 
5 Wie 


7 k 8 


e 


and BPGM that 


cone; and from 
the vertex A to 
the point P Where 
any ſide DE of 


be drawn. Then, 


ADE is = ZAP B 
* DE AB x 


1 and Solids. I 89 


itſelf = Ex 2D * 3A 2D 216236 * D' x 

3A 3A —2D (becauſe 2E =,5236D). . 
Therefore, 0 ud the content of any nent Wn 2 
ſphere, multiply the ſquare of the ſegment's height by. ' 


| "the exceſs of thrice the :ſphert's diameter above the 


double of that height ; _ ien _—y 'by the ger 


lion 55236. . 


The de monſtration of fs N for 3 5 


the ſuperficial content of the cylinder, cone and 


ſphere, and of their ſeveral ſegments, or fftuſtums, is 
ca from the two Lemmas _ NR 


LEMMA 


The upper Juperficies, or area al the files of 35 
8 regular pyramid, in which a cone may be mſcribed, 
is equal to a-refangle under the perimeter. of tbe * N 


and half the length EN the cone”s 2 =p: 


'ForjletBCDE, 
Sc. be the baſe 
of the pyramid, 


of the inſcribed 


the polyg. touches 
the circle, let A 


ſince the triangle 


DE; and as the 
like holds good 
with regard to 
every other ſide 


4 
4 
* 8 
7 - 
-. O 
4 4 
5 
4 
. 


Of the Menſur ration of 12 
of the pyramid, it is evident that the ſum of all 
the ſides; or the whole ſuperficies of the pyramid 
(excluſive of the baſe) will be Equal to ZAB x 


DE + EF Os; that is, equal to a rectangle 
vader : AB and the whole perimeter of the ba, 


\ COROLLARY I. 


Nence it will alſo appear, that all the ſides 
- any fruſtum Bg of the pyramid, will be equal 
a rectangle under half the length of each fide 
_ the ſum of the perimeters of the two ends: 
For, the area of the ſide DEed being = 3Pp x 


DE + de, or #B4 x DE + & (oy 4 4. 2.), the 
area of all the fides will, a =EBb x: 
DE +4 EF + + &c. 33 des 


- 


| COROLLARY II. 


Therefore, ſeeing that the foregoing concluſions 
hold univerſally, whatever the number of the ſides . 
may be; and as the pyramid, by increaſing the 
number of its fides, approaches nearer and nearer, 
continually, to the inſcribed cone, which is its li- 
mit; thence will the upper ſuperficies of the cone 
(as well as that of the pyramid) be equal to a rect- 
angle under half the length of its ſlant ſide and the 


perimeter of its baſe. And the convex ſuperficies $ - 


of any fruſtum of the cone will, alſo, be equal to 
a rectangle under half the length of its ſlant ſide 
and the ſum of the peripheries of its two ends, 
or baſes : Whence it likewiſe follows, that the con- 
vex ſurface of a cylinder will be equal to a rect- 
angle under half its altitude and twice the peri- 
phery of its baſe (or under the whole altitude and 


once that periphery); becauſe then the two ends are 


- equal, —Fronrthis Corollary, the rules for finding, 
the ſuperficics of _ 2 and cone, are given. 
EOS „ LEM. 


— | — N — „ > 
< hy * 2 5 * ts 
he X 9 5 
* 
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9 
, 4 p \ £4 - % . 

"> 7 ey Bat | es 43 ; gg: , " > * ; 
LEMMA 2. © C 


Fa regular polygon ABCDE, &c. of an even 
number of fides, together wwith its inſcribed circle 
R, be ſuppoſed to revolve about the (produced) 
diameter RS, as an axis; the ſuperficies of the ſolid 
generated by the polygon, will be equal to a retangle 
under its axis AF and à right line equal to the cir- 
cumference RQSq of the inſcribed circle. S 


From the 
center O, to 
the point of 

contact Q, of 
any ſide BC, 
let the radius 
OQ de drawn; 
alſo draw BM, 
QPg, CcL, 

Sc. perpendi- 

cular to AF, | 
and BN per- : i 
pendicular to CL. 5 8 1 
Becauſe the ſolid generated by the plane B © | 
is the fruſtum of ,a cone, the convex ſuperficies 
thereof, generated by BC is equal to a reQtangle 
under BC and the ſum of the peripheries of the 

two circles deſcribed by B4 and Ce, (by Cor. 2. to 
tbe precedent) ; But the ſum of theſe two periphe- 

Ties, as Q is an arithmetical mean between 366 
and Cc, is equal to twice the periphery Q; and 
therefore the convex ſuperficies of the faid fruſtum 
equal to BC X2 periph. Q = BC x periph. Qg. 
But, becauſe of the ſimilar triangles OPQ, BNC, 
we have BC: BN (ic) :: O: PQ: : periph. 
RQSzg : periph. Qgq ( 4. 8.); and conſequently 

BC X periph. Qq = 6c x periph. RQSq=the ſu- 

| 0 = perficies 


192 EY | Of the Menſuration of | 
perficies generated by BC. By the very ſame ar- 
gument, the ſuperficies generated by any other fide 
CD is = c4Xperiph. RS: Whence it is mani- 
feſt, that the ſuperficies of the whole ſolid is = 


Ab + +a +E Sec. 7X ng N 


Fei RQSz. 
COROLLARY IL 


a Since the ſuperficies of the ſolid is, univerſally, 
_ equal to AF periph. RO, let the number ofiſides | 
| of the generating polygon be what it will; and as 
the faid ſuperficies, by increaſing the autrber of 
ſides, approaches nearer and nearer, continually, to 
the ſuperficies of the inſcribed ſphere, which is its 
| limit; thence, will the ſuperficies of the ſphere, it- 
ſeltf, be alſo equal to a rectangle under its axis RS 
| and periphery RQSg : and the convex ſuperfi- 
cies of any ſegment thereof vRew, will likewiſe be 
equal to a rectangle under its axis (or height) Re 
and the ſame periphery RQSg ; ſince it 1s proved, 
S that the correſponding ſuperficies of CBAML, i is 
N e equal to Ac * Periph RS. 1 


COROLLARY- 1. 


Hence it alſo appears, that the ſuperficies of « every 

ſphere is equal to four times its generating g circle: 

Becauſe ( 2. 8.) the circle RS =; RS& 1 
; RQS9= RS x periph. RZ. 


p In deriving theſe concluſions, as well as choſe de- 

| pending upon the preceding Lemma, the Reader 
muſt have obſerved, that ſomething is aſſumed, 

which is not demonſtrated in any part of theſe Ele- 

ments. But this will not, I imagine, be conſidered as 

a fault, by thoſe who know, that it is impoſſible 

to prove ina manner perfecliy regular and geome- 

| pical, that a curve ſurface, of any. kind, is equal 


* 
5 


1 


2 


9 


„ 


ON ww 


\ 


meter 


| Superficies and Solid. 193. 
to a plane - one of an aſſigned magnitude: Plane 
| ſarfaces are compared with one another, in virtue 
of the 10th ge ; gue, whatever 00 to 
the equalipy of plane figures, has its original. But 
abel es Live) been yet admitted. 1 che bein- 
a on or lower Geometry, whereby a curve-furface 
can be compared with a plane-one ; nor even by 
which the 1 of any one curve- line to a 
right-line can be known : Nor can it be demon- 
ſtrated by all the rr in Euclid's Elements, 
that the hery. of a citele is leſs than the peri- 
fs Sf cemnſcpibing ſquares =Woeemn r ; 
mine the proportion of ſolids bounded þy curve- 
 urfaces,. by deſcribing other ſolids i in, and about ' 
them, ſo as to differ leſs from them, t than by any 
aſſigned part however ſmall. But in comparing 
of the ſurfaces, this method fails; becauſe, let the 
2855885 of ſides of the / inſcribed. r circumſcribed. 
ſolid d e ever ſo great, or let the ſolid itſelf ap- 
proach ever ſo near to the propoſed one; the two 
| ſurfaces,: after all, will 32 70, park i in common on 
Which a demonſtration can be forme x but will 
ſtill be diſtinct dine. Before ſuch a compariſon 25 
can poſſibly be made, in a regular and ſcientific - ' 
manner, neu Principles mult” be laid down.: But 
theſe belong tor and are beſt ſupplied in the Mogern 
Cm or Method 27 Huriont. ö 
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HORN 1. 


If from revo given points A, © 2s du 1 7 | 
an lte line The the fame plane with 225 Ef 
two lines AE, BE be draw to meet on, and make 

at angles AEQ, BEP with the ſaid line 785 

lines fo drawn, taten together, fall be leſs than 
an other two AG, BG, Es the Jane Joins 

to meet on PRA? 2 N. | 


NNE to PN, and 0 | 
let AE be produced to 
meet it in M, alſo let. 
MG be drawn. . N -k 
Then the triangles. 
| MNE, BNE, having | 
the angle MEN. (= 4 9255 
AEN, MNE 5 
BNE, and NE com- ; 
mon to boch; have allo MN=BN, and ME = _ 
BE 


3 


a 


eee Mins e . 


BE“; whence alſo MG=BG*: But AM (AE + | 15 
BE) is leſs than AG.+. MSG ” or, than e , = 
4 50. EER 


[THEOREM It” Þ 
Of . AP, BP; AQ, BQ, that ns 5 5 
drawn from too — 3 BPR: thes 
1199, on the convexity of a giuen 3 
two AP, BP taken together, Pall be the leaft, which 
. make \equal angles wb the tangent MPN ( with 
| the radizs DB) at the point of concourſe P. oy 


Les | For, iſsgany point yi. AN . 
> the part of the tangent i. 
| tercepted by AQ and B, 
there be dran As and Ba; 5 
chen will AP+BP be les 
0 than Au BM, and Aa -- 
By leſs than Aq BQ: EY 
Conſequently AP + BP * 
22 han AQ + Vo.” | | 
This demonſttation holds Lo 5 Wh 
curve RPR is fuppoſed as any other kind; pro- 
vided all . to. it, * entirely without the 
- _— 1 e r e 


e THEOREM 3 


1 in 4 gives irianę ABC, 4 to be 

| fo that the ſum 0 Nea r 

from e ee, Bal 3 the leaſt pal; 
1 ſay; the poſition cot 4 = be ſuch, that all 
angles formed it der be 

eworg thenyoloes, ; 1 95 . 


2 


PF. og 


Ib» 4 * 5 
* \ 
. 1 hy N 18 x * 5 Y 1 . 
LE x: 
4 . ' } , 


— 


Fin: If you. deny it, then 
* let ſome point E, at- 
| which the angles BEA, 

CEA are unequal, be che 
| required enge. : „ g 45 3 
| Upon the center 9 
. thro' E, let the circum<! 
| ' ference obaicircle: RRR 5 
be deſcribed and let D; . — WM. 
| be that point in it, where 42 1 N 
the angles ADB and ADC. ks come. | | 
Theor. 2. Becauſe BD + CD is leſs BE + CE. „ 
therefore is AD + BD+CD alſo leis than AE + 
* Ax#6.1. BE +. CE *; which:is. repugnant. ' Thereforeno 
point at which the, angler aro x en gende ag 
required one. E. BD. DOS 37% 


: te”, N. . N 1 3 , 1 5 S v5 THE a 1 
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rf? - 
— — 


beer 7 5 "The bene, e . 


1 l the PC int P N . 1 117 is: Ra 
| be that, at which all N p 475 
| the angles Ap, ffn 
111 BPC are . 5 * 2 . a. A 8 
8 equal *; and fromm nN 
| any other point Q. 
—— 2 
ing them, let fall 989 NN 
: the three perpendi- ___ 1 
cdiulars Qę, Q, Or. B 1. TH E 
„ I lay, wh, int the 3 "M 
Tum 5 the thike di andes K BB, c inte cep 
by thoſe . and the three given 175 


Sel A, 25 dukes SR. Ne ran of the three: 


* N 8 of * bien 5 a pobit 4 Tory 1 
drawn from three given points, all form an wt angles, „ 
Liver _— the Geometrical 3 in ih next 8 88 


* 


firſt 


& of: Gnmetrical: Qulntities.. 197 5 


| firſt diſtances AP +. BP + CP. -For, if thro? 
the interſection M of Pe and 20, rv be be drawn 
parallel to Aa, meeting BZ (produced) in v, and 
Ps, parallel to 20, in S; it is evident (becauſe the. 
angle v BPa PM A of a right angle oY 1 Cor. to 
that the triangle PVM is equilateral ; and that the. - Ke 
right- -angled triangles QM, QMr, having OM H 
(SPM UM) = QMr, have alſo cM Mu 
to which let MP = Mp be added; fo ſhall cÞP=rv - 
=4P+vS=aP+P3. And, if to the firſt and laſt 
of theſe, AP+BP +Cc (be again) added; then will 
AP + BP + CP = Aa + Bb + Co, as was af- - 
ferted : Whence the; Theorem itſelf is exceeding| 
obvious: For ſeeing that the ſum aP TBP Eb = 
is but equal to the. ſum of the three baſes Aa, BB, 
Cc, it muſt neceſſarily be leſs than that of the * | 
5 bypothenuſes AQ, BQ and CQ. 2, E. D. 
1 —_ n +... 
E 1 pe greateſt triangle ABD that can 5 be con- 
* tained under two right-lines, given in length, and any 
pe other right-line joining their extremes, will be when _ 
| the two given lines AD, 0 make "OR with 
we 5 5 * | each other, . - - 
v | For, let BC be | 
? equal to BD, and 
the angle ABC ei- 
ther greater, or leſs 
NN than the right-angle 
| ABD; let alſo CF < 


o 


x — 1 
8 * " 


E | be . * . e LE p 
% | AB, meeng, BD 

_ (produced, neceſſary) i in F, and let A, F, ad A 

WH C be joined. 


Then the angle BFC being a right · one · „ it * evi, F. 1. 
: dent that BC (BD) i is greater than BF *; and there 20. 1. 
6 fore the triangle ABD, being greater khan 4555 5 an #4 


is alſo greater than its equal 7 ABC. Z ED. 2. 2. 
| 5 5 THEO- 


198 Of the Maxima 7 gs | 
TS THEOREM. v. 55 


— ABC, ABD, beving the ſame bs 
AB, and the furn of their other 745 Fa he Jv, 
n is the groateſh, 15 


- Let'CH be perpendi- 
pen to AB; interſe&- - 
ing HC (produced if need 
be) in E; likewiſe let AE 
and BE be drawn. 85 

It is manifeſt that the 

6 angles AEF, BED are | 

| 1 16, and equal ; therefore AE + BE. is leſs than AD. * 
| * BD *, or than its equal AC + BC. and ſo the 

| +. + vor 1. triangle AEB, fallin within the triangle ACB *, 
* — FP muſt be leſs than ACB =; and therefore ADB (= 

„Ax. 2.1. AEB *) wuſt alſo be leſs than Ach. * N 


Cor. 1. 


0 „. THEOREM. VI. 


07 all triangles ABC, ABD /anding x IN 
| boſe AB, and having equal vertical angles _ 
ADB, the if i/oſceles one ACB : is the gol 


Let AcDB be a 
ſegment of a circle, 
in which the equal 
angles 'ACB, ADB 
"views. are contained”; make 
and 11. 1. CEG jperpendicular, | 

and DE parallel, to A 
AB; from the center 
O draw OD, and let 
a - Joined... It is evident 98 GED 
*16. i. that CG, not only diſects AB = bs alſo paſſes 
12 25 SW the center Q *, Therelore, OD (OC) be- 
4 ing 


*j 


SI wo TP F 
* 


a the circumfe- + 
rens of a circle 
paſſing through 


p Jet P H be per w , 
pendicular to 

| FG, atthe mid B. 
dle point P, 
meeting the cir- 
cumference in 


and GH be drawn. The . FHG, being 
iſoſceles ©, is therefore reater than FAG .*, or Ax. 10. 
than its equal* ADE: Vhence, as the 
FHG, ADE are eq 
greater, muſt conſe; 
the leſſer. N E. D. 10. 1. 


7 


—— . 1099 
greater than OE“, the triangle ACB will alſo * 20. 1- 
2 chan 158 or than | its 92585 ANT d Cor. 2.2. 


and Ax. 2 · 


INS, THEOREM „IW 
Of all right Ines DE, FG that can be drawn to 


cut off equal areas ADE, AFG from 8 given triangle 
ABC, hat DE ic the leo, which makes the n. 


; ADE, cut offs an wx ne, 


er 


Let Are be 


the three points 
A, F, G; alſo 


H, and let FIT 


1 the baſe FG "BW? 
ny exced the bl DE of (Hypand 


THEOREM vnn. =, 


Of « Of all right-lines/EF, GH, GH that can be drawn 
4 given point D, between two right-lines BA, 
Be given in poſition ; that EF which, is biſeted by 


© the given point D, forms with them the kat 1 
(EBF). | 


O 4 . 2 F Or, 


| "Ax, 6. 


151. 
7 24. I. 
1 Cor. to 
2. 2. 


ingGH int;the*equi- 


and DFH will there- _ 


than DEG, according 
as BG is greater orleſs 


- Of che Maximo and M; inima 


For, if El, parallel 
toBC zbedraun, meet- 5 


angular triangles DFII 
and DEI, having DF 
— DE! will be equal*; 


fore be leſs, or greater 


than BE. In the for- 
mer. caſe let DEBH AG 7 . - 
common, be added to 5 
both; ſo ſhall FEB be leſs than HGB*. = And if, 
in the latter caſe, DGBF be added, then will HGB 
be greater than FEB; and N FP (in 
this caſe Ys leſs than HGB. 2, E.D 


YO COROLLARY. 


If DM and DN be drawn parallel to BC and. 
BA; the two equal? triangles DEM, DFN, taken 
together er (ſince EM = DN =MB*) will be equal 


to the parallelogram DMBN *; and conſequently 
the parallelogram DMBN = 2 BEF BGH. 


Whence it is manifeſt, that a parallelogram is al- 


ways leſs than half a triangle in which it is in- 
ſoribed, except when the baſe. of the one is half 
the baſe of the other; in which caſe the 8 


gram is Juſt half the triangle, 


- SCH 0O-. 


* 


off — Qlonliis. : 
'SCHOLIUM. 5 | 
Preceding Co--. E/ ß 
Toflary done” 7m EE a #3. O51, ; 8 
may be 7mm 1 2558 5 
eaſily made to 5 A K 
appear, that „ 1 
the leaſt tria -k 2 
angle EGM | "+ 
which can po- 
ſibly be de- FOO 
ſcribed about, E WP IE F EE. 0. 


and the great: 
_ eſt parallelogram EFBN that can be deſeribed i in, 


any curve ABCD, concave to its axis AE, will be 


when the ſub-tangent FG is equal to half the baſe 


EG of the triangle, or to the whole baſe EF of 


the parallelogram ; and that the two figures will 


be in the ratio of 7wo to ove. For let HN be a 


ſide of any other circumſcribing triangle (EHN) 
touching the curve in C, and meeting FBr in 7 : 
Then, the curve being concave to its axis, the 
point 7 will fall above B; whence, if rm be drawn 
arallel to By, then al EGM=2BE a 9rE 2 
EHN. Again, if IC, parallel to EM, be pro- 


duced to meet GM in p, and CK and 27 be drawn 
parallel to AE; then, alſo, will BE= EGMC | 


* c CE, as was io be ſhewn. 


THEOREM 1IX. 
Of all right-lined figures, contained under the 1 


; number of ſides, and inſcribed in the ame circie, that 


is Lins 12 8 55 gre are all * 


- 


* . 
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For, if poſſible, 
ſome s 7 oof F 1. 

V hoſe ſides CF, EF are 

| unequal, be the greateſt. 

.. „ Ia CDE be an 
iſoſceles triangle de- 

ſcribed in the ſame 
ſegment - with CFE; 

which being greater 
4Theor.6, than CFE *, the whole 
and 11. 3. polygon ABCDE. will | 
alſo be greater than ESE 

the whole polygon ABCFE ; which | is . | 
Therefore the polygon 1s the PRs when the 


ſides are all equal. 


THEOREM x. 


Of all right-lined figures, contained under the OY 
perimeter, and number Y 28 the «ork is, 822 
. the ſides are all equal. : 


For, if ABCDE „„ 

be the greateſt 1 | 

| ſible, the triangle 

CDE muſt, mani- © 
feſtly, be greater 
than any other tri- 
angle CFE upon the 

ſame baſe, whereof 

. the ſum of the other - | 
fides is al: the BY TR k 

ſame. But, by To-. : 

rem V. the greateſt triangle, when the baſe and 

- the ſum of the ſides are given, is that whole ſides 

are equal: Therefore DC and ED are equal. In 

the fame manner it appears that nen, Ge. 


E B. | 
2 T HE 0- 


— 


or bp; Geometrical Ae FO 203 
5 THEOREM 3 
Jan the fides of a po on, except one, be given 
ay length, and their of lun be 2 fo as te 2 + 
the polygon itſelf the greateſt poſſible 3 I ſay, their PE 
Poſition muſt be ſuch, That two lines drawn from the 3 
ertremes of the unknown fide to any * of ne ny k 
bor. ſhall form a bra | 7 


g For, if you would 
have the. polygon 
ABCDEP "wo be 
the greateſt poſſible, *; 
1 and yet ABF, ſub- 
tended by the un-„ 
known fide AF, not 
aright- angle: Then 
let PSO be a right- 
angle, contained un- 
der PS = AD, r 
OS = FD; 
upon Ps and 85 
let the figures PS 
RQ und OST beP | 
_ deſcribed equilate-',Þ =» RY, 
Tal, "ad" equal, to ADC; and FDE®. 06 
The triangle PSO is greater than ADF* ; there- Theor. 
fore, PSRQ_ ing=ADCB, and OST =FDE *, * Coaſtr. 
the whole polygon P QRSTO is alſo greater than 
the whole Polygon ABCDEF ”, which is repugnan. * 465 


FE; COROLLARY. 
Hence, becauſe the angle in a ſemi- eirele is a 
right · angle ; it appears, that the greateſt . 13.3 
gon that can be contained under any propoſed | 
number of given ſides, and one other ſide any how 
taken, will be, when it may be inſcribed in a ſemi- h 
circle, whereof the indetermingd line will be the ol 


er. a 
THE@- 


. 


0 the ſame both i in length and number. Arent 


N the Avia, and Minima E 


N TYrorEM XII. 


4 pohgon ABCDEA! in rte is © oe 3 
other polygon PQRSTP, whatever, wigs fide are 


Let AF be the diameter of the 2 mad 3a join 
E, F; alſo make the angle e AB, 58 
EF, and let 0 be draun. . P 


® Theor. 
Il. 


of the greateſt pelygon, 
Which can be contained 
under any number of | 


/Becaufe AB= PQ, BC=QR, l DE 


| =ST, and EF=TO ?, the polygon ABCDEEF, 


being inſcribed i in a femi-circle, will be greater than 
the polygon PQRSTO *; and, if from theſe, the 
equal triangles AEF, PTO be taken away, there 


will remain ABCDEA c= TENETS V E. D. 
That the magnitude 2 


unequal ſides, does not 
at all depend upon the 
order in which thoſe 


lines are connected to A 3 1 2 


each other, will ap 
thus. Let ABCDE be the _ one © way, or 


according to one order of the ſides; and upon BD 
let a triangle BDF be conſtituted whoſe ſides DF 


and BF are, reſpectively, equal to BC and DC; 
then, the triangles * BF D being equal — 6 
. 2 0 


„ Geometrical Quantities... 


whole polygons, ABC DE and ABFDE will e- 
wiſe be equal; notwithſtanding their equal ſides 


BC, DF, e are en OT; to 12 5 


A * Il , vi $4 1. 1 2 8 


= Aten Sh 5 


mots 15 


* 8 


-Of* — polygons, "edntained under the ſame a "Wd 


and numberiqf fides ; dns bye 1 des, and angles, 
are nal f is abe eateſt. f 


For, the greateſt polygon that can 1 be 5 | 


under a given perimeter, is one whoſe ſides are all 


2056 


equal. But, of all the polygons of this fort, that 2 


is the.greateſt which may be inſcribed in a circle“. Theo | 
Therefore, the ;greateſt of all, is that whofe ſides * 


are, all equal, and which may be inſcribed in a 
circle, or wheregf the ED as well as the” ſides, 
are all _ Wc} 5 D. 


” 4 2 


dt r | THEOREM: tvs 


045 Sea area than can "poſſibly . 5 
one rigbt. line, any bow taken, and any other line or 
lines, uhatever, whereof 'the um is. given; will be, 
when two right. lines drawn from the extremes of the 
unknown line firſt mentibned, to meet any where in the 
given boundary, make right-angles with earh other. . 


For, if yu would: have the&ea ACDEBA, con- 


| tained, by ſome right-line AB, nd AEDEB where- 


of the given, to be the greateſt poſſible, 
and ADR, at the ſame, time, not a right-angle : 
Then, let PSQ be aright-angke, contained under 


PS: AD, and Qs = BD; and, having Joined / 


* Fd 


Of the Maxima and Mininia 

PQ, upon PS and Q conceive two figures PRS 
and QST to be formed, equal, and alike in all re- 
ſpects to AC D and DBE. Since the area PSQ 1s 


greater than ADB ©; it is manifeſt, that the area 
PRSTQP, contained by the righe- line (PQ) and 


15 PRSTQ(=ACDEB*) will alfo be greater than 
the area ACDEBA ©; which is repugnant: There- 


fore the area ACDEBA cannot be the 2 | 


13. 6: 


poſſible, unleſs the angle ADB be a right one. 


2 E. D. 8 7 


"> con n 
Hence, becauſe the angle in a ſemi-eircle is a 


right- angle , it ĩs evident chat the area will be the 


greateſt poſſible, when the given length, or boun- 


dary, forms the arch of a ſerni- circle; whereof the 


indetermined right-line propoſed is the neſt. 15 


is the greateſt. 


THEOREM XV. 9 
Of all plane figures. ABCD. ,EFGH, contained 
under equal Perimater's 00 or limits), the circle (A WD) 


* 


For, if the damgter AC 83 3 EEG 
be taken equal to the arch ABC; then the area 
AB CA will ( be precedent) be greater than the 


area EFGE, ai by EFG and the right-line 


EG; and ADCA will alfo be greater than FHGE : 


Therefore ABCD muſt, neceſſarily, be greater than 
WE GH. ED: -- | 
by T CORDOL- 


/ 


} 


of — eme, 20e 


COROLLARY. 


Henee K appears, that the area that can 
poſſibly be contained by a eke AB, and a 
curve line Ac, both oY, im length; will be, 
when the latter is an arch of a circle. For, let 
An B be any other curve- line, equal to AeB; and let 
the whole circle AchCD be completed; which 
will (ic is-praved) be greater than the mixed figure 
ABCD; and conſequently, by taking away the 
—— ſegment ABD, there vin remain 2 4 


THEOREM XVI. _., 
be greateſt parallelepipedn that can be wins | 


| 3 three parts. of a given Ine AB, am bow 


. 4 en cach © 


be une qual. "Biſe& Ab in C, then Al the rect 
angle under AE (AC+CEY and ED (AC—CE) 
be leſs than AC* (or ACXCD) by the fquare of 


CE,. - Therefore the ſolid AEXEDXDB will alſo « 7. * 
be leſs than the ſolid AC >XCDxDB , which 6s 21, . 


e to hypotheſis. . 


COROLLARY. 


. Hence; of all rectangular parallelepipedons, hav- | 
ing the ſum of their three dimenſions the — che 
cube i is the OY: | 


HE O. 


4 
| 


* 


21. 7. BC®; and N & 


3 
. 
| 
| 
ij 
| 
| 
| 
IE 
$ 
| 
| 
| 
ns 
| 
, 


208 . Of the Maxima and Min ima N 
THE OR E N XVII. 


The greateſt parallelepipedan AC*x'CB that can 
Poſſebly be contained inder the ſquare of one part AC 
of @ given line AB and the other part AC, any how 
taten; 2 F 

the latter. ups tis 


parts, into which Ibs in Jin 

Cor. _ the given line AB may-be divided; ; and Jet AC and 

6.2-and Ac be biſected in D and d. So ſhall AC* x CB 

or, to 4AD XDCXCB ! =4AdX de x 4B k TO X eB v7 
6. 2. „ * 2 E. D. 


THEOREM XVIII. 


Abe hypothenuje AB of a. „ee triangle 
ABC being given; the folid BC x AC rigs 
under one leg BC and the ſquare of the other AC, 
wil be the greattff 'poffible, when the ſquare: 4 the 
latter leg AC is double to that of the farmer BC. 15 


| For, if, TH be cop cob. 
Gd rpen cular 

AB NOTE to AC: i it 

1 Cor. RY Steer, 5 
49.4; AB*:: AD: AB®:: 


547.  AC*XBC=AB*XDE*;- 
which (as AB*is given) will, evidently, bs the g oreat- 


8 eſt poſſible, when DE, or its ſquare *: (DE?) i is the 


to 6. 2. greateſt poſſible. . But DE* : AD! :: * BC* (BDX 

gie AB): AB*:: BD: AB and therefore BE x AB 

1 =AD*x BD*; which (and conſequently DE“) will 

be the greateſt poſſible, when AD is the double 

„ Theor. Of BD*; that is, when AC* (AD x AB) is the 
17. double of BC. 3 2; E. D. 

1 E O- | 


be, AC*x BC: CG* x 


of Geometrical Staunen 
THEOREM, XIX. 


209 


e 


. can pobly be inſcribed in any cone 


DE, i is one third 


2 of the altitude AB of the os. cud the Olinder | 


„ | 


» —*+ 6 


:e * , 
Ac: g *: 1: AC & Be: 

cg x BC; whence; by _ 
alternation, AC* x BC: 
Ac X Be: : CG BC: x 
cg X Be: and ſo like- 
wiſe is the cylinder H 
to the cylinder bg; but Ac- x BC is greater ” 


than Ac* Xx Be; therefore HG is alſo greater than = Ax. 4. 


by. Again, ſince AC=2AB, and therefore CG N 5: 


*BE; we allo have, cylinder HG: cone ADE 
(oreylinder * DN): CG * *BE*: 2 2 'S 1. 
EE D. | 


SCHOLIUM:- 


From. this propoſition, by reaſoning as in the 
Scholium to Theorem VIII. it will appear, that 
the leaſt cone that can be defcribed- about, and the 


2 21. 7. 


and 3. 8. 


* 


% 


greateſt cylinder chat can poſſibly be deſcribed in, 
any ſolid;generated by-the rotation of a curve, con- 
cave ts its axis, will be, when the ſub · tangent i is - 
two-thirds of the altitude of the cone, or twice the 
altitude of the cylinder; and that the two figures 
will be in the ratio of nine to four. From whence 
the dimenſions. of the greateſt and leaſt cylinders 


and cones, that can be deſcribed in, and about ſolids 


generated by curves, to which the method of draw- 


ing tangents is known, may be readily — 115 
P TH 


EY" 


a 


and equal, thereto, and let / 


gen eee, 
parallel, and EF and DN prrpendiclr o AB 


[a] 


THE 


" CONSTRUCTION 


Of 2 Variety of % | 85 35 - 585 


Geometrical Problems. 


| Being « farther. 3 


| APPLICATION of what has been dclivered 


in the Elementary Part of this Work. 


PROBLEM . 


* 4 given rriangle ** to 1 4 Ke i 
DEFN. 4 


CONSTRUCTION. 


ROM any point M. 
in either ſide, upon 
the baſe AB, let 


fall the perpendicular MG; "= NI | 


make MR perpendicylar, 


ARE be drawn, meeting 
the other fide of the tri- 


and the * is done. 


let LP meet the perpen- 


The Conſtruction, &c. 
DEMONSTRATION. 
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Let RS be drawn parallel to EF: Then (by | 25 $f 
milar triangles) RS (MG): EF (:: AR: AE) + 


MR : DE : Therefore, as MG and MR are equal, 


by conſtruction, EF and DE will likewiſe be equal. 
By the ſame method a rectangle may eien 


in a triangle, whoſe ſides ſhall be in a given ratio; 


if MR and MG (inſtead of being equal) be taken 


in the given ratio; the reſt of the . de- 


W the ſame. | 
| | PROBLEM n. 


hh a given triangle ABC, to inſeribe_ a angle | 


EF GH equal to any given right-lined figure Q. not 
. exceeding half the triangle. DET 


CONSTRUCTION. 


On the baſe AB (by 7. Hs 
6.) let a rectangle ABPL | 
be conſtituted = Q; and 


dicular CD of the triangle 
(produced) in K. Then 
(y 17. f.) let CD be di- Af 
vided.in I, ſo that CI x 
DI=CD*x DK (that is, L 
let two ſemi- circles be de- 


ſeribed on CD and CK; drawing MN and NI pa- 


rallel to CD and AB): So that DI be the N 


tude of the required rectangle. 


| DEMONSTRATION. 
Since (by Conftr.) CIxDI (=NP 240 


| CDXDK, theace will DI : DK :+:CD: CL: : AB: 5 = 
EF (4) 20. 5.) ; and conſequent D DI: X EF( 0 1 


” D & E. D. 


. That 


| 212 1 : The Greene 


5 the Problem will be impoſſible, "when Q_ 
is greater than half the. trian le, is evident from | 
: the Conſtruction, as well as from the Theorem on 
p. 200. It may alſo be obſerved, that there is another 
way, beſides that uſed above, for dividing CD in 
the manner propoſed which (though. not more 
obvious) i is, in point of conciſeneſs, rather 8 8 
3 = able; and is thus. Having (as before): found a 
A mean-proportional DM between CD and DK, and 
|. , - biſeted CD in O; from M ts CD apply MR= 
=. Od, and take Ol RD. 80 hall CIS) DIzOD* 
= - — or (25 7.2.) MR! — RD* & ty. n 


| =CD * DK (as dofore}, = ps 

1 15 PROBLEM am. | Fs 
RE 2 given circle APBQ, 10 inſcribe a reftangle 

WW | 2 to a given right-lined figure RS T U, not exceeds 

| — ing _, the ſquare. 2 the 1 PCs 

[ FE Upon the aer AB defend his © | : 
| _ ABKI=RSTU (4y-7:6:J; and from che point 
C)), where the fide KL interſects the periphery of the 


[ circle, draw CA and CB, parallel to which draw 
| Bp and AD; then will ACBD be the Tee I 
= rs be OTE | 5-3 


: 
4 * - 4 £4 * n 
i £ * * 
. 0 Y 3 f * wp * * " * ; 
— 1 8 + ? : \ * A . 
P54 8 - * 0 y 7 D E- 
. - & 1 = K - 4 4 
| a 5 | 1 ; 
* 1 4 » . 
| 0 . i i * 4 . 
: 


- F N 


| „„ | | A 
: TS be. 
das ef rial. e 
55 „„ W EN 
1 1 DEMONS TRATION. 


torts, 


1 
— 


- | Thelines Ac, BD, and AT), Rc belüg par i MY 

0 Cott.) and the re ht. 2 Gi: RR. 

| the figure -ACBD is a rectangle (by Cor. to 2. e 
22 ene in 8 of the circle: + eg 


\ rt | 
That 9 aa imp poſſible; when B 
is greater than Z 8 n BL E (RT)'is greater 
than ZAB?, iy 857 Ho hence, . e 
| wg chen fall 0 dove the circle,” „„ 
4 120 75 = 0 
s 


2 ITY WP 0G Dr 


Do He Jg Bus KL. anale 70.4 K. e2 
bie Tall” "Herminate i in Foo, ther. nes A; ; 
1 UA US tion, fo as to form + 4 them a Ns, 
* KE. „ f 1 to 4 give range AEF. ES 


CONSTRUCTION, 


7 
* 


2 + 

| ment AG In | AC, in P, G i N 0 

Sand H; and; in AB, e ee * | 

take a'mean-propor= . 
| tionalAKbetweenGH 
 and:2EF 35 then draw 

| EK parallel to AG, 2 — — 5 =Y 

1 | n done. 15 8 d 2 FEED 


0. 


, A 
he 
* 5 


E e 
| he triamgles AKL, HGA being ay 
3 r de, 1 95 © 7 177 gu 
1 | I 5 W 40 5 E 
AF: HN AF A): bo fie „the con- 
11 Wy fe ents [Being ng HY the antecedents A Al L and | 
| EF xX AF Hull allo be N 15 * E. „g 5 
„ bt | & @ 


| ti „ Conſtrucrion 7 ea 
4; PROBLEM V. 
"Betwetn two lines AB, AC, given by poſition, to 
. apply a line KL, equal to a. given line MN, fo that 


x the triangle ALL Jag fron haves Aol be EE 4 
3 given magnitude. 
7 CONSTRUCTION. | 
6 Having biſect- „ H 
ed MN in D, on 7 
Mb deſcribe a 
rectangle MDEF 
Y 7. 6.) the 
magnitude given: 6 
alſo on MN let wi 7 ; 

a @ ſegment of a circle be aſcribed ( 22. 5. I to 
contain an angle = A; and from its interſection 
with EF, draw HM and HN; then make AK 

ll HM, AL = HN, and join K, L. So ſhall the 
Wt” . baſe KL be alſo ="the baſe MN, ind the triangle 
= AKL equal, and like in all reſpects, to HMN ; 
which laft ( Cor. 10 2. 2.) is, manifeſtly, Fang! ro to 
the magnitude given MDEF. 2. E. DP. 


| PROBLEM 4 2 
Through a given point P, t6 draw a line EPD to - 
meet two lines AB, AC, given by poſition, ſo that the © 
1 8 wiewl: ADE E formed frow © oo Hall be of « a wu” 
* magnitude. 5 


CONSTRUCTION. 


1 Draw FPH parallel to 
© - AB, interſecting AC in 
| F; and on AF, let a pa- ; 
| "©. "rallelopram AFHI be 
* formed, equal to the 5 
i} given area of the trian= A 
|  * gle: Make IK perpen- 
| gicular to Al, and equal 


\ 


6 a 


= , 14 Pt bo” 7 
* 


e Problems. 75 
to FP; and from K, to AB, apply KD = PH; 
chen-draw DP E, and the thing-is done. © 


DEMONSTRATION. 1 th 


The triangles PHM, PFE and MI, by rea- 


ſon of. the parallel lines, are ſimilar; and there- 
fore, ſince the three homologous ſides PH (KD), 
FP (IK) and DI are fuch, as to form a right-an- 
gled triangle ( Confr.), the triangle PHM on the 


firſt of them, is equal to both the other: two. FPE | 


and MDI ( 29. 4.) : and, if to theſe equal quan- 
IC be added ; | then will AFFE beats 


This Problem wil be impoſtble, when KD (PH) 


is leſs han KI (PF); that is, when the area given is 
leſs than a Parallelogram under AF and FFP. 


„ . 

„ 215 
, f * 
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/ >," PROBLEM: V2.1, 


f 


From @ given polygon ABCDEFH; to cut of a 


par AIKFH, equal to a given rectangle MN; 5 
ou IK), alben parallel 140 5 . nd AQ, a 8 
aeg! a given point P 5 


- "CONSTRUCTION. 35 
Let BA and ; E 
ced to meet in | 
G and upon 
ON let . 
angle O Hos 
| confined (0 G. 
J. 6.) equal to | 
AGEFH; ny, R 7 
by Prob. the 
Ach, or 6th, ac- 
cording to the 
caſe ptopoſed, 


* 


or 
+ 


: Kb „ de Io v3 


216 -The Conftruflion of 
5 2 a. IK, ſo as to make t the triangle GKI= Ma, „ 


and Ie thingils dona. 32 1 I | 
The Demonſtration" whereof ; is ' manifeſt from ; 
the Conſtruction. | 


And in the ſame manner, the polygon may b W» Los. 
beer according to any given ratio; becauſe, th 
Rete being given, each part will be. . 5 o 
(1541) 144 2obft en omolocaod 11 1 11! | 
e % & RR ROB LEM VIII. ö 17635 | 
2 Fd * given. 8 ABO into any; propoſed 
nen of ae (AKM, NEC). 9880 haue ay 
giua proportiin' id each ther'; H means r lies 
- 47 ee of the Sac BC N Ls angle. 
Fei ee ee cn 
; Let . 1152 vided: A 1 
into parts, A] e 
having we ame en | . "pF 
proportion to. cach LAY 12 
N we parts of the tri- 
ngle are to yo] =\ | 
t a ſemi-cixcle. \ 
| a be n 
and perpendicular t 
AB, draw EH, I F e . 
megting the 1 by as ABT - 
rence in H and I: From the center A, "through 
Hand I, deſcribe the arcs HK, IL, meeting AB i in 


K And E. then draw KM and LN arallel to BC, 
and the thing bs done. . 


5 


DEMO NST RATIO N. 


The triangles AKM, ALN and ABC, vein 
proportion, to one another: as AK* (AB * AE), 
AL (AB x, AF) and AB (by 19. and 24. 4.) 
that is, as AE, AF and AB. (4) 7. 4.) Whence 
( 5 the Prop oſition is Er 10 10 — 0. | 


' Wu hs 


, PROBLEMS. -_ 


Fo divide'a | ven line PQ gue any d num- . 
ber of: fs ſo that femilar : right-lined — PM, 
LQ gr-d. dcribed upon, * Hall have. the ſame 
given ratio among themſelves,. af ane . 
right-lines AB, yo AD afſigne — 0 port 7 


* CONSTRUCTION. 
| Upon the greateſt AD of th n nm AD, 
AC, AB, deſcribe a ſemi-circle Pens D; and'F 
perdicular | to AD, draw BE and CF, neeting the \ 
eiern in E and F. ; and; having oo 


oe! Problms. ; 217 


PR, at plealis in i Fri : dit gk HI *- 
=ucdiſt. AF, and IK '= AD draw KQ, and pa- 
rallel chereto d, TE; which __ d 
Xiao 1 firs {oat nr”; ben 


ory 1h 5 if 1027 13 * 0b 2 a 


"DEMONSTRATION, | 


PM; Log: (by 2 22 — 
(SAE ABK 18, by 5 4): 50 f NON | 
AD(by7+6;). In the very ſame TIES 
e nen, E. N 145 


70 N SO] ee 
7 . 
„ % ; * P 
* au - * to 4 ” k 
8 | $6.23 07 ; E253 TOME SE. © 
4 * 4. - a x * 
” * * : 
£1 ; 1 * 4 * þ 
* 1 * 1 ws . #7 * — * 4 1 
2 0 i 
\ ſhe | 2 . 
; 4 ) n 23 
by FR O- 
| 48171 


3 8 : a 1 5 25 oy * © 4 7 eo 2 
218 | De Conflrudtion of | 


PROBLEM NEL: 8 
"To determine the poſition of a point P : p, + that | 4 
a drawn from thence to the extremes 0 47 three right- 4 
lines AB, CD, EF, given in length an 2 ſtion, ſhall 4 
form three triangle AB, CPD, Ee F, mutually : 
equal to each other. 7 


eonmuverion. * 


#7 IT? the given lines be 1 produced. to meet in 1 6 
1 in 7 Gn=AB, "GR, 1 


4 „ tb | $ 2 111 IR, -'4 A 
Gn, 17 S to c Complete the park 

| klograms Gmpn, Heir; and let the disgonals Gp 

and H/ be 22 5 till ve, meet in 1 the 
8 5 due N + 0 „VF 


5 EMO" NS T R aries: - |. 

. PB, Pm, &c. be. drawn. The triang 8 
GPA, GP, having the: ſame baſe GP, 23 
altitudes (becauſe GMypn is a parallelogram) are 
therefore equal to each other: But CYD=GPn, 
and APB GPA (by Cor. to 2. 24); whenee CPD © 
and APB are likewiſe equal. And, from the very 
ſame. reaſoning, it appears that CPD and-FPE are 


equal. E. PRO ; 


C6Ciennmesrical — RR 
JJ 


3 Fro rom 2 given points A, B, to draw two lines 
. AC „BC, to meet in à line DE of any kind,” given 
y poſition ; ſo that the difference of their We Hall 


, be e to a ſquare given (MN). 
CONSTRUCTION. 

meeting DE in C; draw 

AC and BC, and 2 b ; 

poſition ; ſo that the ſum Y their ene Fo! be equal * 

10 4 a given ſquare, MN*s 

fall the perpendicular To — * — R 
QR; from A to FG ya — — — 


Make AF perpendicular. . 15 
is done. 
CONSTRUCTION. N 
P AHSAR, __ 


to the line AB, and equal NJ. * 
to MN; draw BF, which 8 
biſect with che perpendicu- N — 0 
lar GH; and from its in- e 
terſection with AB, draw _ 1 
HC perpendicular to AB, ̃ 
"BE BC'—AC* =BH* 1 
4. i, 9: 2. 5 = FIR 4 
ÞP R O B LE M XII. f 
From tos given points A, B, to draw two lines 
AC, BC, t meet in a line DE of any kind, given by 
Biſeck AB with the 
4% pere FG, in 
which take FP=FA, ©. 
and draw AP „ 
MN; on AB (pro- 
duced, if neceſſary) let 


ſ 
1 
j 
| 
i 
7 
Ll 


- — » 0 ——ooey . — 
— 2 2 Q RFI Ine te” LEE Pres nn ie ny vane anne Ain = 
" * 8 
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2 Gbr nenen * 


we the center F, thro' H, let the n 
of a circle be deſcribed ; and from its interſection 
C with the given line DE, e © oc CB, ane . 
ths bing i 15 done. x 


DEMONSTRATION. 

Let BH be drawn ; which being = = AH = AR 
= RQ (becauſe FP=-AF) ; thence will AC* + 
BC: "AB: + BH* & 20. 3. * — = AR* 45 "RY: 
SMN 2 E. D. 


PROBLEM. XIII. 


Fron tro given Points 5 A; B, 70 Bw awo liner | 


AC, BC, meeting in a line DE of aly kind, given y 
Peſition; ſo as to obtain the: ratio laue end , 


4 


a8 Mom, Nu affigned.” > 


make Af and Fo Paral- 


given points, divide AB 


CONSTRUCTION. 


Having joined the M — 


in F ( 15. 5.) ſo that 
AF : BF :: M: Nu; 4 


'Jel to each other, taking 
the former = AF, and 4 ENTS 
the latter = FB; and thro” their extremes ans 


_ f4O, meeting AB, produced, in O; from whence, 


with the radius OF, let the ſemi circle FCG be de- 
ſcribed, cutting DE in C; chen dray AC and BC, 


: _ thing 15 5 dere. e 


DEMONSTRATION. 


* Rus OA: AfCAF) : : OF: rr ep) we hav 
(by diviſion} OA : O;: OF: OB; or OA: OC: : 


NONE” Ant fo, the triangles OAC, OCB, 


having one angle” FOC common, and the des 
about it Proportional, they * muſt, — — 
e imilar 


Fa 


\- - 


; cular to DE, and FG = G 


1 GB, -6a/i it let a ſegment 


* 
* 
9 


1 Prolans. - 


22. 
bar (h/ 15. 4); whence the other ſides will alſo 


be proportional, or AC: BC. :: OA: 1 wh 6 


Af Fü: Mm: Nu (by: Cop.) 2 E. DB. 


Mole 5 in eithet of the two preceding; Pro- | 


blems, che circle deſcribed, neither cuts nor touches 
the given line DE, the thing propoſed to be done, 


will be impoſſible ; as no two lines drawn from 


A and B, ts meet above the circumference, can 
| poſſibly have their ratio, or the ſum of their 


e ſame as two lines n in the cir- 


\ 


PROBLEM. XIV. 


© From tuo . given, points A, B, 20 eo Hints | 
AC, BC, meeting in a rigbt. line DE, given by poi 8 


tion ; ſo as to male therewith two angles ACD, BCE, 


N da: n Hal be equal 10 an angle given, 6 ch. 


| CONSTRUCTION... 
| Make AFG perpendi- 2 


AF; and having drawn 


of a circle GCB de de- 
ſcribed (by 22. 5.) to con- 5 
tain an angle equal to the 

ſupplement (cg) of the 


given one ᷣch; and from its interſeQtion (00 with | 
DE, draw. CA and CB; and the thing is dont. 


For, if BC and GCH be drawn, cer will EO 5 


=GCD=ECH=BCE—BCH (cb). 


In the ſame manner; the Problem- will de con- 
ſtructed, when, inſtead of the difference of Ac 


and BCE, that of ABC. and BAC 1s given: e 


cauſe, when DE is N o AB, the latter dif- 


fe rence 


th guat, 7 


ference is equal to the former; and, in all other | 

_ caſes, differs from it by twice the given angle GCI, © 

expreſſing the inclination of the ſaid lines —When  - 
the ſum of the angles ACD and BCE is given, 

the angle ACB is alſo given: And here, nothing 


more is neceſſary, than barely to deſcribe, upon 


AB, a *, "an of a circle to contain the ſaid given. | 


—_ ACB. 


kh 


LEMMA. 


V of any three proportional lines AB, DB, EB, the © 
difference AF of the two extremes be bijefted in G; and 


if on the greateſt AB, as @ boſe a trian gle ABC be fo 
4 


formed, that its |, er ide AC ſball be A the diſtance 


MG of the perpendicular from ihe biſecting point G, 
in the given ratio AB to DB,; then ſhall the greater 


ide BC exceed'the be fer AC by the given line DB. 


DEMONSTRATION. 


| Becauſe FM exceeds . . 
AM by 2GM, BM will 
exceed it by 2GM +BF; 
and the rectangle under 
this exceſs and the whole / x 
baſe AB (=2MG x AB 4 5 | 
+ BFXAB) will therefore (by 9. 2. 15 hon BC. 


pk 


„2X — to 


* 


Ac. But ( hypotbefis and 10. 4.) MGxAB= _ 


AC x BD, _ BFXAB=BD*: Therefore 2AC _ 
x BD+BD*=BC* — AC; and, by adding AC“, 
common, AC*+ 2ACXBD+BD* (or the ſquare 
of AC+BD, 4y 6. 2.) will be = BC*; and, Pn. 


5 ſequently, AC+BD=BC. 2 E. D. 


This We is not only of uſe in the Problem + ö 


next following, but will be found a ready inſtru- 
ment in the ſolution of many others ; for which 
| reaſon-ie it is here put down, | 


PRO- 


| Gamerial Problems. : 
"Þ: R O B 1 E. M xv. | 


. 

{ 

Fl % 

- a 

* 
— 0 n 1 „ N 
PEI, 2 
* 
- 5 
F 


From two given p oints A, B, to draw two lines - 


AC, BC te meet in 4 right-line DE, given ty poli- 
tion; ſo that their 3 K be 92 2 2 . 
ien, Bd. 


Ws CONSTRUCTION. wo 


In AB, take a thirds - 
proportional BF to BA 
and Bad; and, ha. 4 
ing bitected AF in G, 5 
take GI, Bd; make 
GH an Ik perpendi- 
cular to AB, I eetin | 
draw. HAL, to which, | . 
from K, apply KL = 0 


AB; and parallel thereto 1 AC; 1 meeting: DE | 


in 105 join B, C; and the thing is done. 2 


| DEMONSTRATION. | 
Let CM be perpendicular to AB. 


Then, becauſe of the parallel lines, it will be : 


AC: KL (AB) :: HC: HK: : GM: GI (B4) 


Whence (by alternation) AC being to GM, as BA 8 : 


to Bd; and AB, dB, FB being: alſo propor- 


tionals; the whole Conſtruction! is maniſeſt from 


_ the Lemma premiſed; 


If the fury, inſtead of the difference, of the two 


lines (AC, BC) be given, the method of conftruc- 


tion will be exactly the ſame, without the leaſt al- 


teration of any one ſtep; provided that Bd be firſt 
of all taken (in BA, produced) equal to the given 
ſum, inſtead of the difference, EE: 

„ e 


2 


unn 
— 


— — e ]7—·˙ 7 ˖— 


why 2. Gnjrittin 0 


OG. " PROBLEM xvi. 


5 From 1700 given points, A, B,. to My Tines' 
AC, BC, / as 0 meet in à right-line DE purallel 
0 that (AB) joining the Jaid points, and. that” the. 
reckangle (AC x BC) contained » ou: 9271 be _ 

zo 4 rettgngle given, ADEF. 


CONSTRUGTION. 


Biſect AB and AP, in „ 
S and H; and, having f 
daran GI perpendicular 
4” to AB, to it, from A, ap- 
ply AO g AH; and from 
the center O, through A 4 | 
and B, let the circum- A "GR K BY 
ference of a circle be de- 3 : 
ſcribed interſecting DE in C; from: whence draw 
CA and CB, and the thing is is > 
For, if CK be drawn perpendicular to AB, it 
is evident (by 25. 3.) * AC ORACLE X 240 
| =ZADXAF. VB E.D | 


PROBLEM XVII. 


* 5 | Through a given point P, % to. draw a line FPE 7 | 


| bat the parts Ihereof PF. FE, intercepted by that _ 
: Diuoint and too lines AB, CD, . in lte, Job: 
| e a given ratio. 8 o | 


Ls 


2 | 
5 
XA 
. 


, in which (3 133 „ 
B.) take PH to PG, 8 — 


therein PF (by 7. 6.) ſog_ 
| that PE x PF SS 

nitude given: Upon Pf. 
as a diameter, let a circle 
be deſcribed, interſecting 


eee FIVER 


: CONSTRUCTION. 
| Through P, to any © 
point in AB, draw . 


in the given ratio of 

PF to PE ; draw HF 

pang to 'AB, meet- F=5 
g CDin F; then 93 


draw BPE, and the thing | is done. * > ol 


For, the triangles PGE, PHF being e equiangu- 
lar (by 3. and 7. 2.) thence is PF {PE :: PH: PG: 
and fo PF and PE (as well as PH and PG) a are 
in the ratio given. x 


In this conftruCtion, i it. is PAD IN that one of | 


the two given lines ſhould be a right one: The 


other may, it is ene, be a line of any * | 


whatever. 1 
PR OBLEM xvitt. 


2 28 a given point P, to draw a line GH ter- 


kind, given both by pofition; ſo that the refiangle 


| minating in a right-line AB, and in a line CD of any 


under the two parts OY . PH, ſpall be Cs 3 


| given magnitude, 


CONSTRUCTION. 


Having drawn EPF 
perpendicular to AB, take 


CD in G: then , draw 


GPH, and the "= is AL E TA 
ä D E- 


., 


'=RS; then divide | | 
GNin D (2 17.5 7 
ſa that GDXND=AM x AG; A DFE, and 


De Conſtruction of 
DEMONSTRATION. 
- If FG, be drawn, the triangles - PFG and PHE, ; 


kiving FPG=HPE, and FGP (= a right-angle, 


5 13. 4) = PEH, will be equiangular: And, 
conſequently (by 24. 3. ) PG x NE XPE= IP 
the * given. 2. E. D 


PROBLEM _ 780 | 


* Throu . 4 given point P, between two right-lines 


AB, AC, given by poſition, ſo to draw a line ED, 
that the ſum of the ſegments (AD+AE) cut off by it 
from the two Jon 815 be equal to a given Hine 

RS. | | 


CONSTRUCTION. 


Draw PF and 
PG parallel to AB 
and AC; in BA 
produced take AM - 
= AF, and MN x 


the thing is done. 


DEMONSTRATION. 


By ſimilar triangles, GD : GP (SAF=AM): : 
FP(=AG): FE; and conſequently GDx F hy 
AMXAG=GD x ND (4y Conftr.) : Whence FE 


ND; and therefore FE+AF+AD (AE+AD) 


=ND+AM+AD=MN'=RS. n 

It appears from the Conſtruction, that the Pro- 
blem will be impoſſible, when (GN) the exceſs of 
RS above PF and PG, is lefs than the double of a 


; mean-proportional between theſe two quantities. 


PR O- 


n 


Geometrical Problems. 1 1 
VVV 


* Throug gb a given point P, between two. right-lines 

AB, AC, given by poſition, ſo to draw a line DE, 

that the difference (AD—AE) 0 ;# the ſegments cut 
| of by fp che is JO all be equal, OO. : "7M 
| line RS. * 


CONSTRUCTION. 


| Draw PF and PG pa- 
rallel to AB and AC; in 
AB take AM AF, and 
MN = RS; then (2 18. 
5. ) let a line ND be added 
to N, ſo that GD x NU 
= PGxPF; draw DPE, 
end the thing is done. ; 


DEMONSTRATION: 


hecauſe of the ſimilar triangles PGD, EFP, we 
have GD x FE = PGXPF = GD x ND (by 
Conſtr.) and conſequently FE = ND; whence AD 
— AR RANT ATI MN=RS. S. £. D. 


PROBLEM XXI. 


n two right-lines NBN, - -MBM, given by 
poſition, to apply à line DE of a given length, and 
which (produced, if neceſſary) ſpall paſs thrugh & 
given point A, equally _—_ ME. 5 


Ms _ CoN- 


228 The Je Confruttio of 
| CONSTRUCTION. OR 


Let FG be the 
length given; and, © 
having drawn AB, 

" make the angles F, G 
equal each to ABD 
(or ABE); andin AB 
produced take AC ( 
_ 18. 5.) ſo that Ac x 
BSHG“: from C 
| to NN apply CD = 
Hs; thendraw DAE 
(DEA), and e 
E 2885 5 5 | 


| DEMONSTRATION.” . 


Becauſe AC : CD:: CD: BC (25 Confrr. 8 10. 
4.) the triangles CAD and CDB (having one an- 
gle common, and the ſides about it · proportional) 

. will beequiangular ( 15. 4. ): And therefore, fince , 
CDA=DBC=ABE (Y hypotheſis), the circum- 
ference of a circle may be deſcribed through all the + 
four points, C, D, B, E (by 11. 3. or 19. 3.). And + 

ſo the angle DEC, ſtanding on the ſame ſubtenſe 

DC) with DBC, will be equal to it; and, conſe- 

quently, equal ro EDC. Therefore the iſolceles 

_ triangles EDC, FGH being equiangular, and hav- 

ing CD=HG, their baſes ED _ FG. n W 
be equal. 2 Do: 4; 


PROBLEM x. 


In a given - circle ABDC, to apply a chord AB 
N equal to a given line RS (leſs than the diameter) and 


_ which * aſs through a given Point * 
: ht WI g cox. 


a” 


center O, let fall the 
draw O, upon which let 
and in it apply OE OF; 5 


From the center C, draw 2 
CP, upon which let a ſemi- AD ; 
5 cirele PQC be deſcribed, and g 5 

in it apply PQ, equal to half, 

' DE, producing the ſame, both \- 
ways, to meet the circumfe- 


i , r A 


* 


— . 


TR CONSTRUCTION. 


Inſcribe CD = 8. 
upon which, from the A, 


perpendicular OF; alſo 


a ſemi-cirde be deſcribed, 


laftly, through P and E, , 
let AB be drawn; which 
will, manifeſtly, be equal to CD (= RS, hs 4, * 
as being equa 7 diſtant from, the center, by con- 
ſtruction. - 
When the point given is placed withdut das Gir- 755 


x - the eee will be no- ways different. 


PROBLEM XXII. „ 


— a given point P, ſa to dhe. a line 4 
that the parts thereof AP, BP, intercepted by 1 


point and the circumference of a en circle, fat Eh 


bave a given df 4 ference, DE. OY” by 6 
CONSTRUCTION. 


rence in A and B: 80 ſhall YJ * 
AQ=BQ_(by 2. 3.); 2d 


- therefore PB (=BQ.+ P 


Q_- 
= AQ. + PQEZAP+2PQ) =AP+DE, + which. 
2985 40 Be 1 85 8 


* 
* * pe N 
; : - ; 
3 * 4 , + % R ® ; 
a „„ ; — 


n — ⁵ . ]⁰mnw..̃˙ ˙ͤvnOs ͤ:y— 5.kñ2: | 
. 2 2 — 5 r > TR * 
TSA * 3 „ % 


7 Y 
8 
. \ 


2 The Confiruflion of 


Ke. | PROBLEM XXIV. 


From a given point P, to the circumference of a 
given circle C, to draw a right-line PBA, /o as i@ 
be divided in a given ratio wy a line RBS of any kind, 
"ay | given in poſition. 


CONSTRUCTION. * 


I'd any point D in the 
circumference, draw PD, 
. which divide at E in the 
ratio given; and, having 
drawn PC and tke radius P 
CD, parallel to the latter 
draw EF, meeting the for- 
mer in F; from "whence, 
| + apply FB= FE; 
1 my mitlwough B draw PA, and the thing is done, © 


' DEMONSTRATION. 


Fe CA be drawn. Then, becauſe of the pa- 
rallel lines CD, EF, it will be, CD (AC): EF 
(FB): : PC: PF; and ſo the triangles PAC, PBF 

will likewiſe be equiangular 88 16. 4.). And there: 
5 fore PB T BA:: PF: FC: 12 :ED (2y 13 **). \ 
1 | . E. D. 


n 
>@ = — — 
— — — — 


n - - \ —— 
— 2 — —ů ——ů— 
2 = e © cm A — — 
—— 2 — 2 y - 
. — — — — 
— — — - 


— 


— 6 — — 
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— 


TO ——H— . ĩ 


rROBLEM xxv-. 


Through a given point P, to draw a line GH, 
age! terminating in the circumference of a given circle 
*F - BGA, and in a line MN of any kind, given by 
5 3 ; ſo that the reftangle under the two . 

e . PH , Pa be W a gives e 


w © aa 


which let PD be fo. 
taken (by 7, 6.) that / J 


any point E in the cir- 
cumference, draw EP. \ 


groen rigbt- line PQ. 


Geometrical Problems. © 
CONSTRUCTION. 


Through FP draw Bd - 
the diameter AB, in E * _ 


PAXPD = the mag- / 8 ; 


nitude given. F rom 


and the radius EC; Sg 
and, havingjoined BE, 3 
draw DF. parallel to 4 


BE, and from its in- 


terſection with PE, 
diaw FO parallel to EC, meeting PB inO; from: 


| whence, to MN, apply OH=OF; and dog 
* draw HG 1 che line requited. | 2 


' DEMONSTRATION. = 
Let PH be produced (if neceſſary) to meet 3 | 


_ circumference of the circle in I; and let C, 1 be 
joined. 


The Bees OF, CE 'being heal,” thence will 


O: PC:: OF (OH): CE (Ci); and therefore 


OH and CI will - likewiſe be parallels (by 16. 4.) 
Therefore PH : PI:: PO: PC:: PF: PE: : PD: 


PB; whence, alternately, PH : PD: : PI: PB: : 


PA: PG (by 21. 3. and 10. 4.) * 


PHXPG=PDXPA. VN E.D 


PROBLEM XXVI _ 
From the circumference of a given 2 C. 1 5 


line MN of any kind, given by paſition, ſo to draw a . 


right-line KF, as to be both _ and * to 4 


SET cox. | 


S. 


2 32 TL The Cunſiructiun of 


CONSTRUCTION. 
From the center C, 
draw CD equal and 
parallel to PQ; and, 
from D to MN, ap- 
ply DF = the radius 
_CB; draw CE equal ; 
and parallel to DF; | >< — 
then, EF beingdrawn, 1 ue 
it will (2 26. 1. ) be | 
equal, and parallel to CD; ; which was to be done. 


PROBLEM XXVIL 


From the point of interſeftion P of two given cir - 
cles O and C, ſo to draw a line PR, that the part 
| thereof QR intercepted by the two e es, * | 
x be * to a given line AB. 


CONSTRUCTION. 


Upon the line OC * R EE 
Joining the two centers, 
let a ſemi-circle ODC 
be deſcribed, in which 
apply OD = AB; 
and parallel | thereto, | 
draw PR, and the thing 
| 75 done. : 


| M orion 


Let CD, and OF parallel to CD, be drawn, meet- 
ingPRinE and F. Then, the angle ODC being 
aright-one (4 13. 3.) and PR parallel to DO, E and 
P will alſo be right- angles, and EF=DO (524.1 ): 
And fo, PE—PF being (=DO) = 2 AB, it is 
manifeſt, that: 2 PE NE. 2PF (PQ)=AB, or 
. — rhac AS.” 5 
SES 3 


"2 „ 2 Ss 


MM 


* 
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PROBLEM XXVIIL 
From @ given point P, in the line-paſſing through 


the centers of two given circles C and O; ſo to draw 


a line PD, that the parts thereof PE, FG, inter- 
cepted by thoſe circles, Joe” be in a * ratio, . 
as p ic to q.) 


CONSTRUCTION. 


: Take CH to OR, asptog; and CI to OR, 
as PC to PO: Upon HI let a ſemi-circle be de- 


ſcribed, interſeRing the circle CDE in K; through 55 


_ 
F 


IR 


* which point dae IKL, = make CI. perpen . 


lar thereto; at which diſtance, from the center 8 
let a circle ML be deſcribed: Then, if from P'a 
line PD be drawn to touch this circle, be (bing 


is done. 


LY DEMONSTRATION. 
Let CD, CK, HK, FO be drawn, and alſo CM 


and ON, perpendicular to PD, and HQ to CL. 


The right-angled triangles CDM, CKL having 


| . 5 and CM CL, have alſo DM=LK 


H. (ſince, by 13. 3. the angle HKL, as well as L, 


is a right-one). Moreover (35 Conftruftion) Cl: .. 
= (OF): : PC: PO: CM (CL): ON; and ſo 
the triangles CIL, OFEN (having their ſides pro- 


portionaf) muſt be ſimilar; and conſequently 
OFN alſo ſimilar to CH Q; whence, as QH (or 


DM): 88 e: FO (OR): 2 1 


L 


PRO. 


234 The Conſtruction o 
PROBLEM XXIX. 
To draw a line EC, to make given angles with 
a line MN paſſing through the common center O, of 
5 two given circles MEN, K DF, /o that the parts 
therecf CD, ED, intercepted by that line and the two 
peripberies, ſball obtain a given ratio, 
SONST. 
Let QOM be the given : = 
angle, to which ECM ſhall 
be equal: In OM produced, 
Jet KA be ſo taken, as to be 
to the radius OK in the given 
ratio of ED to CD; upon 
which let a ſegment ofa circle 
ABK be deſcribed to contain 
an angle equal to QOM,; and, 
from its interſection with the 
circle MEN, draw BA; pa- 
rallel to which, draw the ran ä 
dius OD; and then, through D, draw EC paral- 
Jel to QO. TE Tos ; 


DEMONSTRATION. 


Let BK, BO, EO be drawn, and alſo EP pa- 
rallel to DO, meeting OQ and OM in Q and P. 
Then, the triangles AKB, PQQ, having ABK 
= POQ (by Conſtruction), and KAB = OPQ C 
7. I.) have their external angles OKB, EQO alſo 
equal (byg. 1.) : Therefore, becauſe EQ (=OD) 
= OK, and EO=BO, thence is O KB (ty 
17. 1.) ; and therefore, as the triangles POQ, ABK 
are equiangular, PQ is alſo = AK: But (becauſe 
of the parallel lines) CD: ED: : DO (OK): P 


4 > PRO. 


—— —— 
. 


— 


— hi — 
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PROBLEM XXX. = 


A To determine a point P, ſo that three perpendicu- 
F lars drawn Vom thence, to as many rigbt- lines AB, 
; 
} 


AC, BC, given by poſition, ſhall obtain the ratio of 
three given lines m, n, and p, reſpettively. 


CONSTRUCTION. py 


Take AE 
and BF each 1 
= "a5 an an 
drawEM and * b 
FN parallel 
to AB; in 
em take 


the point of concourſe P, will be that which 2045 
CL be determined. 


DEMONSTRATION: 


Upon the ſides of the triangle ABC let fall the 
perpendiculars GL, GK, PR, PQ, PS; and let Gl, 
Parallel to AC, be drawn. 

The angle LEG being = LAK=GIK (Ger. I. 
707.1.) and L and K being both right-angles (by 

Conſtr.), the triangles EGL and GIK are ſimilar; < 
and therefore IG (n): EG (n) :: G: GL: : PQ: | 
PR (&y 21. 4.). And, in the very ſame manaer, 


m:p::PQ:PS. QED. 
Alfter the ſame way, the en may be con- 
ſtructed, when the lines drawn from P are re- 


quired to make any given angles with the lines 
upon winch they fall. 


P RO. 
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| PROBLEM XXXI. 


| To determine a Point P, fo that three lines PA, 

=] PB, PC, drawn from thence to three given points A, 
: . ſoall obtain the ratio of three om lines a, b, 

and c, reſpettively. 


CONSTRUCTION. 


Faving Joined the 
oy given points, in AB _ 
= take AF=a, and Al 
3 Sc; make the an- 
= IS ba gles AFG and AIK 

| | equal, each, to ACB; 

—_ and from the centers 

F and G, with the ra- 
dii b and AK, let two 


arcs be deſcribed, in- A *. — . 
terſecting in H; from 1 «4 1 WY | 
which point draw HF 


and HA ; then draw. BP to make the EY ABP | 
AHF, and it will meet AH (produced) in the 
4 point P. required. 


— 


DEMONSTRATION. 


Let BP, CP, and GH be drawn. | | 
The triangles ABP, AHF being equiangular, it 
will be, AP: BP: : AF (a): FH (5); alſo AB: 
3 : AH: AF; and AB: AC:: AG: AF (be- 
cauſe ABC and AGF are likewiſe equiangular; (by 
Confir.). Now, ſceing the extremes of the two laſt 
proportions are the ſame, the four means, AP, AC, 
ACG, AH ( 10.4.) will therefore be proportionals; 
and fa, the triangles ACP, AHG being g equiangular ö 
(Y 15. 4.) it will be AP: CP: A8 GH(AK): : 
FA = Al (c). ; E. D. 


PRO». 


ble of containing the given 


circle be completed; make 


A and C are to include; and from 1 
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5 PROBLEM XXXII. 

To determine the te pow Te 2 il -j. 0 
lines drawn from three given points A,B C, hall 2 — 
make gia angles, one with another. _ ; Y | 

CONSTRUCTION. 


Draw AB,upen which (b 
22. 5.) let a ſegment ofa cii- 


cle AP; be deſcribed, capa- 


angle which the Jines. drawn 
from A and B are to in- 
clude ; and let the whole 


the angleABD equal to that 
which the lines drawn from 


point D, | 
where BD meets the circumference, - tough C, 
let DP be drawn, meeting the circumference i in P; 


| which i is the point req vired. 


For, AP and BP being drawn, ihe angle APC 
will be = the given angle ABD ( 11. 3.) both 
ſtanding on the ſame arch AD: And APB is alſo 


of the given magnitude by conſtruction. 


PROBLEM xXXXIII. 0 


"8 Any two unequal [ſegments AB, CD. of 4 right-line 
A being given, as well in poſiticn as length ; to de- 
termine a point P in à line MN of any kind, 
Cb, 


by paſition; at which the two angles APB, 


| fubtendedh theſe lena foal Gf paſtbe) l. 
to 2 aber. NE. | 


238 


| extremes draw caO, 
meeting DA produ- 


CONSTRUCTION. 


Make Ba. and De 
parallel to each other, 
taking the former 
BA, and the latter 
DC; and thro” their 


ced, in O: Take OF 
a mean- proportional 
between OB and OC; at from the center O, 
with the interval OF, leta circle FG be deſcribed ; 
which (when the Problem is poſſible) will cut (or 
touch) MN, and the point of interſection P, will 
be ibat required. | 


| EMONSTRATION. 


Let PO, PA, PB, PF, PC, and PD be drawn. 
Becauſe OD: De (DC) : : OB : Ba (BA), it will 
be (by divifon) OD: OC: : OB: OA; and conſe- 
quently ODXOA=OCXOB=OFP* (by Conftr.) 


Therefore, ſeeing that OA: OP:: OP: OD, and 


that the angle O is common to both the criangles 


OA, OPP, theſe triangles muſt be equiangular 


( 15. 4.) and conſequently APF=OPF (OFP) 
5A (ODP) = DPF (H 9. 1 ). In the very 
ſame manner, becauſe OB: OP:: OP: OC, the 


angle BPF will be = CPF; and, Ts. 


APB alſo = CPD. & E. D. 


Geometrical bau. 


PROBLEM XXXIV. 


Two right-lines AB, AC being given, both in 
- Sed and pofition ; from the point of their concourfe 
A., ſ to draw another line Al, that twq perpendicu- 


hrs, IP, IN, falling from the extreme thereof, upon 


the two given lines, ſpall cut off alternate ſegments 


BP, CN in 4 "gw ratio each to the _ Al fo | 


| drawn. 5 


CONSTRUCTION. 


Let the given Þ 
ratio of AT, BP "HB 
and CN be that  —— 1 
of the lines , 
q and r, reſpec- 
| tively. TakeBE 

= qo ad £&& - 
= 7; making 
BD, EG, CD :;; | oe 
and LG perpen- | r 

dicular to AB A. | P E 7 
and AC, ſo as 
to meet in D and G: draw DA and DG, and 

from G to AD, apply GH=p, and parallel thereto 
draw Al, meeting. DG —_— ot Wir in I, 
and the thing i is dene. 


n DEMONSTRATION. 


Becauſe of the parallel lines, AI: GH (.: 11 D: 
GD) : : BP: BE; whence, alternately, AI : BP : 


6H 75 BE (50 In the very ſame manner, Al: - 
8 


CN ::p>r. 


ſ 


— 
—— —— — — — — = 


Ws 


We Construction o, 
PROBLEM xxxv. 
Between io lines AG, BH, given both in pf. 


lion and lengtb, to draw à line MN, which ſhall. be 
in a given ratio to each of the ſegments ates NH, 
,- g. Jew the two given lines. 


take Gg = m, and Hb 


apply oK Sr; draw 


19285 ; 


CONSTRUCTION. -, 


Let the given ratio of 2 3 
MN, MG and NH be x 
that of r, m and n, reſpec- 
tively : In AG and BH 


; and, having drawn 
GH, parallel to it draw 
þl ; to which, from g, 


KN, meeting BH in - 
N, and parallel to Kg 
draw MN, 5 and tbe thing i 15 done. 


DEMONS TRATIO N. 


| Becauſe of the parallel lines, it will therefore 
be MN: GM: : gK (r): Gg (m;) and likewiſe 
MN.: gK (7) : : GN: GK : : NH : Hb (2) 
which laſt Gal alternation) is MN : NH THEE | 


- 


— 
Ss 
2 


9 


* 


| Geometrical Problems. 


PROBLEM: xXXXVI. 


To ow a line DF, to cut three other lines AB, 
AG, BC, given by poſition; ſo. that the two parts 
" thereof DE, EF, intercepted by thoſe linch, MN be 
reſpettively equal t to Fo e lines, de, ef. 


— 
o 


CONSTRUCTION. 


Upon the 
| right-lines af, 
ef let two ſeg- 
ments of cir- 
cles, daf, ecf, 
be deſcribed, 
to contain an- 
gles, reſpec- 
tively equal 
to BAG and 
BCG: Then — 6 | 
( Prob. 27.) draw fa, ſo that the part ac, inet 
ed by the two peripheries, ſhall be equal to AC; 
join a, d, and take AF 8 AD gad; then draw 
| DE, 1-0 the thing is done. 


DEMONSTRATION. 


The triangles FAD, fad, having AF = afs, 
ADR and Aga (by Conſtruction), are equal in 
all reſpects; and therefore (if ce be drawn) the 
triangles FCE, fre, having F=f, FCE fce, and 
CFS, will alſo be equal and alike: Therefore, 
. the wholes DF, 4f, and the parts FE, fe are 
equal, the remaining 17 51 DE and de muſt like- 
wiſe be equal. Q. E. D 1 


HA. 


— p RO. 
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lel thereto; and 


The C 22 of + 


PROBLEM XXXVIL 


Through à given point P, to draw 4 line DPF, 
to cut three lines AC, CB, ABb, given by Poſition ; 
Jo that the parts thereof DE, EF intercepted by woe 
_ ſpall obtain a given ratio. 


CONSTRUCTION, 


In CA pro- C 
duced, take AT 
to CA in the D 
given ratioof DE 
to EF; and, hav- 4 
ing joined B, T, 
draw PQ paral- | 


from its interſec- ＋ 


tion with BC, 


draw QN — TY to CT; alſo hiv AR parallel 5 


to BC: And in RB take RH (by 18. 5.) fo that 
NH Xx RH = PQxX TR: Then draw AH, and 


DPEF Parallel to it, and the thing is done. 


\ 


DEMONSTRATION. 
Becauſe (by Canſtr. and 10. 4.) NH: TR: 


PQ: RH:: QE: AR ( 14. 4.) it follows (by 


alternation) that NH : QE::TR: AR::TB: BC 
(by 12. 4.) :: BN: BQ. Therefore EH (when 
drawn) will be parallel to QN or AD (&y Cor. to 
12.4.); and ſo DEHA being a parallelogram, we 
have again (by ſimilar triangles) as DE. (3 


EP. IH: IE:: AT: Ac. SE. D 


When the ſegments AD, BE, cut off 3 the 


given line AC, BC, are required to be in a given 
rat (nfea of DE and EF), the conſtru&tion 2 


Ul 


to m, draw NgE : 


F in, NP draw 
fog parallel to 


Gare Ni 2243 | 
be the ſame ; provided that ET, be taken to BC 5 2 


in the ratio rem. | 1 then AD. re BE- 


"CT: 1 4 


-PROBLE M XXXVIII. 
To Saw a line ABCD to cut four other lines 


MONP, NQ, ROT, SMT, given by pofition ; jo 


that the three parts thereof AB, BC, CD, intercepted 
by thoſe lines, may obtain the ratio 7 three * 
e. m, n, and p, 1 reſpettively. 5 | 


CONSTRUCTION. 


From any point 


IMs interſect- 
ing NQ in 3; 
and ;havingtaken 
bg to bf in the 
given ratio of u 


Moreover, hav- /- 
ing taken OH to 
MO in the given I 

ratio of ꝝ to p, draw THG ; and PR 00 its in- 
terſection with NE, draw GI and GF parallel to 4 
MP and- ST, reſpectively, cutting NQ and TR | 
in B and C; thro' which two ne 5 draw Dy 

and the thing i is. done. | 


" DEMONSTRATION. 


By ſimilar AB: BC :: BF: BG : : bg: in 
| wang BE: 5 0 :CI::OH: MO: 1. 
JE. | 


, » 
* N J 
. 


=: Te, 


2 The Confrattin of 


* R 0 BLE N xxxlx. 


2 — 7200 * CA, CB, fron a given point ! 
E; to terminate in two other lines PM, PN, given 
by poſh tion, "and which, together with the line AB, 
Joining their . extremes, foal 4315 4 triangle, ABC, 
1 milar 70 a given one, abe. 


* U 
2 OY 
iz : s F 5 4 f 
\ 


352 CONSTRUCTION. 
Upon ab let a . 

ſegment of a circle 
apb be deſcribed, 
to contain an an- 
gle equal to M PN, 
and let the whole £ 
circle be*cottipter-. . - 
ed; draw . 2d -\, ..\ 
all ac, making \ 
the angle Zee EN, N Derr the peri- 
phery in e and*through'c draw ꝙ, meeting the 

 periphery-ih.p;. make dhe angles PCA and PCB 
reſpectively equal to * oe then Join A, B, 
and the thing is done. ; 


© ' DEMONSTRATION. 


If pa and pb be drawn; then will the angle Bae 
(CPB) = cp, both ſtanding on the fame arch 
be ; therefore, APB being alſo = pb (4y*Conftr.), 

the remaining angles APC and apc muſt conſe- 
quently be equal; whence, as PCA = pca, and 
PCB pc (by Conftr.), the triangles APC, apc, 
and BET pc are equiangular ; and therefore AC: 

PC : pc): : CB: ch. And fo the triangles 
ABC, abc, having the ſides about the equal angles 
ACB, ach, —— — are like to each other 


915: +); 0 PRO- 


[rag 


„ PROBLEM, XV. 
Do deſcribe a triangle PQR, equal A * milar 10 
4 given riangl# par," which pa haus HerεHi⸗ 

ports placed "in"three-right-lines AB 85 30, AE; 
A Als 


N 
LL In va 


Cos TRUE TT 


Upon, do id 8 pg Pay gh let tp fegen 
of cc 2s Pb 7 wy As be a ——— 185 


e ely 5 CBD and CAE „Then draw, 


Nee e "hef&Zf Ba; ifl- 


a ( 2 
N E 4 the” 12 __ , WAI" inn: "ts 
W e 901 Nt? 7 9 pon "X23 


BA 5 1 joined, + * =p a,r; poets BP 
 =bp, BQ=4q, AR = ar, and let PQ, PR, and 
M be drawn for the ſides of the e = 


2 8B ef Fil 2362 142) 23G. 24 as 2343 
DEMONSTRATION. 


11 i 


"The triangles PAR, par; PBQ, pig, being — (— | 


and lite in all reſpects (H Confr.), not only the 
ſides PR, pr; PQ, pg, but the angles OPER, gpr, 
will be equal; and, conſequently, the two trian- 
gles PQR, Pr alſo _ and Fe to each other. 


Y E. D. 


_— PRO- 


2466, Tue Cinfrutlion 7 


. PROBLEM: . 


e ae, 4 trapezium j c PP 4 at one 
having its angular. points þ ced in four ws | 
lines CN, BM, AL, CBAK given by EE | 


CONSTRUCTION. 


Let three ene $7; be, found, from 8 
as centers, ſeg ments, of circles 15 be deſcribed, 


upon .ef,. to ain, an es equal o the 
= —4— E Kate k KCN, {= Ty 


tively ; draw pgs in 9250 x, 00 © AB, 


take gs to * in the 


and, ee,” POR 25 Inks: er pen endicular 
thereto, interſecting the three circles in a, , c. 
Take AE: AB-: : ge: ab; and make the angles 
CEH, CEG, and CEF, reſpectively equal to ceb, 
ceg, and cef; then let H, G and G, F be joined; 
and, I ſay, the trapezium EF GH why * r to 
be . one * 5 


4 
) 
OS 


75 


1 Problems. 
DEMONST NA T LON. 


Let afs 6g, che be drawn, and alſo pry, g, per- 


pendicular to ec. 80 ſhall. 45 g eb — e = 280 — 
a = ap and be: 72 eb = Let — 2c = 
a2: And therefore 4b: bc: vw. ur: : 50 96 (by 


13.14.) :: AB: BC 9 C., 3 ſeeing the 


triangles EAF,. eaf 5 EBG, ebg ; 3 ECH, ech, are re- . : 


- ſpettively, equiangular (by Conftr.) it will be EG : 
1 EB zb:: AE: 4e (by Conftr. and Compoſition) 
EFZ & (Y 14. 4+):5: and ſo the triangles GEF, g 
(having the fides about the equal. angles propor- 

tional) are ſimilar. And, in the very ſame manner, 
the two remaining triangles EG, egb (and conſe- 
quently the whole trapeziums . ve)" will 
| peer to be ſimilar, E. D 


PROBLEM XI II. 


TJ dg eſcribe. the circumference. of 4 cle * | 
7 200 given poinis A, B, wpich _ touch 4 ee 


CD given by oft ion. A. 


CONSTRUCTION. 


Draw AB, which, _ 
biſect in E by the 
perpendicular EF, 
2 CD in F; 
any point H | 
in/ 1E draw HS 
| toy a or NT =4Þ 08; bt 
having draw 8 n 
= BF, to the ſame ap- Ws Ken * 3 
ply HI = HG, and 


2 thereto draw! BK, meetiogEF-1 in "Ks 5 
from the center K, with the radiũs _ let a cir- 


cle by deſcribed, and the thing is done. | 
£ R 4 5 To D E. 


„ 


* 


* 
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De Chnſtruckion of 
"DEMONSTRATION. 
Join K, A, and draw KL perpendicular to CD : 


17 hen, becauſe of the parallel lines, HG: HI: 


KL: KB (S 21. 4.) ; whenee, as HG and HI are 


equal, KL and KB are equal likewiſe: But it is 
evident, from the Conſtruction, that KA h 


| therefore] KB LKA. L E. P. 


. two et links" Hr, Hi 8 be ap- 


| plied from H to BF (except, when NIH is a 


right“ angle) the Problem will therefore admit of 


two ſolutions. But when à perpendicular let fall 


from H upon BF is greater than HG; the Problem 


will be impoſſible. And the like is to be underſtood 


in the conſtruction of the ſubſequent Problems. 


PROBLEM XLII. 
To deſeribe the circumference of a circle through a 


* given point A, which ſhalk REES ro Mawes C, 


BA apply N 


of concourſe B 


and alſo BN, to | 
biſect the angle 


upon BC, let fal 
. the perpendicu- 


BD given 4 pofition. 


/ 


| CONSTRUCTION. 
Fromthepoint „ 


of the two given 
lines, draw BA; 


CBD ; from any 
point E in BN, 


lar EF, and to £ 


E. 


e Daf. 4.) Fo ban of W 


3 *a 


Ef, „ cy BN in 
H; chen from the center H, with the intet val 
4 dean be deſeribed, _ ae 


n 1 


1601011 7 


ME T ION. 


Upon BC and, BD let fall the perpendiculars 
HI and HK; which are manifeſtly equal, be- 


tauſe (by Conftr.) the angle HBI HRK! Mor 
HA ae 


over, as EF and 17 are equal, HI I 


44 


2 441 


rRoBLEM XIV ; SAW 


331 (FT 


70 0 ie 4 circle; wphich bail gs ;@ given 
circle AaM, and two right-lines BC, > BD, given 


Poſition RE R 
f CONSTRUCTION. _ 
Draw PQ parallel to BC, at the diſtance of the 


radius Aa; ànd through the point of concourſe 


B of the two given lines; draw NBP, biſe&itig - 
the angle CBD, and meg Fa in P; moreover, ' 
from wy Pe ah in ao | PQ, er fal the 


e EF, and ia the ſame point; 'to 
PA, apply EG EF; draw AH parallel to EG, 
meeting the periphery of the given circle in M, | 
and the right-line PN in H, from which laſt | 
point, as a center, through M, deſcribe the cir- 

ae of a circle; and the thang is done. 


DEMONSTRATION. 


. HS 1 to Bo, and HK. 
P, Dram po . 

Then, becauſe EG and EF are equal 'by Confir.), 
HA and HK (i 21. 4.) are likewiſe equal; from 
which take away KI = AM (Aa), and the re- 
mainders HI, FIM will be equal: But, it is evi- 
dent, that HI is = HS, becauſe BH biſects 
the angle IBS; therefore HI _ HM = "Ba: 


2. E. B 


6 ö 


PROBLEM XLV. 


7 ane the circumference of a circle through 
"#200. given points A, B, and which ſpall alſo touch 
- azother circle Odb, | given in pofi ſrion and ben 


"CONSTRUCTION. 


| Biſe the given diſtance AB with the . | 
cular DE, in which (4 7 Prob. 1 whe 45 11 the point C . 


7 


Gn Problems. | 


be fo determined, that CO (when drawn) ſhall ex- 


ceed CA by the radius Od of the the given circle. 


Then that point, it is manifeſt, ul be the cen 


of che circle to be deſcribed. | 


PROBLEM XVI. 


Through a given point A, to deſcribe the circum- : 


2 of a circle, which ſpall touch a given circle B, 
and a N 4 7 line Qu. by Pofit Hon. 1 


n 


Make AH perpendi- 1 
cules: to PQ, and BD to 
AH; and AM drawn 
a . e 25 ( 
third - proportional to AB | SI 
and the radius Ba, 62 S 
let AF be biſected in G: 4 

then draw MN ( Prob.” 8 
35.) ſo that MN, NH, | 


and MG may be in the fame given ratio; among 
themſelves, as BD, BA, and Bd: and at M and 


N let two pe endiculars be erected on AB and 


AN; which will interſect each other 1 in the center 
C of wn required ly bara | 


DEMONSTR ATION. 


Let CA and = be drawn, and alſo ck per- | 


pendicular to PQ. Becauſe MN: NH :: BD: 
BA (2) Conftr.) :: MN: AC (by 22. J.), thence is 


NH (CK) = AC. And . (by Conſtr.) NH 


(AC) : MG : : BA: Ba, it is alſo manifeſt, from 


the Lemma on P. 222. en BC = AC Be. / 


E. he 
55 PRO- 


- 
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PROBLEM XIV. . 
A, ) 16: ITY $5675 © 3 
7 0 djeribe a cirde Oanib, which ball touch two 
given circles AEa, BFb, and «jo a e CD, 
Lien by e. 8 


* o . 
* KEY 5 «Yo 83 1 * 


A bs CONSTRUCTION. 


. Fr rom the radius BF of the greater circle, take 
away Fb equal to the radius AE of the leſſer; 
and from the center B, with the interval Bb, de- 
ſcribe the cirele BV; alfa draw PQ parallel to 

— CD, + at the diſtance of Fb or AE: 1 by the 


— 
* 
« 1 
+ 4 ft a 4 
A A | 0 
1 F * 
7 * LN . 4 l , A 7 x * 
1 . 5 
* . % 
. — 
N Y a . 
Aa me 2 | 
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- s D - 4 1 * $ 1 
,, 7 
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, " 1 4 7 o 7 it 
8 * 4 E i a 
5 * 4 l 1 
— "I 4 1 3 7 3 4 , K 
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NR ; 47 hy 64h 4; pe 
2 > * = k 
| j D 
83 1 > 
* * oy yo 1 F £ 
! . » 3 4 * £4 x + &- ws 4 
— 2 5 . 
* * 89 © 
ö P | Tn , 


laſt Problem, let the center O of a circle be found, 
whoſe l ſhall paſs thro A, and touch 
. des Bbv ; and the ſame point O will, likewiſe, 
e center of the required circle Oant.. 


—ä—— . . —ä4Ü——Cm——3ñ66—— —— — _ 


DEMONSTRATION. 


| 2 On, perpendicular to PQ, cutting cpi in 
| ; m; alſo let OA _ OB be drawn interſecting the 
. 5 | circles 
| 

| 

; 


\ 


 Geametrital Problems. 


: | circles A and Bing and v: Then, fince (by Conftr.) 
Arg O, and Aa (AE) = by (Fb) = um, 

let theſe laſt, be:reſpeRively taken from the for- 

mer, and there will remain Os = O = On. 


PROBLEM XLVIIL 
To deſeribe the circumference of a circle through 4 
given point A, which ſhall touch two other circles B 
and C, given in poſition and magnitude. 


' CONSTRUCTION. 


To the centers of the 
given circles, draw AB 
and AC; in which take 
BS = a third- propor- 
tional to AB and the ra- 
dius BE; and Cc.= a 
third-proportional to AC 
and the radius CF : bi- } 
ſect Ab and Ac in G 
and , and let Fr be 

drawn parallel to AB, 
meeting BC in r. Then . 
| (by Prob. 34.) draw AO, ſo that OM and ON being 
drawn perpendicular to AB and AC, the three 
lines AO, GM and HN ſhall have the ſame given 
ratio among themſelves, as AB, BE and Fr. Then 
ſhall the point O be the center of the required 

circle: For, ſince (by Conſtr.) AO: GM:: AB: 
BE; and AO: HN (:: AB: Fr) :: AC: CF; it 
is manifeſt, from the Lemma on p. 222. that OB 

SAO rBE; and OC SAO CF. 2. E. D. 


In 


— 
* 


The 0 onfruttion, &c." 


In the very ſame manner, a a circle may be de- a 


ſeribed to touch three given circles ; the Problem 
amounting to no more than, To "find a point from 
whence lines, drawn to three given points, ſhall have 
given differences : Since a point ſo found, will al- 
ways be the center of the required circle, as well 
when the three given circles are to touch that circle 
inwardly, as When. 2 are al 8 to touch 
it ci wardly. 


The End of the GzomeTrICaL CONSTRUCTIONS. _ 
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| Elemenary Part of this Work K. 


2 TOM 10. Boot * What is A laid 
down, as an Axiom, would, more properly, 
have been made a propoſition, had it ad- 
mitted of ſuch a demonſtration, as is perfectly 
conſiſtent with geometrical ſtrictneſs and purity. 
But the laying of one figure upon another, what- 


ſideration, and depends on no Paſtulate. 


©, Theor. 4. and 5. Book I. There is ſcarce-s any 


thing more obvious to ſenſe, and at the ſame time 
more difficult to demonſtrate, than the firſt, and 
moſt ſimple properties of parallel lines. Even 
when we have (in Theor. 4.) proved the poſſibility 


of the exiſtence of ſuch lines, we cannot from 
thence infer, that their diſtance from one another 
is every where the ſame; without having recourſe. 


to an Axiom, which, though very avident to 
ſenſe, cannot be demonſtrated.” Theſe difficul- 
ties wholly ariſe from our not having any proper- 


ties, previouſly demonſtrated, whereby the progreſs 


of a right-line, produced out, can be traced, with 


reſpest to its diſtance from ſome other right-line | 


al gned ; 


3 - 


ever evidence it may afford, is a mechanical con- 


* i 
» 1 


* 


Motes geometrical and critical. 


aſſi gned ; nothing leſs being . ee here, than 


the proportionality of the ſides of equiangular tri- 
angles; which is not proved before the middle of 
the Fourth Book, and which 8 upon theſe 


very principles. 


Schol. to Ther. * Boat I. As tere are ſeveral 


conditions requiſite to make up the definitions of 


a rectangle and ſquare, jt was neceſſary to ſhew here, 
that the ſeveral properties aſcribed to thoſe figures, 
are not incompatible Une with another. Euclid is 
very ſtrict in Sis particular, and never undertakes 

to demonſtrate any thing relating to a figure, till 
he has proved the poſſibility of the exiſtence of 


2 ſuch figure by an actual conſtruction. 


: Theor. 22. Book I. This propoſition, which is 
not in Euclid, is of conſiderable uſe, being oſten 
wanted i in determining the Maxime and e 


in mathematical . 


Theor. 27. Boot I. This Theore: m, thou oh not 
in Euclid, is alſo very uſeful, at leaſt, to our deſign : : 


by | it we are not only enabled to divide à right- 


line into any number of equal parts, without the 
help of proportions, but alſo to demonſtrate that 
moſt important propoſition, That the hemolagous 
Ades of equiangular triangles are proportional. It is 


true, the method purſued here, is not exactly con- 


formable to the idea of proportions delivered in 
the 6th Def. of Euclid's 5th Book. But, even 
in that light, the demonſtration will be equally 
eaſy, without inferring it from the proportionality | 
of _— ſpaces. | 6 ODS: 


72 
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Theor. . II. 2 may 6 te . IS 
| mentioned b 24 
dut it myſt eithe 5 

| demoaſtrated, or 7 2 

ſiumed, as it is wanted 
in almoſt every pro- , 

: poſitionof the ſecond A Ih 

book: By means of: | 

G arrive at a 


general, and veryeaſ/ _ 
demonſtratian of that . 
important Theorem 
That all parallelograms 
(AEF, aeſd) eh Band pox: 3 Opt 
p |  bave equal altitudes, are themſelues equal. For, when 
it is known that theſe parallelograms. AEFD, aefd; 
are equal, reſpeQively, to rectangles ABCD, ahcd, 
of the ſame baſe and altitude (Which is proved in 
Prop. 2.) it is alſo manifeſt that they muſt be equal 
to one another, as their equal rectangles ABCD, 
all are ſhewn (by Theor. 1.) to be equal, the one 
to the other. This determination is more general 
than that given by Euclid, in the 36th Prop. of his 
flirſt book ; where he demonſtrates the equality of 
; ograms, whoſe equal baſes are in the ſame 
ſtraighe line: Which may, perhaps, be thought ſuffi- 
_ cient for the whole; becauſe, if the baſes are not 
in the ſame right-line, one of the two figures may. 
be conceived to be removed, and ſo placed, that. its 
baſe ſhall be in the ſame right - line Sh the baſe of 
the other. But, that theſe were not Euclids ſenti · 
ments, is evident from this; he hints at no ſuch 
thing: And had he approved of this ſort of de- 
monſtration, his 36ch Prop. would have been en- 
ttrely uſeleſs; as nothing more (after the 35th) 
would be neceſſary, in order to a general demon- 
ration, . * A 8 one daſe u mw the 
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other.” But it qs certain, that this is a kind of de- 
monſtration . wh ch Euclid never has recourſe to, 
when the be done without it. 
For which reaſon I cannot help g. Fe . — 
that chat very — Geometer, Profeſſor 
of Glaſgow, Taquid make uſe of it, where (rap — - 
prehend) Rushç would not. The place, I have 
8 . eye, is the Addon (for 
= ot p be called a corollary) made 
| by him — bull propoſition of the ſixifi book: 
Which addition would have been quite unneceffary, 
had what is above remarked, teſpecting the: equa- 
lity of Parallelograms, been fully eſtabliſhed in the 
ſecond book: For then the demonſtration, that | 
E „having equal altitudes, are as their 
aſes, would nothing differ from that whereby pa- 
rallelograms, ſtanding between the ſame Parallels, 
are proved to be 1 in. proportion as their baſes. . 


Sete 9, 11, 12, 13. Book U. Theſe door Theo- 
rems, tho not in Euclid, are of very N N 
| uſe, e the two firſt of them. 


ö . 

Theor. 1, Book U.. This ealy propoſition is ab 
ed in ofder to give the learner a proper,” and more 
preciſe idea of the quantity of an angle, 97 of its 
diviſion in 'Praftical b 4 
Theor. 2, 3. 4. 5, 6, 7 8. Boot ul. Theſe FRPE 
itions comprehend: all that is moſt mate- 

rial in the firſt ſeventeen Theorems of Euclid's 
3d book, — As chere is no where, in this author, 
jo long a run of propoſitions together that are Jeſs 
entertaining to learners, or of leſs real importance, 
than the greater part of'the ſaid Theorems; I 
thought it would be of uſe to reduce the ſubſtance 
of them into a leſs compaſs :- And I flatter myſelf, 
hat J have not ſucceeded * in this . | 


4 
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Theor. 24 25, 265 27 28. Book III. Theſe 
Theorems, which are all of very conſiderable uſe, 
will not, I flatter myſelf, appear leſs: plain by 
being proved independent of proportions, as the 
demonſtrations here given are, not only more con- 
Ciſe, but depend alſo upon fewer principles 
„ SELLLZ 8 5 6486 7 129 * ie ones aft Were if „MM ao” 

De,. 14. und 13. Book IV. The explication here 

given is not ſtrictly co table to the idea of 
ancient Commentators, but is delivered in a ſenſe 

_ ſomewhat more general! With them, the compo- 
Jition and dioifion of ratios, extends to thoſe caſes 
only, where the ſum,” or difference of eachanteces 
dent and its conſequent, is compared with the con- 
ſequent. When the antecedent is compared with 
its exceſs above the conſequent, this they call the 
ronverfion of ratios. But in ſuch cafes where the 
antecedent is leſs than the confequent, and where 
the ſum; or difference of the antecedent and con- 
ſequent is required to be compared with the ante-- 

_ cedent; it does not appear that any terms have 
been given to ſignify ſuch a compariſon. ' Profeſſor 
Simpſon thinks, that the definitions we have, are nor 
Euclid's, but an addition by Theon; which to me 
appears highly probable : This at leaft ſeems clear, 

that theſe. definitions ought; either to have been 
extended to a greater number, or elſe to have been 
rendered more general. For this reaſon I have, 
after the example of modern Geometers, given the 
fignification of thoſe terms, ſo as to include all the 
ſeveral caſes: And this, I thought, might be done 

with the greater propriety, as the truth of whatever 
is here underſtood, depends upon the fame de- 
monſtration. EL on Nel Wo; 

- ., Theor. 20, 21, 22, 23. Book IV. All theſe The- 

oremꝭ, tho not in Euclid, are of conſiderable * : 

i „ 2 "5 
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«the two former, the demonſtration of ſeveral 
8 is rendered more eaſy aps 11 latter have 
| | _ deen apple, to good purpoſe, in the analytical 
__ 1: e ſome deut gromertical pro- 
i SEV, 
| 4 Prob. 3, 4. 5, 6. Book V. In chognbnſtrnizens 
here given, it may be thought, that I have af- 
{ed an unneceſſary exactneſs, by making them 
depetd on Axioms alone. But I was willing that 
theſe fundamental propoſitions ſhould have the 
fame foundation and evidence, as they appear to 
ſtand. upon in Euclid without referring to any 
thing derived in virtue of the ath Poſtulate. But, 
whether I judged well, or ill, in this particular, is 
of little conſequence, as the — — here 
given, are not leſs plain, and but very little longer, 
than they otherwiſe would have been. The Pro- 
blems themſelves might, indeed, have been given 
along with the Theorems, as they became neceſ- 
ſary, according to the method purſued by Euclid; 
vbereby any objection, of — ſort, might have 
been avoided. But, beſides ſome ſmall convenience 
to the learner, there is a real advantage in having 
the Problems altogether, after the . Theorems ; 
fince, from a great choice of properties, ready de- 
monſtrated to our hands, we are often able to ar- 
rive at a ſhorter and better conſtruction, than 
could poſſibly be given from ſuch properties alone 
as are antecedent to Euclid's ſolution of the ſame 
Problem; his method of writing having obliged 
i — him to introduce the leading Probiems as ſoon as 
1 poſſible, in order to evince and eſtabliſh the con- 


—— of his definitions, and to open his way in 
: a regular manner to the many uſeful Theorems 
therepn depending. And it is for this reafon alone, 


that many of his Conſtructions are not ſo well 
ho on - practice, as "thoſe in. common uſe- 
: Upon 
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Upon whick account, ſome have been precipitate 
enough to blame him; not ſeeing, or conſidering, 
that. ſuch conſtructions, tho' not ſuited to anſwer 
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every purpoſe, were the molt proper for his plan. 


and the - beſt that coupe be * in We 4 


| where they ſtand. 


Prob. 8. Book V. The reaſoning i in this 3 N 


tion, to prove that the two circles will cut each other, 
| may, to ſome, appear needleſa. Profeſſar Simpſon 
(at p. 359. of his Euclid, 4to Edit. 1756) has been 


a little ſevere upon me, on this head, for n e 


td ſupply, what I thought, a ſmall defect in 


« Who is ſo dull (fays he) tho' only beginning to 


< learn the Elements, as not to perceive that the 


circle deſcribed from the center E, &c.“ It is 
not without a real concern that J here {ce this 


able Geometer drop his. own character ſo far, as 
to expreſs himſelf in a manner { 8 2 
cal. If the thing is, indeed, be perceived, 


tit muſt be ſo, either, as an nat, object of the 
ſenſes, that is, in plain terms, by r of 


elſe it muſt be in conſequence : 
ſonings antecedent to the thing l. Nor Naw £5 am 
- . Clear {that he would not he ws dare to mean the 


former; and as to the. latter, nothing had been 
giyen from whence the evidence of the inference 


Could beſo. clearly ſeen : For, tho' it is prayed, 


that any two ſides of every triangle are greater 


than the third ſide, it would be ahſurd to urge that 
concluſion in the caſe before us; becauſe the queſ- 
tion here, is, whether a triangle, under certain 


ſpecified conditions, can, or cannot be formed 2 


and, therefore, to conclude any thing from the 


of triangles, would be ridiculaus, and 


properties | 
nothing leſs than begging the queſtion. That the 


determination propoſed limits the Problem, opandy 


will * But then, is it not neceſſary tha 
| | 83 =; . "is | 
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this ſhould be proved, in Elements of Geometry, 


where a reaſon for every thing is, or ought to be 


given? From this conſideration, I cannot entirely 
approve of the emendation propoſed by this Editor 
to Eudid's 24th Prop. Book I. For, tho? the addi- 
tion there made, does indeed reſtrain the propoſi- 


tion to one caſe ; yet this ought to have been de | 


monſtrated, by ſhewing that the point F (vid. p. 29.) 


muſt, in conſequence of ſuch reſtriction, neceffanily 


| fall below the line EG; but this is not done. 


Many 6ther inſtances might be produced to ſhew, 
that this gentleman, who often appears a little too 
and ſevere in his cenſures, is not, himſelf, 


every where equally guarded. In Prop. I. Book III. 


he bids you to draw a ſtraight line within a circle, 


without ſpecifying that it muſt terminate in the 


circumference; and, what is a great deal worſe, 
he here very improperly | uſes the word within ; 
when the propoſition itſelf is laid down in order'to 
prove, in the ſubſequent one, that ſuch line muſt 

neceſſarily fall within the circle. *Theſe are, it is 


| true, but little matters; but leſs than theſe have 


fallen under this gentleman's notice. At p. 358, 


* Mr: Clairaut is glanced at, for an inadvertency of 


this ſort. And, in the note at the head of p. 415, 
it is ſaid, . The words, for a ftraight-lne cannot 
« meet a Hraigbt- line in more than one point, are left 
* out, as an addition by ſome unſkilfui hand; for 
« this is to be demonſtrated, not aſſumed,” Now 


can it poſſibly ſhew any want of {kill in an editor, . 
to refer to an axiom which Euclid himſelf had laid 
down (Book I. Ne. 14.) and not to have ere 

ſtrated, what no man can nN S 


Ni 16. 17 1 16. W V. Theſe three Pro- 


ben tho” not fo frequently wanted as ſome of 


receding ones, are nevertheleſs of very conſi- 


1 der ſe uſe. T he two * of them are the ſame, 


| | in 


— - 


e „ FY 


in eſo; -with the auth and '29th of Euciia s Gth 
book; but are here mn CR yer 
| more commodious. * lt . ee 
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Kian, 5. 131. This u Axiom ir Gant 1 
ſtead of the common. definition of equal ſolids; 
which, I really think, is too bad to be the work 
of Euclid. „ but a propuſition, 
© whoſe truth or . falſheod ought (as a very judi- 
« cious writer obſerves) to be demonſtrated, not 
c aſſumed.“ Neither i is it at all conforniahle to 
Euclid 's manner of writing, where he eſtabliſhes the 


foundation whereon the equality of plane figures is 
grounded; which he dyes, not by means of a de- 


finition, but from the application of two of the 


. moſt ſimple figures to each other; ſo that, from 
the coincidence of their bounds, their equality may 
appear manifeſt. _ And this method we have pur- 
ſued in treating of ſolids; without which a clear 
and diſtinct idea of their equality can be no more 
obtained, than of the equality of plane figures in- 
dependent of the Ach Prop. of the firſt book, which 
is our-1oth Axiom. I ſhould have ſaid-2 good 
deal more on this head; but I find that Profeſſar 
Simpſon has already placed this. matter in ſo ſtrong 
and clear a light, as to render any farther apology, 
or comment, unneceſſary here. Tho I muſt con- 
ſeſs, that, had this gentleman's work come into 
* hands 0; ' before the NPE Ag great * on 


1 = — * * 8 


3 "This did mt Tappen 2ill the middle of November 1759; when 
being in town, in company with my bookſeller, r 
= to finiſh ; I acquainted kim that every thing was 
except the Ky which would coft me ſome pains, 
be neceſſary to ob viate ſome objetions, particularly with 
d to the reaſons for my rejefing Euclid's definition of” equal 
2 and A upon a di 7 On which," be im- 
— N Simpſon kad already ciao 


— © as 2 


—_ 
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inad been invirdy 5 eff, the definition of. f 


— have en, from Euclid, would 


have been delivered n 


ferent. For, tho' it involves no abſurdity, as it 


now ſtands, yet there are certain caſes (but ſuch 
indeed as do not occur in any Elements of Geo- 
metry) whue-k wil cc Sec r ' 
e e 1 2955 


 Poſpulatum, 5. 131. The — Ra Fe 
. ee demonſtration given to Euclid's ad Prop. 


Book XI. (by Euclid himſelf, or ſome leſs ſkilful Edi. 


tor) ſeemed to render ſomething of this fort neoeſ- 


ſary. In that demonſtration it is taken for: 


that one part of the triangle, at leaſt, muſt bein 


the ſame plane. But it has been very juſtly ob. 


ſerved, that a curve ſurface may be bounded by 


three right- lines: Nor does it ſeem eaſy to form a 
elear idea, that even a part of any one of the three 
lines will be in che fame plane with ane of the 
others, unleſs by conceiving a plane to be turned 


about upon the one, till it meets with, or falls 


ſome point in the other. And I have the 


ſctisſaction in this particular, to ſee my ſentiments 
exactly agree with thoſe of a very good Judges | 


whoſe name, I have, more than once, had occaſion. 
to mention in theſe notes. It is true, he makes. 2 
that a Theorem, which I lay down as a Poſtulaze. | 
But, ſince a plane can no more be turned about 
upon a line, than a line can be drawn from one 


2 to e ee n Aae one 


* nn * da..4 8 2 


1 e 0 IR old bis , a he wt * 
— wherein (he. 22 kg — 
mentioned, had not come into my hands. A copy.of which re- 


ceived from him the next —_— In conſequence whereof I 


Saul ak this Eau. 


changed my fuft defign of woritt L ace ; thinking it 
a, be better to give ar ts fer, 8 notes, fr . 


perly a Poſlulatc; as'the cih. 
ever, wh this be, or be hot allow 
terial, as the de ee of evicener is 
EE There is, i ed, one realorf; why this Theo. 


hs dana of Prop f. Book XI; tis 
there wanted ;'" For, in the Corollary, on e 
that demonſtration is made to depend, the lines 
AB; BD, BC, are ſuppoſed to be all in the ſame 


plane; which ought dy no means to be aſſümed in 


„„ firſt of the 13th. Enclid's roth Axiom, which 
that Cofollary is intended to ſupply, and by which 
JPO tion is ' uſually _Gemotiftrated ted; is net 


Wo 30 


— 12. Book VII. This Nebessep . 5 


om account of its uſe, bein e foundation on 
7 


ne the whole art 7 * 


Arg. — Fiom His Theorem, which 
is very extenſive in its application, ſeveral others 
of confiderable note may be deduced: one, or 


de in a manner de- 


two of which, for the fake of the learner, I ſhall 


here derive, and put down by way of example. 
Let A; B, C, D, genote four” 3 een 


"Whew. A:B::C:D,) K less Chew 
Enes 42 W's» Ms B, Theor. 25.) that 


* 


W: B. CBA: CBD: A: Dy 22. 
7 „rl of ſour lines in comtinuaI proportion, 
the cube of the firft is to the cube of the kecond, 
As the firſt line is to the fourth,” 


Again, let A: 4 :: B: 512 C e „ 
B, b; C, c, may be ſuppoſed to repreſent the 


homologous ides 85 V Amilar parallelepipc- 
„ 
os Then. 


ciſely che 


9 * 2 ö e 


-2 * 5 
* * a 


Jo | | . 
- od | ; 0. * ©. 
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1 their homologous fides.—The. x . . 
| ſimilar parallclepipedons, deſcrit - upon,propor- | 
' _._ - Hional lines, is alſo included in Ge Thenram: 
being no other than that caſe of where the voids 
ee are 31) equal. ogg Mit; only 
1 4 ee. "HOP © 
erat? 5. Book vm. The „ of this 
Theorem might have been delivered under a form 
ſomewhat different, by aſſuming two other. ſolids 
nee regard to figure) the one leſs, and the 
other greater than the propoſed . IP, 
and ch ing that the cylinder muſt, ao, be greater 
. than. the one, and leſs than the other: w ich is 
done by means of Lem. 1. that is, by taking P 
or Pt, ſo ſmall a part of IP, as to be _ _ han he 
difference between the given 
either of the ſaid. ſolids : from — 8 — 
monſtration will proceed on, in the iame manner 
in which we have given it. But, as theſe ad- 
ditional conſiderations would have increaſed. the 
mumber of ſchemes, and lengthened the proceſs, = 
7 without adding one jot to the degree of evidence, 
it was thought 9 for the lake of, = 1 


to omit _ 


A v 
« 1 
1 $ 


We "Thor: 8. Book VIII. This n is p nap 4 
' uſeful as the Corollaries that follow from it, which 
all of very great importance: In the 3d and 

| 2 of them, the proportion of all kinds of priſms 
— pyramids is aſſigned, without the aſſiſtance 

of the uſual demonſtrations given for this purpoſe ; 
which, tho”. ſufficiently evident in themſelves, are 


CE fien found * 'a > lde perpiexing: to learners, on ac- 
1 12 count 
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5 Nothing; FR the 3 of theſe goin; 8 "IR | 
aid relative: to the Theorems, e gore cho 
ſo nice and critical a ſubject, and tho the method 
J have therein purſued may ſtand in need of ſome | 
apology. But, indeed, the whole of what 11 nave 
0 offer « on this head, was too . to be com · 
prized in the compaſs. of one lingle note, and 
could not ſo properly be delivered in ſeveral de- 
tached ones: For which reaſon, I ſhall here throw 
together all chat A have to adyance: on that fub- | 
ject. 
? There are two objedtions that may be brought 
againſt the method in which proportions are treated 
of in this work; the one, grounded on the impoſ- 
ſibility of dividing every magnitude into equal 
parts; and the other, on the incommenſurabilit7 
of two or more magnitudes of the ſame kind, 
when compared with each other. The firit af 
theſe objections appears, to me, to bave very little. 
weight. For; tho a magnitude may be ſo con- 
ſtituted, that the diviſion of it into an aſſigned 
number of equal parts cannot be, anally, effected 
by any geometrical conſtruction; yet it is ho leſs 
evident, for that reaſon, that every ſuch magnitude 
has really its third, fourth, or other aſſigned 
part, tho we are at a loſs how to take i it; or, in 
_ words, it ſeems very clear to conceive, that 
in every propoſed magnitude, whatever its figure 
may be, a leſs magnitude is contained, which, re- 


peated an aſſigned number of times, ſhall be equal 
to the magnitude given, If, as the moſt rigid 
Judges allow, every plane figure is equal to an 
| — and every ſolid equal to ſome parallelepipe- 
don; then the parts of the ſquare, or parallelepi- 
1 F. which are actually Rey by a geg- 
. - metrical 
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metrięal eonſtruction, will alſo be like parts of the 
figure firſt propoſed, and ſuch. as we conceive to 
Tue other er depending on the incom- 
menſurability of magnitudes, is a matter of real dif- 
fieulty; which we have taken ſome pains to ob- 
. viate, in the Schoka to our 3d and 7th Theorems. 

_  Fudlig, himſelf, ſeems to have been not a little em- 
barraſſed with it, if we may be allowed to judge 
from the different methods. he has left us in his 5th 

and 7th books; the former whereof, which is 
ſuited to include the buſineſs of incommenſura- 
bles, being nothing near ſo eafy and natural as the 
latter: It has, it is true, the advantage. of being ge- 
neral z but, that the principles whereon it is ground- 
ed, are neither ſo ſimple, nor ſo ævident as might be 
wiſhed for, the many difputes about them, ſince 
Euclid's time, by Geometers of the firſt rank, will 
ina great meaſure evince. And farther, it ſeems . 
ſufficiently plain, from Euclid's own authority, that ä 
he himſelf was not intirely pleaſed with his own per- 
formance on this head; or that he was convinced (at 
leaſt) that it had not every advantage: For, other- 
wiſe, it will be very difficult to account for his 
1 having demonſtrated many things in his 7th book, 
| by another method, whoſe demonſtrations had been 
actually given before, in the 5th, under a different 
form. For theſe reaſons, when ſee the extrava- 
- gantcommendations that have been laviſned on this 
| 5th book of Exclid, I am no farther convinced by 
= FR them, than that great men may ſometimes laune 
dauut too far in behalf of opinions which they have 
adopted. And I believe that, whoever has read 
the notes on the 5th book, by that great reſtorer 
of Euclid, Profeſſor Simpſon, will be apt to conclude, . 
that thoſe high encomium are a little miſapplied. | 1 
Indeed, if all that is advanced in thoſe notes be 
allowed of, I think the author of them has proved 
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. wo much; cat this ſoperb Abele hee 


reared with * much art, ſtands upom a  vottering 


foundation; It is not by choice that I go but of 
my way to play the critic; but as the writers againſt 


tie vulgar and indiſtinct gotion of proportions (as 


they-rerm it) are very ſevere in thats Gent cenſures, and 


aſſume a great ſuperiority, from the boaſted acruracy 


of their daun, it may be neceſſary ro-ſhew my 
propor- * 


readety that, tho what he is here taught on 
tions, is liable to ſome objeftions, the method 
Which ſome id greatly prefer, has a/o its diffcul- 

ties; and a Shave an other abjettions to it beſides. 


its obſcurity. And this I ſhall make appear from 
this or: Si inane s own'authority and con- 


ceſſions; and in order thereto, ſhall firſt refer to his 
note-en Prop. 10. which proceeds thus: It was 


<< neceſſary to give another demonſtration of this 
10 propoſition, becauſe that which is in the Greet 
« and Latin, or in other editions, is not legitimate. : 


For the words greater, the ſame, or equal, te 
te have a quite different meaning when ap 

ec magnitudes and ratios, as is plain from the 5 
< and 7th definitions of Book 5.by help of theſe let 


«© us examine the demonſtration of the 10th Prop. 


« hich proceeds thus, c. He then goes on, 


im a long note, to ſhew the inſufficiency of a de- 


monſtration, which had been received, by all, as 


perfectly genuine and ſatisfactory; and at laſt comes 


- fo this concluſion. © Wherefore the totch Pr 


c ſition. is not ſufficiently demonſtrated. And it 
. « ſeems, that he who has given the demonſtration a 
te of the roth Propoſition, as we now have i it, in- 


| « ſtead of that which Euclid or Eudoxus had given, 


ee has been deceived in applying what is manifeſt, - 
ce when underſtood of magnitudes, unto ratios, 


c viz. that a magnitude cannot be both greater 


* and leſs than another. That thoſe things which 


are equal to the lame. are equal co one ey” 2 


ö 
| 
| 
| 
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« is 4 moſt evident Axiom when e 
4 magnitudes, yet Euclid does not make uſe of it 
© to inſer that theſe ratios which are the ſame to 
4 the fame ratio, are the ſame; to. one another 
e, but explicitly demonſtrates this in Prop. 11. 
. © Book g. The demonſtration e have given of the 
« xoth. Prop. is no doubt the ſume with that of 
| 0 Eudoxus or Euclid, as it is immediately and di- | / 
- rectly derived from by tons of. "Y gener W | 
tc ratio, viz. 7th of 5. | 
' Here the weight of the « ob So teſts on its not 
| haviog been proved, that, of three given magni+ 
tudes A, B, C, the ratio 0A to C could not, at 
the ſame time, be both greater and leſs than Deo | 
of B to G. But, if in the demonſtration, here re- 
jected as inſufficient, there is any real flaw, it is 
chargeable on the definition of a greater and leſs 
ratio, as the reaſoning from it, is clear, firong, and 
perfectly ſcientiſic. And I would ſeriouſly aſk the 
Contemners of | the vulgar and confuſed notian of 
Proportions, if a definition, by which it cannot 
be known, whether the ratio of the firſt to the ſe- 
cond of four given magnitudes, may not, at the 
ſame time, be both greater and leſs, than that of the 
third to the fourth, is really calculated to afford 
thoſe very accurate ideas they pretended to? This 
Commentator has too much penetration not to be 
aware of the force of this objection, which he has 
attempted to obviate in one particular caſe. But 
the new propoſition given by him, for that purpoſe, 
"ought to have preceded the roth, and to have been 
demonſtrated, independent of it. This he alſo - 
ſeems apprized of, when he ſays, that“ it cannot be 
« calily demonſtrated without the 10th, as he that 
ee tries to do it will find.” But, be that as it will, 
Iam not at all clear that his demonſtration of 
« the loth, is the ſame with that of Eudorus or 
40 Exchid.” 8 * or (if you pleafe) Eudoxus, does 


Never 


— 


% 


never (un! 1 . of) refer to „ a e ul 


it has been proved, either by an actual conſtruction. 


or by ſome demonſtration previous to that in hand, 
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chat ſuch definition involues o abfürdiey, or con- 


ditions that are indompatible one with another, 
therefore, is was vonceioed poſſiblei that the defi- 
nition of a greater and lefs ratio, - could involvu ſo 


greut an abſurdity; as chat, u, the ratio of A. to 


C might at che fame time ba hoth greater and leſs 
than chat of B tO C this 
method preſcribed by E 


nud ought to haue been 


cleared up, not dy means of pr 1 . 
ers unte- 


virtue of that very definition,: 
cedetit thereto and inde pendent thereupon. And, 


be me, the 8th Prop; ſeemwebb proper place for the 


of this, where it might be eaſily introduced; 


either in the Prop: itſelf, or by way of Cotollary. 


It is there proved, that if,” of three magnitudes A, 


B; C, the firſt A is greater than the ſecond B, then 


certain equimultiples of A and B may be taken * 
that being compared with ſome multiple of C, the 


multiple of AſtalWbe greater, and that of B leſs than 
the'faid multiple of C. Whence, by the definition of 
a greater ratio, the ratio of A to C is greater than 
that of B to C. To which might be added—And 


becauſe A is greater than B, any multiple whatſo- 
ever of A uſt be greater than the ſame multiple 
of B; an ha conſequently, no equimultiples what- 


ſoever, of A and B, can poſſibly be ſo taken, that the 


multiple of A ſhall be equal to, or leſs than ſome. 


multiple of C, and that of B greater than che mul- 


tiple of C: for, if the multiple of B be greater than 


the multiple of C, the multiple of A, which is 
greater than that of B, muſt alſo be greater than 
the multiple of C. ' Wherefore the ratio of A to 
C cannot (by the definition) be leſs (as OE: as 
greater) than the ratio of B to Cc. 5 
at, notwithſtanding all that has been prored os on 


: = head, either E or 892 that gentleman him- 


ſelf, 


t, according to the 


= EY 
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ſelf, the ſame objection occurs again in Prop. 23. 
where it remains in its full force. For; tho it he 
allowed, that * ther ate ſome cquimultiples of C. 
«< and E, and ſome of D and F, ſuch, that the 
« multiple of C is greater than thenmultiple of D., 
te hut che multiple ot El not greater than the mul 
*r tiplt of E;; yet it is not demonſtrated, nor in 
any fort ſhewn, that ether equimultiples of thoſe 
quantities cannot be taken ſuch, that the very con- 
trary ſhall happen. If the demonſtration of the: 
Loth Prop. has been jnſtly rejected hy this gentle- 
man himſelf, as inſuffie ent, hecauſe the impoſſibi- 
lity of a contrary concluſion had not been ſhewn ; 
can it be thought that this 13th Propoſition is, at 
this day, ſufficiently demonſtrated, where the ſame 
objection occurs, and that in a much greater lati- 
tude ? I have a much better opinion af this Edi- 
tor's diſcernment, · than to imagine, that his paſſing 
this matter over in ſilence, proceeded from his nat 
being aware of the difficulty; but it ſeems to me, 
that his great diſlike to the vulgan idea of propor- 
tion (fo often teſtified in the curſe of his notes) 
would not permit him to borrow any thing from 
thence, however evident, and though this objec-. , 
tion, that ſtrikes deep at the very root of propor- 
tions, might by means thereof be very eaſily re- 
moved. I ſay, the very root of proportions is 
deeply ſtruck at in this objection ; becauſe both 
the alternation and equality of ratios (ex æquali /c. . 
diſt.) are grounded on the faid 13th Prop. and 
which, therefore, till the objection is removed, 
muſt be allowed to ſtand upon an uncertain foun- 
dation. 1 Te BE ns te. 
- - The principle hinted at above, whereby the dif- 
fieulty might be obviated, is, that if a magnitude 
of any kind be given, or propounded, there may 
(or can) be another magnitude of the ſame kind 
which ſhall have to it any ratio aſſigned. This 


aſſumption Mr, Profeſſer will by no means _ | 
bY ED 1 5 
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tho Euclid himſelf, in Prop. 2. of his 12th book, has 
uſed it) ;. and, in a long note on Prop. 18. is angry 
with Clavius for having recourſe to it: 1 
) 


ce that the demonſtration (given by means thereof 
ce is of no force; and that © the thing itſelf can- 


© not (as far as he can diſcern) be demonſtrated by 


273 


© the preceding propoſitions, fo far is it from de- 


« ſerving to be reckoned an Axiom, as Clavius, 
cc after other Commentators, would have it.“ That 
the aſſumption cannot be generally demonſtrated 
by the preceding propoſitions (nor even by all the 


propoſitions in the Elements) I readily aſſent to: 


but then, becauſe a thing, exceedingly obvious in 
its own nature, cannot be demonſtrated ; is it there- 
fore leſs proper for an Axiom? I ſhould rather 
take the other ſide of the queſtion, and maintain 


that nothing ought to be made an- Axiom, which 


can be demonſtrated, But we are not, it ſeems, 
allowed to have any idea of proportion but what 
is contained in the ſixth and 8th (or, as this Author 
makes them, the gth and 7th) definitions of Eu- 
clid's 5th Book. And, in his note on the new 
Prop. marked A, He is again diſpleaſed with Cla- 
vius, for thinking it ſufficiently evident, from the 
nature of proportionals, that if, of four proportional 
magnitudes, the firſt antecedent is greater than its 


conſequent, the ſecond antecedent will alſo be 


greater than its conſequent. © As if there was 
<« (ſays he) any nature of proportionals antecedent 


© to that which is to be derived and underſtood - 


ee from the definition of them.” Now, I cannot 
help thinking, with Glavius, that there was a na- 
ture, or idea of proportion antecedent to that 


given in the 6th and 8th definitions of Euclid's 


5th book : For, that mankind, long before the 
time of Euclid, had ſome way to ſhew, or expreſs, 
in what degree one magnitude was greater or lefs 


than another, cannot be doubted : And this was 
55 . the 


. > 
k 
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the firſt, and natural idea of proportion: And 


J look upon thoſe definitions, as refinements, 


only, on the ſimple and natural idea, in or- 


der io take in the buſineſs of incommenſurables; 
whereby the original notion is ſo much obſcured, 
that it requires ſome ſkill, even to ſee that it is 
at all contained in theſe definitions. I intirely agree 


with this gentleman,” that every demonſtration 


ought to be ſtrictly derived from principles before 
eſtabliſhed : But then, whether it is more eligible, 
to haye recourſe to an Axiom founded (as all other 
Axioms are) on the evidence of ſenſe and reaſon, - 


or to an: obſcure and perplexed definition, which 


may, for any thing that has been proved to the 
contrary, involve an abſurdity ? | 
That there is ſomething very ingenious and ſubtle 


in the doctrine of proportions, as delivered in Eu- 


clid's 5th book, cannot be denied. All that 1 con- 


tend for, is, that the principles on which it 1s built 
are obſcure, and not ſo firmly eſtabliſhed, as to au- 
thorize its partizans to aſſume that great ſuperiority 
they lay claim to, in point of geometrical ſtrictneſs. 
I have intimated above, that the principle is re- 
jected, by which the conſiſtence of the definition of a 
greater and leſs ratio might be eſtabliſhed, without 
muchudifficulty: But I would not be thought to mean, 
that the ſame thing cannot poſſibly be effected any 
other way, becauſe I am ſatisfied that it may be done 
from the conſideration of multiples alone: But a de- 
monſtration of this ſort is not eaſy. Were I to treat 


of proportions from the plan laid down in the 5th 


book of Euclid, I would entirely reject the ioth and 
13th propoſitions, and every thingelfe founded on the 
definition of a greater and leſs ratio, as being of no 
other-uſe 1n the Elements, than to open the way to 
thoſe important Theorems on the alternation and 
equality of ratics; which may be better demonſtra- 
ted without them, from the definition of equal ra- 
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tios alone; which, from the conditions of it, can 
admit of no abſurdity, and whoſe conſiſtence is 
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evinced in Prop. 15. and ſtill more clearly in the 


firſt of the ſixth. 


In the 14th of the 5th, whereon the alma 
ol ratios is grounded, it is neceſſary to demonſtrate, 


« That. if, of four proportional magnitudes, of the 


ce fame kind, A, B, C, D, the firſt be greater tan 


« the third, the ſecond fhall be greater than the 


c fourth; and if equal, equal; and if leſs, leſſer.“ 
Which may be very eaſily done, independent both 
of the roth and 13th, in the manner following. 


F irſt, let Arbe greater than C. 


Of A and C (by Prop. 8. )ler ſuch equimultiples 
be taken, that the multiple of A ſhall be greater, 
and that of C leſs, than ſome multiple of B; let E. 
and G be any two ſuch equimultiples of A and C; 
and F the multiple of B; ſo that E ſhall be greater 
than F, and G leſs than F; and let H be the ſame 
multiple of D, as F is of B. Therefore, Becauſe 
E and G are equimultiples of the firſt and third, 


and F and H alſo equimultiples of the ſecond and 


fourth; and ſeeing that, ( Hyp.) E is greater than 
F; it is evident, from the definition of equal ra- 
tios, that G muſt likewiſe be greater than H : 
Therefore much more ſhall F (whichexceedsG) be 
greater than H; whence alſo B ſhall be greater than 
D (by Arx. 4.) B and D being like parts of F and H. 
When A is leſs than C, it will be demonſtrated 
in the ſame manner, that B is alſo leſs than D. But 
when A is equal to C, no new demonſtration is 
neceſſary; ſince neither the roth nor the 1 3th have 


any thing to do in this caſe. 


Again, i in the 20th Prop. (in which the roth and 
1 3th alſo enter): we are to prove, “That if there be 
«< tres 


| | 
S 
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© three magnitudes (A,B, C) and other three ( D, 


te E, F) which taken two and two have the ſame ra- 


4 tio (A: B:: D: E, B: C.: E: P) if the firſt (A) 
* begreater than the third (C), the fourth (D) ſhall 
e be greater than the ſixth (F); and if equal, equal; 
« and if leſs, leſſer.” Which may likewiſe be done, 


without the aſſiſtance of either the roth or the 1 3th, 


in the ſame manner, above ſpecified. ' 

For, if A be greater than C; then of A and C 
(by Prop. 8.) ſuch quimultiples may be taken, that 
the multiple of A ſhall be greater, and that of C 
leſs, than ſome multiple of B; let G and I be two 


ſuch equimul- . . 


n K 

uf C, and let ms ? . — . : 
H be the mul- _ FE ä | 
tiple of B, ſo k — — — 
that G ſhall be K R NM 


— — — — 


H, and 1 leſs : 
than H ; moreover take 


* | 

L the dame multiple of 

E,as Hisof B; andK andM the ſame equimul- 
tiples of D and F, as G and I are of A and C. 


Therefore, ſince of the four proportionals A, B, D, 


E, equimultiples G, K of the firſt and third, and 


equimultiples H, L of the ſecond and fourth, are 
here taken, it is manifeſt, from the definition of 
equal ratios, ſeeing G 1s greater than H ( Hp.) 


that K muſt alſo be greater than L. And in the 
very ſame manner, becauſe B, C, E, F, are propor- 
tionals, and H is greater than I, L will likewiſe be 
greater than M: Therefore much more ſhall K, 
which exceeds L, be greater than M. And con- 
ſequently ( Ax. 4.) D ſhall alſo be greater than F. 


When A is leſs than C, the demonſtration is the 


fame : The other caſe, when A is equal to C, does 


not require, nor indeed admit of any improvement. 
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